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PREFACE 


This book is an outgrowth of a series of courses in advanced 
calculus and related subjects, given by the authors at The 
Case School of Applied Science, and designed primarily to meet 
the growing needs of students interested in the applications of 
mathematics to physics and engineering. To this end, special 
care has been taken to emplia.-^ize physical meanings of notations 
and relationships occurring in the subject. Applications to many 
branches of physics and engineering are given. These applica- 
tions have been included as integral parts of the e.vplanations of 
the several mathematical topics, and exercises involving them 
mil be found in every chapter. 

In keeping with the growing demand for rigor, every effort 
has been made to foster in the student the habit of carefully 
examining the operations he is performing. Stress has been 
placed on the precise mathematical interpretations of the con- 
cepts studied and on the conditions that must be met for a given 
theorem or formula to be valid, and no pains have been spared 
to make ever}^ proof complete. Thus, the present treatment is 
suited to students of pure mathematics. 

In a subject as extended as the one in this book, it is hardly 
possible to acknowledge in every case indebtedne.ss. .to, .specific 
books and papers. However, in the various refcrehqes that 
appear throughout the book and in the bibliography every 
effort has been made to indicate the principal sources. 

To Dr. Robert F. Rinehart of the Department of Mathematics 
at The Case School of Applied Science the authors are greatly 
indebted for hamng mitten the section on Algebra in Chap. ^T. 

The authors wish to express their sincere appreciation ' to Dean 
T. M. Focke of The Case School of Applied Science for his con- 
tinued encouragement in the preparation of this manuscript. 
They take pleasure in acknowledging their indebtedness to 
President William E. Wickenden and Dr. Eckstein Case of The 
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Case School of Applied Science, who have made it possible to 
complete the manuscript at this time. 

The senior author wishes to acknondedge his debt to his wife 
Jennet for her long and persevering efforts in the preparation of 
the manuscript. 

R. S. BuniNGTON, 

C. C. TonnANCE. 

Cleveland, Omo, 

January, 1939. 
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HIGHER MATHEMATICS 

CHAPTER I 

DIFFERENTIAL CALCULUS 
PART A. ELEMENTARY REVIEW 

1. Introduction. In this chapter \vc shall first briefly review 
certain important topics in elementary differential calculus, and 
then we shall give an introduction to the theorj’- of partial differ- 
entiation. Extensive applications of the various topics con- 
sidered to physics, engineering, and geometrj' will be found 
in the exercises throughout the chapter. 

2. Functions. The concept of a function is of fundamental 
importance. We shall first consider a real function of a real 
variable x. 

A real variable is a symbol having real numbers for values. 

A real variable may be a single letter, say x, or a formula in 
terms of a real vaiiable x, or any notation to which are attached 
real values, such as |.t[ and P„, where |a;| denotes the numerical 
value of the real number x and where P„ denotes the nth 
prime number. The term real variable is also applied 
to anything having real values, such as physical quantities 
(temperature, pressure, density, acceleration, potential, etc.). 
It is ertdent that any quantity ha^dng real values can always 
be represented by a real variable. In this chapter, whenever 
we speak of a variable we shall always mean a real variable. 

A real independent variable is a symbol for an arbitrary real 
number. 

Before we define a function we make a precautionary remark. 
The student has perhaps learned to think of a variable as being 
a function of x if the variable has a definite value for each value 
of X. But this concept of a function is inadequate, for according 
to it, logio X, tan x, \^x{3 — x), and ( — 2)^ are not functions 
of the independent variable x since they do not have a definite 



2 


HIGHER MATHEMATICS 


[Chap. T 


real value for each value of x. Thus, logic x has a definite real 
value only vhen x > 0; tan x has a definite real value only when 
X is not an odd multiple of x/2 radians; V x(3 — x) has a definite 
real value only when x is a number in the inten-al 0 ^ x ^ 3: 
and ( — 2)' has a definite real value only when x is such a rational 
number that, when written in the form x = p/q with p and q 
relatively prime integers, a is odd. These examples show that a 
variable may have a definite value for certain values of x, i.e., 
for some particular set of ralues of x, though not for each value 
of X. The difficulty vith the preceding definition of a function 
may be remedied by requiring the variable in question to have a 
definite value for only some set D of values of x, where D maj* be 
an interval or a number of inten-als or a part of the rational 
numbers or anj’ other set of real numbers. 

Defixitiox 2.1. If a variable has exadhj one real value for each 
vahic of the variable x in some set D of real nntnhcrs, then this variable 
is called a real single-valued function of x defined over D (where by 
“defined over D” wc mean “vdth value determined for each value 
of X in D’’). 

Deftmtiox 2.2. The domain of definition of a function of x 
is the set of all values of x at which the function is defined. 

For c.xample, the domain of definition of logic x is the set of all 
positive numbers; the domain of definition of tan x is the set of 
all real numbers other than the odd multiples of x/2; the domain 
of definition of \/x(3 — x) is the set of numbers in the interval 
0 ^ X ^ 3; and the domain of definition of (—2)' is the set of 
all rational numbers p/q (in lowest terms) vith q odd. 

It should be noted that x is not necessarily an independent 
variable in Definition 2.1, but may itself be a function of another 
variable. On the other hand, in Definition 2.2, x must be free 
to take on all real values. 

We shall give three examples to illu.'trate the maaning of Definition 2.1. 
First, let us consider the hot filament of an X-ray tube. Suppose the posi- 
tion of a point P of the filament (assumed to be of negligible thickness) is 
determined by its distance x from one end of the filament. If the filament 
is 2 cm. long, then the temperature T of the filament is a function of x in 
that T has a definite value for each value of x from 0 to 2. We denote the 
value of T at the point x — a by T{a), and we read* this sx'mbol “the value 

* If the student is asked to quote the .symbol T(a) orally, he should say 
“the value of T at x = a” and not some abbreviated translation of his own 
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of J" at s = a.” If the temperature of the filament (in degrees centigrade) 
at each end is 100, at the middle is 900, and if the temperature drops off 
linearly from the middle to each end, then TiO) = T (2) — 100, 7'(1) = 900, 
TQ) = oOO, !r(0.1) = ISO, and 7’(1.2) = 740. This last equation, for 
example, should be read "the value of T at a: = 1.2 is 740.” If we wish to 
consider the value of T at an arbitrarj-^ or variable point of the filament, 
then we use the symbol Tix) which we read "the value of T at an arbitrary* 
value of X.” It is evident that T may be represented by the formula 
800x + 100 for values of x between 0 and 1. Thus the statement 

T(.x) = SOOx + 100 when' 0 g a: ^ 1 

means "the value of T .at an arbitrary value of x is SOOx + 100 when x is 
between 0 and 1.” To represent the value of T from 0 to 2, we write 

_ (SOOx + 100 when 0 g x g 1, . . 

■' “ '(1700 - SOOx when 1 g x g 2, ' 

meaning that the value of T at an arbitrary value of x is SOOx + 100 when x 
is between 0 and 1, and is 1700 — SOOx when x is between 1 and 2. The fact 
that two formulas are used to represent T does not mean that the tem- 
perature of the filament is simultaneously two functions of x. The tem- 
perature along the filament is one definite function of x, and it is possible 
to represent it by a single, though rather complicated, formula. In relation 
(1), the symbol Tix) does not denote the formula SOOx 100 or the formula 
1700 — SOOx or even both of the formulas at once; Tix) has only the meaning 
already ascribed to it. Wc shall often meet with functions which are most . 
conveniently described with the aid of two or more simple formulas instead 
of one complicated formula. 

As our second example of a function, let us consider a formula in x, such 
as V sin irx. It is convenient to denote a given formula by a single letter, 
say/, g, F, or <^, in exactly the same way that wc denoted the temperature in 
the preceding example by T; in fact, we use/ or some other letter as the name 
of a given formula. If / denotes a given formula in x, then the formula / is 
a real single-valued function of x when / has exactly one real value for each 
value of X in some set D of real numbers. Thus -y/sin irx is a real single- 
valued function of x, whereas \/x — 2 + Vl — x is not (since it has a 
definite real value for no value of x), and sin~‘ x is not (since it has many 
values for each value of x between —1 and 1). 

If / denotes a single-valued function of x, then we denote the value of the 
function/ for the value x = a by/(a), and wc read this symbol "the vtilue of 


invention, such as “T, a.” Tlie practice of attaching crj’-ptic readings to 
notation, particularly to save time or effort, is one of the most prolific sources 
of difficulty in the whole of mathematics, for such a practice effectively 
prevents the student from learning to think in terms of the me.aning of the 
notation used. The student should be especially careful to avoid this 
mistake when reading by himself. 

* It is implied, of course, that this value is one at which T is defined. 
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/when I = a,” or if we think of llic vaIu<-3 of x a.*- rcpre3exue<l by po ints on 
the i-axis, we read it “the value of / at x = a." Thus, if / denote? \/sin -x, 
then f{i) = 1 and f(l) = l/\/2. The symbol /(x) is read “the value of / 
for an arbitrarj- value of x." Thus ire Uf f as the natnc of a funcHon, vrhiU- 
tec use f{x) io denote an arhilrary value of Ike function. This distinction is 
important, and failure to obsciwc it maj- cause much confusion later on 
(see Ex. XIX, lb and Ic). 

For our last example, let us consider the equation 

T -f !/’ = 3‘'- (2) 

Althougli this equation cannot be “solved" for y in terms of x in any simple 
way, yet it is rcadDy .seen from the craph (Fit;. 1.1 of this equation that, for 
each value xo of x, there exists exactly one value yc of t/such that the pair 
of numbers (ic, yf) is a solution of (2). |Each line z = xj meets the graph 
of (2) in e.xnctly one point.] Hence, (2) determines a definite v.alue of y 

for each value of x, that is, (2) deter- 
mines y ns a single-valued iinpHcil 
function of x detined for nil s’alucs of 
X. We denote the value of y corre- 
^ .spending to the value x = o by j/{a), 
^ and we read lhi.= symbol “the value of 
j/whenx = a.” Thust/d) = 0, r/(5) =* 
2, and y(. — l) = —1. If we think of 
y, not only as a variable basing values, 
but also as a sjmbol denoting a func- 
tion of X (viz., the function that would be obt.ained if f2j could somehow be 
solved for y m terms of i], then the notation y(n) has exactly the same 
significance ns the notation /(a) in the preceding oxarnpic. 

If a variable has (wo or more values for each value of x in some 
sel D of real numbers, then ihis variable is called a rntiUiplc-calued 
funelion of x. Thus, cos"' x, tail"' x. and the otlicr inverse trigo- 
nometric functions are multiple-valued function.^ of x. Again, 
the equation x- + y- == 1 determines y as a multiple- valued 
function of x. (If xo i.^ any number .such that — 1 < x-q < 1, 
the line x = xo meets the graph of the equation x- -f i/- = 1 in 
two points.) A given multiple-valued function may be repre- 
sented by two or more single-valued functions, so that the 
properties of the multiple-valued function may be determined 
by analyzing the properties of the respective single-valued 
functions. Hence we shall be particular!}' concerned in thi.? 
chapter xvith single-valued functions. 

If /denotes a single-valued function of x, and if xq is a value of x 
at which / is defined, then the pair of numbers [xo, /(xo)] may be 
regarded as the rectangular coordinates of a point in a plane. 
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If xo is regarded as ranging through all values of x at which f 
is defined, then the set of all points [xo, /(a:o)] is called the graph 
of /. Thus the number /(Xo) is represented by the ordinate up 
to the graph of / erected at the point x = Xo on the x-axis. We 
may state this idea in another waj"-: the significance of each point 
P on the graph of f is that the two coordinates of P alwaj'^s repre- 
sent a value xo of x and the corresponding value /(xo) of f. 

If /is a single-valued function of x, and if Ax (read “delta x”) 
denotes the change in the value of x in going from a value Xo to 
another value Xi, so that Ax = Xi — Xo, then /(xo Ax) — /(xo) 
rcpreseyRs the change in the vahic of f in going from x — Xa to 

X = Xo -f- Ax. Furthermore, represents the 

ratio of the change inf to the change in x, or the mean change inf per 
%init change in x, or the iKean rate 
of change of f with respect to x, in 
going from x — xo to x = Xo + Ax. 

(By the mean change in / per 
unit change in x is meant the 
change / would undergo per unit 
change in x were / changing at 
a constant rate from the value 
/(xo) to the value /(xo + Ax), 
that is, if in Fig. 2 the graph of Fio. 2. 

/ were the chord PQ instead of the curve shown.) It is evident 
that /(xo + Ax) — /(xo) is represented by the line segment RQ 

in Fig. 2 and that — - represents the slope of the 

chord PQ. 

EXERCISES I 



1. If/(x) = x* - X- + 5, find/(0),/(l),/(-l),/(teo). Itfixy) denotes 
the result of substituting xy for x in the formula for/, find/(sj/) and/(x) -fiy). 
Are the results equal? Find fix + j/) and fix) +fiy). Are the results 
equal? Find/(x/j/) and/(x)//(t/). 


2. If fix) = find fia + b), 

X — a fia — b) 






What is the domain of definition of/? 


3. If fix) = X + ~, find fia) + — - 
X fia) 
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4. show thnt 

(/(a + h)l= + l/(a - t)l* - 2/(a= + h’) + 8/(a6). 

5. If /(x) , where e = 2,718 . . . , show that 

/(lop, (« + Va’ + D) = a- 
0. H ;(^) = show log. —J = a. 

7. If /(x) = log, I, show that /(x) + fOj) = /(^’j)- If /(a") = show 
that/{x)/(7/) =/(x + y). 

8. If /’’(i) = 2i-v/l — x’, show that F(sin 0) = /"'(cos 0) = sin 20. 

9. If F(x) = 2i= - 1, show that /-’(cos 0) = cos 2o. 

10. Find the value ^ ^ when/(i) is given by the follow- 


ing formulas; 


(0) V5 - 2x’. 
(c) cos X. 

(g) logic X. 

(1) 2 ‘. 


(d) x^‘‘ — 

(f) sin* (1 — 3i’). 
(h) log!, tan 2x. 

G) 


Graph formulas (a), (b), (c), (e), (g), and (i). Represent /(ic),/(xis -f Ax), 

,, , , . % . /(lo -f Ax) — /(xc) , , 

/(xo -1- Ax) — f(Xo), and — on these graphs when Xc = 1 

Ax 

and Ax = J. 

11. (a) If T is the temperature of a certain quantity of gas in degrees 
Fahrenheit and if p(T) is the unit prc.s«ure of the gas in pounds per square 
inch at temperature T, give the complete phy.sical interpretation of the 

quantity - i.e., state the meaning of p(To), pfTo -f ^T), 

Ai 

p(T„ -t- A7’) — p(T„), and the given fraction. [For e.vample, p(Ti,) repre- 

sents the unit pressure at the temperature Tc and - — — ^ 

repre.sonts the mean change in unit prcs,sure per degree change in temperature 
in going from the temperature To to the temperature T’o -f AF.] 

(b) If X represents distance in centimeters along the fdanicnt of an X-ray 
tube and if T(x) is the temperature of the rdament in degrees centigrade 
at the point x, give the complete plysica! interpretation of the quimtitv 
T(xo -1- Ai) - T(xo) 

Ax ‘ fraction itself represents the moan change in 

temperature per centimeter along the filament from the point xo to the point 
Xo + Ax.) 

(c) If I represents distance in inches along a radio antenna and if D(x) 
is the density of electric charge at the point x, give the complete physical 

interpretation of the quantity . 

Ax 
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(d) If p represents unit pressure in pounds per square inch and if E(p) 

is the voltage needed to make an electric spark jump 1 in. in air at pressure 

. E(po + Ap) - E(pb) , ^ , 

p, interpret completely. 

Ap 

(e) If t repiesents time in seconds and if A{t) is the number of grams of a 


chemical substance existing at time t, interpret 


A(<o "F A() — A{lo) 


com- 


pletely. 

(f) Give three other physical examples of functions and discuss them in 
the manner indicated in the preceding parts of tliis question. 

12. Does the equation x- + — o determine p as a single-valued function 

of x? If so, vhat is the domain of definition of p? Find p(0), p(l), and 
l/(-2). 

13. If Sin“^ p -f Tan~^ V = x, find p(0) and y(.W), remembering that 
Sin“* p and Tan"^ p, written with capital letters, denote principal values. 
What is the domain of definition of p when determined as a function of x 
by this equation? 

14. For what values of x does the equation a: -{- p- = 2p define p as a 
single-valued function of x? 

13. Graph the function f when f(x) = -^/sm vx, showing the portion of 
the graph between x = —4 and s = 6. What is the domain of definition 
of/? 

16. Graph the function / when 



when X ^ 0. 
when X < 0. 


Does the symbol /(x) denote x- or — 2x or both of these formulas simul- 
taneously? Describe a physical situation in which / is involved as some 
phj-sical quantit}'. 

17. Graph the function / when 

! l(- + x) when -r g x < 0, 

0 when x = 0, 

— x) when 0 < x g t. 


It is possible to represent / by the single formula 
/(x) = 


. sin 2x sin 3x 

sii X -1 ! 1- - 


2 


where the sj-mbol | j denotes ‘•numerical value of" and where only values of 
X in the interval — v g x g v are considered. If 


= lit i 


x) 


when 

when 


then g may be represented bi- the single formula 


- g X g 0, 

0 g X g s-, 


g(x) 


2 /' 


= -^cos X -J- 


cos 3x 


cos ox 
+ - -f 



3= 
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where -r g a: S x. Although the values of f and g diflcr at only the single 
point X = 0, yet / and g arc represented by different fonnulnB and must bo 
regarded as distinct functions. 

18. Graph the function / when /(i) = j" 2 

domain of definition of /? II g is represented by the formula p(z) = 1 
for all values of x, are / and g the same function? 

This exercise illustrates the following fact: If ttio functions J and g have 
different domains of definition, (hen f and g must be regarded as distinct, even 
though f and g have the same values wherever both functions arc defined. 

19. If n is the domain of definition of the function/and if E is the domain 
of definition of the function g, what is the domain of definition of the func- 
tion f + g? Of the function / • 3 ? of //j? (Recall that divi.sion by zero is 
never permitted, so that the symbol /(a)/j 7 (n) is meaningless when p(fi) = 0.1 
For what values of x is flg(r)] defined? (Xotc that fjg(a)] is me.aningle.ss 
unless a is such a value of i in fi that g(a) is a number in D.) 

3. The Limit of a Function. Wo now wish to develop an 
accurate formulation of tlic concept “limit of a function.” We 
first give two simple e.KampJcs. 

The function (sin x)/z has no value at a: = 0, 0/0 not being a 
number. But if we tabulate vnluc.s of x and (sin x)/t ns x gets 
close to 0, and plot the resulting data, we obtain the following 
results; 




pin X 

X 

Sin j 



.Fin X 


X 


0.5 

0 ‘17943 

0.9389 



0 29552 

0.9851 


0.99 0.2 

0 19S07 

0.9933 


oqs ' ^ 

0 099S3 

0 99S3 


0.03 

0 0199792 

0 99958 


0 01 

0 0099999S3 

0.9999983 

-0.2 -0.1 

0.1 0.2 0.3 * _Q Qj 

-0.0099999S3 

0.9999983 

-0 or, 

-0.0499792 

0.99958 


-0.09983 

0.9983 


It would appear from the table and the grapli that, as a- 
approaches 0 ( 2 : being either positive or negative), the value of 
(sin x)/x approaches the number 1. (It will be proved in Ex. 
IV, 21 that this surmise is correct.) If wo use the sj'mbol — > to 
denote “approaches,” then the value of (sin x)/x-^l as ar -> 0. 
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(This result, of course, depends on the fact that we have measured 
X in radians.) 

As another e.vample, we note that the function (1 + 
has no value at a: = 0. But it would seem from the table and 
graph below that the value of (1 2.718 * as 

a: — ^ 0. (It will be proved in Ex. IV, 23 that this surmise is 
correct.) The student wall do well to compute more values of 
this function, using a large table of logarithms. 


X 

(1 + xW- 

0.1 

2. 5938 

0.03 

2.6786 

0.01 

2.7048 

0.001 

2.7169 

0.0001 

2.7181 

-0.0001 

2.7184 

-0.001 

2.7196 

-0.01 

1 

2.7320 



These examples show that if /is a function of x and if the value 
of X is approaching a number a, then the value of / may approach 
a number A. (In the preceding examples, a = 0 and A is respec- 
tively 1 and 2.718 • • • .) We v’ish to analyze the meaning 
of this statement in detail, and we first raise the question, what 
is meant by the word approach? 

A. We define the word '^approach" to mean “become and remain 
arbitrarily close to.” 


We give two examples to show w'hy it is necessary to say “become and 
remain arbitrarily close to.” Suppose the independent variable x is made 
to varj”- as follows: x decreases from t to 0.1 (taking on all values in between), 
increases back up to I, decreases to 0.01, increases back up to h decreases to 
0.001, increases back up to decreases to 0.0001, etc. While x gets arbi- 
trarily close to 0, it does not remain there, and one w'ould not say that x 
approached 0 in the sense intended. 


Again, consider the function (cos x) 


(cos ,v 


hose graph is shown in 


Fig. 5. This function has no value at a: = 0 and is such that its graph 
oscillates infinitely many times in the neighborhood of a; = 0. While the 
value of cos x cos (1/x) gets arbitrarily close to 1 (and also to —1) as a: 
approaches 0, it does not remain there, and one would not say that the 
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value of cos x cos (I /x) approached 1 (or — 1) in the sense intended rvhen 
X approaches 0. 

It is often thought that a variable V, when approaching a 

number A, can never attain the 
value A. While tliis is some- 
times the case, as with (sin x)/x 
and (1 -h x)^- when x is ap- 
proaching 0, it is not alwaj-s so. 

B. TThen tre sap ihat a vari- 
able V is approaching a number 
A, there is no implicalion that F 
can nct'CT reach or equal .4, nor is 
there any implication that F 
must a'cnlually attain the value A. 

For example, it is rcadih" proved that the graph of x- cos (1/r) oscillates 
between the two parabolas y = x- and y = -x-, the number of oscillations 
becoming infinite as x approaches 0. It follows that the value of x- cos (1 / x) 
becomes and remains arbitrarily close to 0 as x approaches 0. However, 
as X- cos (l/x) approaches 0 in thi-s manner, it actually reaches and takes 
on the value 0 infinitely many time«. 



Fig. G. 

.4gain. suppose i varies as follows: i decreases from 1 to —0.1 (talang 
on all values in between), increases to 0.01, decreases to —0.001, increases 
to 0.0001, etc. Since i becomes and remains arbitrarily close to 0, it is 
approaching 0; but in approaching 0 in this manner, jt takes on the value 0 
infinitely many times. This maimer of approach is illustrated physically 
by a pendulum coming to rest. 

In considering the behavior of a function / as a: — > a, we have 
always allowed x to approach a in an arbitrarj* manner so long 
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as X remained in the domain of definition of the function f. 
The following example shows the desirability of restricting the 
manner in wiiich x may approach a. Suppose 


/(«) = 


, sin 2 x 
sin X H ^ 


+ 


sin 3x 



(See Ex. I, 17.) Tliis function is defined for all values of x and, 
in particular, has the value 0 at x = 0. (This value is indicated 
in Fig. 7 by the large dot at the origin.) If x approaches 0 in 
the manner indicated in the preceding paragraph, then we 



cannot say that the value of / approaches 7r/2 as x — 0, for the 
value of / does not become and remain arbitraril}’’ close to 7r/2. 
But if w'e deliberately exclude 0 as a possible value of x as x 
approaches 0, then the value of / approaches 7r/2 as x — > 0. 
Thus, as X — >■ a, it is possible for the value of a function / to 
approach a number A w'hen x remains different from o but not 
w'hen X is free to take on the value o. It follows that, by restrict- 
ing X to remain different from a, w'e can more fully analyze the 
behavior of a function / “near” x = a. Hence we lay down 
the following principle : 

C. In con^dering the behavior of a function f as x a, we 
restrict x to remain different from a. 

It is evident from Fig. 5 that the value of the function 
cos X cos (1/x) approaches no number A as x 0. Again, as 
X — > 0 (but remaining 9 ^ 0), the value of the function 

|sin X + J sin 2x + • • 

approaches a number which is different from the value of this 
function at x = 0. Thus, 

D. As X — > a, the value of a function f need not approach any 
number A ; if the value of f does approach a number A as x —> a, 
and if f ^s defined at x — a, then A and f{a) may be distinct. 
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We have an immediate corollary from C and D: 

E. In considering the question as to whether or not the value of a 
function f approaches a number A as x —>■ a, it is immaterial 
whether or not f is defined at x — a, and if f is defined at x = a 
it is immaterial what the number f(a) may be. 

We are now in a position to de6ne the limit of a function. 
Definition 3.1a. If the value of a function f approaches a 
number A asx approaehes a {but remaining 7 ^ a), then this number 
A is denoted by the symbol lim f(x) which is read “the number 

x—*a 

approached by the value of f as x—'a.” The number lim f{x) 

z—*a 

is referred to as the limit of f as x a. 

For example, lim (sin x)/x — 1, i.c., the number approached by 

the value of (sin x)/x as x—*Q is 1. Again, 

lim (1 + xY'^ = 2.718 • • • , 

x -*0 

lim |sin x + i sin 2a: + • • -j = r/2, and lim [cos x • cos (1/a;)] 
docs not c.xist. 


EXERCISES n 

1. Tlic graphs of a number of functions are shown Ijelow. In each case 
state whether or not lim f(x) exist.s, and if it doe.s, sinlo it.s value. 

jr— *0 




3. Graph the function [*], where [re] denotes the largest integer not greater 
than X. For what values of a does lira [x] exist? 

x—*a 

4. Show that the function / such that f{x) = 1 when x is rational and 
/(x) = 0 when x is irrational, may be represented by the single formula 
fix) = lim [cos=!7r(n!)xj], where [ • ■ • ] denotes "greatest integer con- 

n— ♦ 00 

tained in” {see Ex. 3). What formula represents the function in Ex, Ij? 
The two functions mentioned in this exercise, as well as functions like 
and cos (1/x), illustrate the fact that it may be impossible to repre- 
sent accurately the behavior of a function by means of a graph. 
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5. Give examples of functions to show that, of the fwo numbers /(c) and 
lim I[x), both, cither, or neither may exist for n given value of c; moreover, 

if both these numbers exist, they may be the game or distinct. 

So far tve have been reb-ing largely on the graph of a function 
to indicate the existence or none.xistence of the number lirn f{x) 

in any given case. But this procedure is ven- limited in scope. 
In particular, (1) a graph gives onlj' an indication, and not a 
proof, of the existence of the number lim fix), and (2) the method 

fails complete!}' tvhen the graph of a function cannot be drawn 
with sufficient accuracy. For example, doe.« 

/. 1,1. 2.1. 3, \ 

lim I sm - -f sin - -f ;r sin h • • ■ I 

._0 \ a: ■ 2 r 3 x ) 

exist? To meet these difficulties we must restate Definition 
3.1a in a more technical form. 

Let us recall that jzj denotes, and is read, the numerical value 
of X. Thus, j3j = [— Sj = 3; jij = x when j § 0 and jzj = — z 
when z<0;|z — aj=z — aifz^fl and |z — oj = a — z if 
X < a. It is endent that jz — aj represents the distance between 
z and a. To say that z — 3 < 0.1 does not prevent z from being 
any number less than 3, such as —50, but if jz — 3| < 0.1, then 
the distance from z to 3 is less than 0.1 and 2.9 < z < 3.1. 
To .“ay that x—*a means that z %‘aries in such a manner that 
jz — a| becomes and remains less than any assignable positive 
number 5, however small 5 may be, whether 0.1 or lO”*", or 
20 -no'o^ or less. (We say that a number is positive only when 
it is actually greater than 0, 0 itself being regarded as neither 
positive nor negative.) Again, |/(z) — A \ denotes the numerical 
difference between A and the value of / for any value of z, and 
the condition |/(z) — A| < 0.01 is equivalent to the condition 
A — 0.01 < fix) < A -r O.Oi. It is evident that Definition 
3.1a can be put in the following form; 

F- If \fi^) — A\ becomes and remains less than any assignable 
positive number e when z varies in any manner so that jz — a| 
becomes and remains less than any assignable positive number o 
but without ever becoming 0, then A — lim fix). 

X— *3 

We wish to simplify this form of the definition of a limit so 
that we do not need to think of z as actually varjing in any 
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particular manner and so that we do not need to use the words 
"become and remain.” Let / be a given function, such as the 
one whose graph is shown in Fig. 8a, let e be a given small positive 
number, say 0.01, and let the lines y = A — e and y = A + e 
be drawn. It is erddent that, for values of x near x — a, the 
graph of / remains udthin the horizontal strip formed by these 
two lines. In fact, there exists a small positive number 5, 
indicated in Fig. 8b, such that the folloudng assertion holds; 
If tve consider only that portion of the graph of f lying in the vertical 
strip between the lines x = a — 5 and x = a + 5 hut not on 
the line x = a, then this portion of the graph of f remains within the 



horizontal strip between the linesy = A — e and y = ^ + e. The 
fact that X is restricted to be different from o and to lie between 
a — S and a -|- 5 is expressed by the condition 0 < jar — ffl| < 5; 
the fact that, for these values of x, the graph of / remains between 
the lines y = A — e and y = + « is exjjressed by the condition 

|/(a;) — A\ < e. Hence the italicized assertion may be expressed 
by the formula 

|/(a:) — ^1 < € for all values 

of X such that 0 < |a: — a| < 5. (1) 

[Note the similarity between (1) and paragraph F.] 

It is e\ddent that, the smaller is the given number e in (1), the 
smaller must 5 be taken for (1) to hold; in other words, the 
narrower is the given horizontal strip in Fig. 8a, the narrower 
must be the vertical strip in Fig. 8b. Again, the more irregular 
is the graph of / near x — a, the smaller must be 5 for any given 
number €. In short, formula (1) holds for a given number 
e only when S is sufficiently small. We now raise a fundamental 
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question: However small e may be In (1), does there always 
exist a sufficiently small positive number 6 such that (1) holds? 
It is seen in Fig. 9 that, no matter how smalt 6 is taken, (1) 
cannot hold for the number e shown. Hence, for some functions 
/ the answer to our question is negative. We now show that 
G. lim f(x) = A whzn, and onhj when, the answer to the above 

question is affirmative. 

Suppose first that the function/is such that the aboA'C question 
is answered affirmatively. Let e be an arbitrarily small positive 
number. By hypothesis, there exists a positive number 5 such 
that (1) holds. As x approaches a, jx — a] ultimately becomes 
and remains less tlian o. By (1), |/(x) — A | ultimately becomes 
and remains less than e. Since t was arbitrarily .small, lim f{x) 

X— *a 


if 


y=A+c 




pte: 


exists and is .-1 . 

Now suppose the function / is such that the above question 
is answered negatively, i.e., that for 
some number « there exists no po.«itive 
number 5 sufficiently small so that (1) 
holds (see Fig. 9). In this event there 
exist values x of x arbitrarily close 
to a and distinct from a such that 
|/(x) — A] > {. If I approaches a in 
such a manner as to take on these 
values X, then |/(x) — Aj cannot become and remain less than e, 
that is, the value of / does not approach A as a limit. This 
completes the proof of Theorem G. 

Because (1) does not involve the idea of approach, it is cus- 
tomary to use (1) to define Iim/(x). Tiicorem G shows that the 


XcO 

Fig. 0. 


following definition is equivalent to Definition 3.1a. 

Definition 3.1b. Let f be a real single-valued function of x 
and let A and a be real numbers. If, for each positive number e, 
however small, there exists a positive number S such that 


\fi^) — A] < « for all values 

of X such that 0 < |x - a| < S, (1) 

then A is denoted by either lim /(x) or lim /(x), and A is referred 

I— *0 a: ■» o 

to as "the limit of f at x = a." 
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Although this definition does not involve the idea of approach, 
the symbol lim/(x) is often used because it suggests our original 

x—^a 

intuitive concept of a limit. 

For condition (1) to hold, the function / must be defined for 
all values of z such that 0 < |a; — a] < 5. This implies that, 
for a function / to have a limit at x = a, f must be defined over 
the whole of some interval about x = a, except perhaps at 
X = a itself. This condition is usually met by the common 
elementary functions and, for the sake of simplicity, will be 
assumed in the discussion to follow. See Exs, IV, 6 and 27, 
in this connection. 

Example 1. Does lim (3a; — 2) exist? If so, what is its value? 

I— >4 

We first observe that neither the existence nor the value of this limit 
can be determined from the fact that 3x — 2 = 10 when x = 4; the intuitive 
feeling that if a function / has a value at x ~ a, then this value must be 
Emf(x) is shown to bo erroneous by the function 

2wa 

|sin X + i sin 2x 4- i sin 3z + • • -j 

which has the value 0 and the limit 1 at x =0 (see Fig. 7 and paragraph E). 
Thus, if it turns out that lim (3x — 2) exists and is 10, this result must be 

*4 

regarded merely as a coincidence. 

In using Definition 3.1b to determine the existence of lim (3x — 2), 

z-^4 

we first think of e as being a given number, arbitrarily small, with the lines 
f/ - A — e and g = /I + e drawn on the graph of 3x — 2; then we inquire 
if a number 5 exists wliich is sufficiently small that (1) holds. We shall 
prove that lim (3x — 2) exists by showing that there exists a formula for 5 
x~-*4 

in terms of e such that, however small e may be, tliis formula gives a value 
of S sufficiently small that (1) holds. 

In (1), let/(x) = 3x — 2 and let A = 10. Since 

l(3x - 2) - 10| = |3x - 121 = 3|x - 4j, 

it follows that, if t is any given positive number, |(3x — 2) — lOj < e 
w'hen* 3|x — 41 < «, i.e., when lx — 4l < e/3. Thus (1) holds when we 
take S = e/3. This proves that lim (3x — 2) exists and is 10. The fact 

s— *4 

that we showed (1) holds even when x = 4 is of significance in the next 
section. 

Example 2. Show that lim x* exists and is 9. 
z — ^3 

Remarks similar to those made in Example 1 may also be made here. 
In (1) let/(x) = x’ and let A = 9. Since la|8| = ]a| • 1^| when a and p are 

* By “when" we mean “for all values of x such that." 
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real numbers, 

ja:’ - 91 = Ki + 3)(i - 3)1 = li + 31 • |i - 31. (2) 

Since la: + 31 <7 when |a: — 3| < 1, it follows that 

la: + 31 • 1^ - 3! < 7|a: - 3| when la: - 3) < 1. (3) 

.\gain, if e is any given positive number, 

7|a: — 31 < < when lx — 3] < -• (41 


It follows by (2), (3), and (4) that lx’ — 9] < < when jx — 31 < S, where o 
is the smaller of 1 and (/7. This proves that lim x- exists and is 9. 

z-*3 

Example 3. Show that lim (x- — 5x) = G. 

X—* — 1 

Since jot ± S [a| + |3l when a and ft arc real numbers, 

|(x» - 5i) - Gl = 1(1= - I) - (.5i + 5)1 g |i> - II + lax + a]. (51 

Let « be any positive number. It is readily shown by the methods of 
Examples 1 and 2 that 

lx= — 1| < ^ when |x -f ll < oj. (0) 

where S\ is the smaller of 1 and t/C, and that 

|5x + 5| < ^ when |i + 1| < 05 , where 

It follows by (5), (6), and (7) that 

!(i= — 5i) — G| < « when |x + 11 < S, 

where J is the smaller of ii and o;. 

Example 4. Show that lim = 0 (see E.x. II, Id). 

r— 0 

It is evddent that 

I 2 - 1 / 1 - _ 01 = 12''/'"| = where x p£ 0. (8) 

Let e be any positive number <1 and let « *= 1/2'’, i.e., n = — log- 1 . 

Since n > 0, 

11,1 1 
^ "'hc" ^ 0 < x= < -. 

i.e., when 0 < |il (91 

V n 

In this result we can write |x - 0] instead of Jxl, and it follows by (S) and 
(9) that 
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_ 01 < e when 0 < [a: - Oj < —j::.’ where n = - log: e 

V 


If e S 1, — Oj < e for all x y^O. 

Example 5. Show that lim cos P = 1. 

fl->0 

Let £ be any positive number ^2. Let 0 be the 
center of a circle of radius 1, let BG be the chord per- 
pendicular to the radius OA at the distance £from A, and 
lets = ZAOB. It is evident that |cos 0 — 1| < ewhen 
|0 — 0| < S. If £ > 2, then Icos 0 — 1| < £ for all 0. 



EXERCISES m 


Show that the following limits exist and have the values indicated; 

1. lim (1 — Ax) = —7. 

X — >2 

2. lim (ax +b) — ac + b, where a 0. 

X— »C 

3. lim b = h. 

x—*c 

4. lim Si- = 12. 

*— * —2 

5. lim (2x- — x) = 15. 

X — >3 

6. lim ( 22 : — 32:-) = —1. 

x-*l 

X — 5 


7. lim ^/x = ■\/5- ( Write l^/x — 's/si = 

I— *5 \ 

8. hm y/ Sa: — 1 = "s/S- 


Vi + V5 


■) 


9. lim = 8. 

10. lim cos 6 — cos a. 

0— >a 

11. lim sin 6 = sin a. 
e— *0 


1 /i 

1 1 

12, Lm X cos - = 0. 1 i 

COS - 

X— *0 ^ \| 

1 ^ 

13. lim x(4 — x) = 

= 0. [ 


^ 1 for all X y^ 


"■) 


x -->0 

14. lim 1/a: = |. 

x-^2 

15. lim l/(3a; -b 2) = i. 

x—tl 

16. In connection with Example 2 above, show £ and 5 on the graph of x^. 

17. By applying Definition 3.1b, examine each of the functions in Exs. 
II, 1 and 2 for the existence of a limit at the points indicated. (In each case 
draw the lines y = A ± c and the corresponding lines a: = a ± 5.) 

We close this section with two general theorems about limits. 
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Theorem 3.1. A function f can have at 77iost one limit at a 
point X — a. 

Suppose / liad t^vo different limits A and A' at a; = a. If e 
is taken to be less than l\A — A'\, then it is impossible for (1) 
to hold for both A and A', i.e., the graph of / cannot remain 
within both of the horizontal strips bounded bj' the pairs of 
lines y — A ± e, y = A' ± t. 

Theorem 3.2. If f and g arc functions such that lim f{x) and 

r— *a 


lira g(x) exist, then 

(a) lim [/(z) + {/(a:)] exists and equals lim fix) ± lim gix). 

s— *0 T—*a z-*o 

(b) lim [fix) • p(a')) = lim fix) • lim gix) iwherc, in writing 

z^c x^ct z—*c 

" = ”j we imply the existence of the first limit). 
lim fix) 


(c) lim^ 


y - r, provided that lim gix) 0. 
hmj7(a-)’'^ i-.o 


We first note that, if a and jS are real numbers, 


|a ± ;?! g |a) + |/S| (10) 

and 

M = l«l • 1^1- (11) 

Let lim fix) — A and lim gix) ~ B. To prove part (a) we 

r— *a X— 

must show that, if e is any positive number, there exists a positive 
number 5 such that 


llfix) ± <7(a-)] - 

(A ± B)l 

< e when 

0 < ja- — aj < 0 . 

(12) 

By (10), 





|[/(x) ± ff(x)] - 

(A ± 5)1 




= i[/(x) - A] ; 

± {fl'(a-) - 

5]! ^ |/(x) ■ 

- A| + 1(7(1) - 51. 

(13) 

By hypothesis, t 

being given, there e.xist positive numbers 5i 

and 

such that 





V 

1 

when 

0 < |x — 

a| < 5i and 


l!7(a:) 

-5|<i 

wdien 

0 < ix — a| < S;. 

(14) 


Let 6 denote the smaller of 5i and S.- Then (12) follows from 
(13) and (14). 
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To prove part (b), we must show that, if e is any positive 
number, there exists a positive number S such that 

j/(x) • g{x) — AB\ < € when 0 < jx — ol < 5. (15) 


By (10) and (11) 

\fix) ■ g(x) - AB\ = }f(x)[g(x) - B] + B[f(x) - ^J| 

g l/(:c)i • iff(x) - B| + |5| • |/(x) - At. (16) 


Suppose B 7 ^ 0. By hypothesis, e being given, there exists a 
number 5i > 0 such that 


|/(x) - At < when 0 < |x - aj < 5i. (17) 

Hence, if Jlf = |A| + follows that 

|/(.x)j < M when 0 < |x — a| < 5i. (18) 

By hypothesis, there exists a number So > 0 such that 

|^(x) — JS| < when 0 < jx — a| < Sj. (19) 

Let 5 denote the smaller of 5i and So. Then (15) follows from 

(16), (17), (18), and (19) since 


|/(x)l • |g(x) - 5| + |B| • i/(x) - At < = e 

when 0 < lx — a| < 6. 


We leave it to the student to consider the case B = 0 (see 
Exs. Ill, 12 and 13). 

By part (b), 

lim [/(x)/g(x)] = lim [/(x) • l/g'(x)] = lim/(x) • lim l/p(x). 

X — >a x--*a x — 

Thus, to prove part (c) we need only to show that 
lim l/g{x) = 1/lim g{x), 

T— *a 

provided that lim g{x) ^ 0; that is, we must show that, if € is 

X— 

any positive number, there exists a positive number S such that 
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By (11), 


_L _i| = 

B - gix) 

Iff(x) - B\ 

^(x) Bi 

B ■ g{x) 

|Bi-!9(x)r 


Since B 7 ^ 0, ifi] > 0. By hypothesis, there exists a number 
5: > 0 such tliat 1(7 (t) — B\ < jBj/2 wlien 0 < jar — a] < 6-. 
Hence 

if/(2^)| > ^ when 0 < |t — aj < 05. (22) 


By hypothesis, « being given, there exists a number 5; > 0 such 
that 

\g{x) — B| < when 0 < |z — a| < oi. (23) 


Let 5 denote tlie smaller of 5. and 6;. 
(21), (22), and (23), since 

l!7(a-) - B\ |g(a) - B\ Bh/2 
|Bi-l£/(x)| ^ \B\-\B\/2 ^ \B\-\B\/2 


Then (20) follows from 

« when 

0 < |z - ol < 0. 


Parts (a) and (b) of this theorem may cndently be extended 
to any finite number of terms or factors. For example. 


Urn lf(x) ■ gix) ■ /i(ar)] 


may be dealt with by letting F{x) = f{x) • g(x) and quoting 
part (b) twice. 

In all of the.se proofs we have assumed that /and g are defined 
over some interval I about x = a (except perhaps at a; = a 
itself) and that all of the 6’s are taken .sm.all enough to remain 
within 7. (See Ex. IV, 27.) 

4. Continuous Functions. As mentioned above, a function / 
may have neither a value nor a limit at a point x = a. A 
particularly important situation arises when / has both a value 
and a limit at a: = a and these two numbers arc the same. 

Definition 4.1. If f denotes a real, single-valued function 
of X, and if at x = a; (1) /(a) exists; (2) lim /(x) exists; and (3) 

X— *a 

lim fix) = /(a), then f is said to be continuous at x = a. If f is 

x-*a 
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continuous at each point* x = a of some set D of real numbers, then 
f is said to be contimious over D. If f is not continuous at x = a, 
then f is said to be discontinuous at x = a, and a is called a point 
of discontinuity of f. 

The outstanding property of a continuous function is given by 
Theoeem 4.1. If a function f is continuous at x = a, then 
lim f{x) exists and may be evaluated directly as f{a); or in brief, 

x^a 

lim /(a + Ax) = f{a), where a + Ax = x. 

Ai— +0 

It is tliis property that the student is prone to assume unjusti- 
fiably when be first studies the concept of a limit. 

Theorem 4.2. A function f is continuous at x — a when, and 
only when (1) /(«) exists, and (2) for each positive number e there 
exists a positive manbei' S such that 

1/(.t) — /(«)! < € when |x — a| < S. 

The proof of this theorem is left to the student in Ex. IV, 1. 
It should be observed that in this theorem x is no longer restricted 
to be unequal to a. In simple language, this theorem means 
that if / is continuous at x = a, then the value of / differs from 
f(a) bj'' an arbitrarily small amount so long as x does not get too 
far from a. 

Theorem 4.3. If f and g are functions of x continuous at 
X = a, then f ± g and f • g are continuous at x = a, and f/g is 
continuous at x = a provided that g{a) ^ 0. 

By hypothesis, lim f{x) — f(a) and lim g(x) = g(a). By 

Theorem 3.2a, lim [/(x) ± (/(x)] exists and equals f(a) ± g(a). 

X— 

Hence f ± g is continuous at x = a. The other parts of this 
theorem are proved in a similar manner. 

Theorem 4.4. Let gbea function of x continuoiis atx = a and 
let f be a function of continuous at u — A, where A = g{a). 
If u = g{x), thenf[g{x)] is continuous at x = a. 

Since /(A) exists and since <?(a) = A, f[g{a)] exists. We must 
show that, if e is any positive number, there exists a positive 

* We use the word point because of its suggestiveness in connection wth 
the graph of f. Strictly speaking, point should be regarded as synonymous 
with real numher. But it is often helpful to think of a number as repre- 
sented by a “point” on the a^axis. 
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number 6 such that 

i/lffWl - Ma)]\ < e when jx - a] < 5. (1) 

B 3 ' hj^jothesis, e being given, there exists a positive number jj 
such that 

|/(w) — /(/1)| < t when jn — A\ < tj. (2) 

Likewise, corresponding to this number 17 there exists a positive 

number 6 such that 

tg(a:) - i7(a)| < V when \x — a\ <5. (3) 

If we now think of u as determined bj' the relation u = ^(x), 

then ( 2 ) becomes 

l/foCa:)] - f[g(a)]\ < ( when |p(x) - p(a)| < >j. (4) 

But bj- (3), jp(x) — p(a)| < I) when |x — a] < 6 . Hence 
( 1 ) obtains. 

We now give a number of e.xamples to illustrate the concept of 
continuitj’. 

Example 1. If m is a positive integer, and if f(x) = s'*, then / is con- 
tinuous at cver>' value of x. 

Let a be an arbitrarj' value of x. Then f{a) = a", so that f(a) e,xists. 
By Theorem 3.2b, 

lim/(x) = lim 1 " = lim x ■ lim i lim i=a-a---a=a"= /(o) 

x-^o r-'*c T— *0 T— 


Hence f is continuous at x = a. Since a is arbitrary, / is everywhere 
continuous. 

Example 2. If n is a positive integer, and if /(x) = x'''*, where x & 0, 
then / is continuous at all values of x g 0. (In order that / may be single- 
valued, we regard z''" as denoting the positive real nth root of x.) 

Let a be an arbitrar}’ non-negative value of x. Then /(a) = so that 
/(a) exists. By the identity 


1 I 
a" - p” 


' 1 1\/ n-J n-2 1 J n-2 n-l \ 

,a^ - " g. g " g" + . . . + n + g " j 

/ Hrx i L n-l \ 

\a ” -f « " P" + • ■ - -f- aV ” + ^ " y 

a ~ 0 

~ n-1 ;rzi ’ (o) 

a ” + . . . 


\vhere a S 0, p ^ 0, and a and p are not both zero, it follows that, if e is 
any positive number, if i & 0. and if a > 0, then 
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n — 1 

< t when |a; — al < € • (I " . 

Thus / is continuous at a: = n. In the case where a = 0. 

|j;i/n — 0| = < « when |a: — 0| = |a;| < 

Hence / is continuous at x = 0. 

It is evident that if n is an odd positive integer, then x*''” is defined and 
continuous for all values of x. 

Example 3. If iV is a positive rational number mfn (in lowest terms), 
and if /(x) = x^, where x ^ 0, then / is continuous at all values of x ^ 0. 

Since /(x) = (x’^")'”, it follows by Examples 1 and 2 and Theorem 4.4 
that / is continuous at all non-negative values of x. 

It is evident that if n is odd, then / is everywhere continuous. 

Example 4. If A^' is a rational number, and if /(x) = x*'’, where x > 0, 
then J is continuous at all positive values of x. 

The case where N is positive has already been considered in Example 3. 
If N is negative, let W = —M. Thcn/(x) = l/x^'f. The continuity of/ 
follows from Theorem 4.3 and Example 3. If JV = 0, then / has the con- 
stant value 1 and hence is continuous. 

This result may be extended for special values of N as indicated in 
Examples 1, 2, 3. 

Example 6. If p(x) = oo -f OiX + 02 X* +•■•-!- o„x", where n is a 
nonnegntive integer, where Oo, oi, . . . , a„ are real constants and where 
On 0, then p is called a polynomial of degree n. If /(x) = p{x)/q{x), 
where p and g are polynomials, then / is continuous at all values of x except 
those at which g has the value 0. 

This follows immediately from Example 1 and Theorem 4.3. 

Example 6. If /(x) = cos x and g{x) = sin x, then / and g are continuous 
at all values of x. 

This result follows immediately from Exs. Ill, 10 and 11. 

Example 7. If /(x) = logt x, where x > 0, h > 0, and h 1, then / is 
continuous at every positive value of x. 

We here consider the case b > 1, leaving the case b < 1 to Ex. 12 below. 

We first show that lim loga u = logs 1=0, using the fact that 
«-<-i 

log6 a < log6 d when a < p and b > 1. (6) 

If e is any positive number, then 

|logb u - logb 1| = jlogi. ul < € when — £ < logj u < e, 

i.e., 

when logb ^ < logt w < logi, b' ^Bince logi, ~ = -e and logb b' = £\ 


1 1 

! 1 

x” — a” 

II 


X — a 


n — l 


n — 1 


•f* ' ■ 

• 4- 0 

" 1 


g 

X — a 


n — I 
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i.e., 

when — <11 <h‘ [by (6)]. 

0' 

But 1/6* < 1 <6* since 6 > 1. Hence 1 — (1/6*) > 0 nnd 6' — 1 > 0. 
If we take a as the smaller of 1 — (1/6*) nnd 6* — 1, then ti meets the condi' 
tion 1/6* < « < 6* when [u — Ij < 5. Hence 

[log!. « — log4 11 < < when |n — 1) < a. 

It follows that logj II is continuous at ii = 1. 

Since « = z/a is continuous nt z — a, it follows by Theorems 3.2 and 4.4 
nnd E.V. III, 3, that 

/A . z 

lim logi. z = lim logt 1 n ■ - 1 = lim logi n + lim logb - = logi a, 

x—>a X— *0 \ U/ X— *0 X— *0 0 

where a > 0 but othenvisc arbitrary. This proves the continuity of logi, z 
when 6 > 1. 

Example 8. A function is dhscontimious at i = a when it fails to meet 
any one of the three conditions in Definition 4.1. Thus, the functions 
(i’ — 5)/2r, (sin x)/i, ctn x, and (1 + x)'^* arc discontinuous at i = 0 
because they are not defined at x =0. The function [x] is discontinuous at 
every integer value of x because this function has no limit at these values of 
X. The function !sin x + J sin 2x + } sin 3i + • • -1 is discontinuous at 
X = 0 because its value there is not the same as its limit there. 

We conchido this section with an extension of the concept 
of a limit. 

Definition 4.2.\. If, as x — » a {but remaining a), the 
value of a function f becomes and remains greater than any assignable 
number A^, hoivever large, then f is said to increase without bound. 
This behavior of f is indicated by the notation lim /(x) — + + oo, 

X— 

xohich is read “the value of f increases without bound as x — > a.” 
This definition may evidently be put in the alternative fonn of 
Definition 4.2b. If, for each positive riumbcr N, however 
large, there exists a positive number 5 such that 

f{x) > N when 0 < |x — a( < 6, 

then this situation is indicated by the notation lim /(x) — ^ • 

x--*a 

Example 9. It is evident that lim l/(i — 4)’ -+ + «. But it is not 

X— >4 

the case that lim l/(x — 2) — * + m nor is it the case that lim tan x -♦ + « . 

z— *2 x-*r/2 
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EXERCISES IV 

1. Prove Theorem 4.2. (First show that if a function/ meets the condi- 
tions in Definition 4.1, it also meets those in Theorem 4.2. Then show that 
if / meets the conditions in Theorem 4.2, it also meets those in Definition 
4.1.) Illustrate the meaning of Theorem 4.2 by a graph. 

2. Show directlj’ by Theorem 4.2, and without quoting any other theorem 
or example, that the following functions arc continuous at a: = o, whore a is 
any value of x at wliich the respective functions are defined. State explicitly 
the values of x at which these functions are continuous. 

(a) 5a: -t- 4. (b) 6x=. (c) x= -5x -f- 7. (d) V^. 

(e) V^l - 2a-. (f) - (g) .- • (h) (xl. 

X -j- 4 X- 


3. (a) For each of the functions in Ex. II, I, state whether or not the 
function is continuous at x =0. 

(b) For each of the functions in Ex. II, 2, state whether or not the function 
is continuous at x = a. 

(c) State whether or not the following functions arc continuous at x = 0: 


/n rr 1 (1/a:) when x 0, 

hwhenx=0. 

cos (1/x) when x ^ 0, .. . _ (2-'''*’ when x 0, 

(2) f(x) - j ^ ^ 0 (3) /(x) = j j ^ ^ 

m a; ^ 0, (5) /(x) = (1 -f x)‘''*. 

(41 /(x; ^ ^ ^ ^ ^ 

mi fM - -I + a:)*^^ when x 0, 

W J(a:j hwhenx=0. 

i 2 (" + a;) when — ir g x g 0, (See Ex. I, 17.) 

^ ^ ‘ / i(:r - X) when 0 g X g IT. 

(8) Six) = ^ 2. 

(X — 1 wi 


rhen X < 2. 


(9) Six) = 


1 


1 


+ : 


(10) Six) = jx|/x. 

1 


(12) Six) = 


2 - lx! 


1 - 2 -^ 

(11) /(X) = jW/^^vhenx r^O, 

(13) Six) = ® 

/ — 2x wl 


rhen x < 0. 


4. Do the following limits exist? If so, prove and evaluate. 


(a) lim 


5x 

•^1 - 2x 


Solution. The functions 5x and 1 — 2x are continuous at all values of x 
and the function is continuous at all values of «. Bj’- Theorem 4.4, 

■^l - 2x is continuous at x = 1. By Theorem 4 3 — is con 

->^1 -2x 
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tinuous at a: = 1 since the value of v^I — 2x at i = 1 is not 0. Hence, by 
ox 5(1) 


Theorem 4.1, Jim 


1 -^1 - 2 i -^1 - 2 ( 1 ) 


= -5. 


(I)) lim (c) lira (cos x) Vl - x‘. (el) Jim (cosx)^^’ - 1. 
x’ + 4 r- «3 j— *3 


X + 1 

(e) lim logio cos x. (f) Jim ;• 

x--*o 2 — *2 X * “ 4 


(g) Jim sin- |il. 

r— 0 


5. With the aid of the theorems and examples in Sec. 4, shon- tliat if/(x) 
is continuous at x = a, then 

(a) [/’(i)]" is continuous at i = a. State the conditions on n and a. 

(b) cos /(i) is continuous at r =« a, i.c., 

lim cos /(x) = cosf" lim /(x) 1 = cos/(a). 
r-*o J 

(c) sec /(x) is continuous at x ■= a. State the conditions on a. 

(d) log!, /(i) is continuous at i = a, i.c.. 

lim log!,/(x) = logs J" lim/(x) j = logs /(a). 


State the conditions on x, a, and 6. 

0. If a function / is defined only for values of x > a then, as remarked 
after Definition 3.1b, lim /(x) does not c.xist becnusc/is not defined on both 

x—a 

sides of I = a. Yet in some cases it would seem natural to ascribe a limit 
to / at X = a. To meet this situation we introduce one-sided Hmits and 
one-sided condnuily. 

Definition 4.3. If, for each posHivc number t , however small, 
there exists a positive number 5 such that 

j/(x) — xl| < e when 0 < x — a < o 

then A is denoted by lim fix) and is referred to as the right-hand limit 

z-*n + 

of f at X = a. 

This definition is applicable even when / is defined for values of i < a. 
Define the left-hand limit of / at x = a. Define the right and left con- 
tinuity of / at X = a. Discuss the functions of Exs. II, 1 and 2, as to one- 
sided limits and one-sided continuity. 

Show that if lim/(x) and lim/(x) exist and arc equal, then lim/(i) exists 

X— *a+ r— *0 

and has the common value of the one-sided limits. 

The concept of one-sided continuitj’ allows us to introduce the following 
definition; 
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If a function f is defined only over the interval a ^ x £ b, we say that f is 
continuous over this interval if f is conlinuous at each interior point of the 
interval and iff is right continuous at a and left continuous at b. 

7. Show that Definitions 4.2a and 4.2b are equivalent. 

8. Define the notation lim/(x) — > — w. 

9. E^Tiluate: 


(a) Ihn l/x^. 

X— *0 

2x 

(c) lim 7 — 

a:— ♦— 3 d" 3) 

(e) hm — r==z=‘ 
x-vi Vl - s® 

(g) lim login (a* — 4). 

X— 4^— 2 

(i) lim (l/a;=) cos- (1/x). 

X — *0 

(k) lim tan (1/x). 

X — *0 


(b) lim 


1 


}_2x + 1 
l' 




(d) lim 
a:-*0 L 

(h) lim (l/x=) cos (1/x). 

r— *0 

(j) lim CSC X. 
x-^0 

0) lim (1 +x)^^. 

X— 1 


10. The follonfing definition is frequently useful: 


Definition 4.4. If, for each positive mimber s, however small, 
there exists a sufficiently large positive number N such that 

|/(z) — .4| < € when x > N, 

then A is denoted by liin/(a:) and is referred to as the limit of f as x 

X— ♦•4- w 

increases without bound. 


Define the symbol lim /(x). Define the symbol lim /(x) — > w. Give 

X— w I— ♦-f’ 

e,\amples to illustrate these definitions fullj\ Show that lim /(x) exists when 

X— +04' 

and only when lim <piy) e.xists and that these limits are equal, where y = 1/x 

V— ►+ " 

and v(y) = fO-/y). State and prove the analogue of Theorem 3.2 for the 
case where X «j. Evaluate; 

lim 2-='; lim x sin x; lim x esc x; lim x(l -f cos= x). 

a:-^4“ S— +4- ee 

11. Prove relations (10) and (11) following Theorem 3.2. 

12. Complete the proof of Example 7 bj' discussing the case 0 < h < 1. 

13. Extend Theorem 4.4 to the case where g merely has a limit A at 
X = a. Extend the results of Ex. 5 by means of this result. 

14. If fc is a constant, show directly that lim fc -/(x) = k lim/(x) without 

X— +0 X— +0 

quoting Theorem 3.2. 
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15. If lim /(x) = 0 and if there exist numbers il/ and n such that 

X— 

M > !(;(x)l when 0 < |i — a| <17, show that lim l/(i) • o(i)l = 0. 

Give an example to show that this theorem need not hold when there 
exist no such numbers M and a- 

10. (a) Show that lim ■— = 0 when and only when lira l/(x)| —*+«>. 

z— X— 

(1j) Show that lim"- — can exist only when lim/(i) =0. Give an example 

S-.0 X ■ i—O 

f(x) 

to show th.at lim ■ — ~ may fail to exist even when lim /(x) = 0. 
r-.o X ■ X— 0 

17. If lim /(i) and lim Lf(x) + exist, show that lim p(x) exists and 

z— *0 z~^a T—*a 

evaluate it. If lim/(x) and lim [fix) ■ g{x)] exist, under what condition docs 
lim pfx) exist? 

X— *0 

IS. If /(x) g gix) g h{x) over some interval about x = a (except perhaps 
at X = a), and if lim /(x) = lim li{x), then lim g{x) exists and ctiuals liin/(i). 

r— *a x—*a z—*a x— *o 

State and prove an analogous result for the case i — > + a:. 

19. Show that if E and G arc functions of x which may be rcprc.scntcd in 
the form F(x) = v"(x) • /(xj, G(x) = <f(x) ■ g(x). where v"(i) 0 in some 

fix) 

interval about x = a excciit perhaps at x = a. and if lim exists, then 

r-o Pfl-) 


f(x) . ^ /(X) 

lim — — exists and enual.s lim -7-- 

z— *aG'(x) 


F(x) 


[It must be remembered that — ^ and 

G{x) 

f(,x)/g(x) arc nol always equal if v{a) = O-I 

- , , , . X* - tx + 3 , (i - 3)(x - I) 

Forc.xamplc, the fraction — — ■ — -may be written ns - 


and by the preecdinR result, lim 


7x + 12 
I* - 4x + 3 


(I - 3)(x - 4)’ 


X - 1 

lim — — ~ = —2. 


I— 31" — 7i + 12 X— 3* — 4 

20. Show that if / is a function of x and if lira /(i) exists and is >0, then 

X— ♦<! 

there exists an interval 7 about x — a over which the value of / remains >0 
e.xccpt perhaps at X = aitsclf. A similar situation exists when lira /(x) < 0. 

x--»a 

21. Show that lim = 1 when 0 is mrasurcr) in radians. 

Solution. In Fig. 1 1 let AB be an arc of a circle with center 0 and radius r, 
and let BC and AD be perpendicular to OA. Suppose fl = AAOli is such 
that 0 < 0 < x/2. Since area M)CB < area sector OAB < area .iOAD, 
it follows that 


r* . r- 

— Bin e cos 9 < —g 
2 2 


< — tan 0. 


If we dixdde this inequality by the positive number (r'/2) sin 0 we see that 
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cos 9 < - — < sec 0. \i) 

sin 9 

It is readily shown that (7) also holds when — ir/2 < 0 < 0. If we take 
reciprocals of the quantities in (7) we find 

that \ 

sin 9 „ \ 

sec 9 > — — > cos 9. (8) 

9 ',0 


k(« - 1)(« - 2 )( 


By Example 6 and Ex. 5c, cos 9 and 
sec 9 are continuous at 0=0. Hence, 

if 6 is anj' positive number, there e.xist positive numbers Si and 62 such that 
sec 0 - 1 < f when (0 - 0( < S,, and I - cos 0 < t when j0 - 0] < 6;. (9) 

By (8) and (9), 

— 1 < e when 0 < |0 — 0] < 5, 

0 

where S is the smallest of Si, Si, and n-/2. 

22. Evaluate lim (sin 0)/0 when 0 is measured in degrees. 

6 — >0 

23. Show that lim (I + x)n'® = e, where c = 2.718 • • • . 

X — >0 

Sohttion. Let us first consider the case where x = 1/n, n being a positive 
integer. By the binomial theorem. 

/ iV 1 , n(n - D/'A" 

(1 = + 

n(n - l)(n - 2)/ A’ , , «(n - 1) • • • (1)/ A" 

+ W W 

G ~n)0 ~n) ■ • "~T“) (10) 

+ _ 

and 

fi 1 ^ Y"' 1111^ 1 

0 ~;r+T)0 '~;rn) • • • (^ ~ ;r+i)(^ ~^rn) (id 

(fl + 1)! 
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Since each terra of (10) is less than or equal to the corresponding term in 
(11) and since (II) has one more (positive) term than (10), 


Thus the value o/ 
vergent infinite scries 


(-0 


increases irith n. Let c be the sum of the con- 


c = l+l+^+|j+^+^ + 


^ 2.7182S1S284 59015 


( 12 ) 


Since each term of (10) is less tlian or equal to the corresponding term in 

( 12 ), 


('+0 

W'c sha 

lira \ 1 + “ ) 
n/ 


(13) 


for every positive integer n. W'c shall now show that 


even though, for all large integer values of n, the latter terms of (10) are 
very small compared with the corresponding terms of (12). Let 


111 I 


and let 


.-1 (.-iX-0 


(m g n) 


i.c., Sn.n is the sum of the first (m + 1) terms of (10). For any positive 
number t, however small, there exists an integer nio such that 




(14) 


For this number there exists a value no of n so large that 


Sm, . < 2' 


(15) 
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By (14) and (16), e — Sn^,mj < «i nnd as ^ 

f iV 

By (13) and the fact that ( 1 + - 1 incre.ases with n, 




it follows that 


'(■•31 
-{‘•3’“ 


< e when n > no, 


that is, lim 

Now let y be any real number > 1 and let n be the greatest integer contained 
in y, i.e., n = [ 2 /]. Then 

n ^ 1 / < n + 1, 

Id — ^1+~>1H 

n y n + 1 

(■•3’*(*3>(-.-i,)’ 
(•3''>(*3'>(-.'i,)' 


and therefore 


But 


n— >-J.oo\ 71 / „_^^eoL\ \ ^/J 

= lim ( 1 + i ) lim ( 1 + - ) = C • 1 = e; 
n— \ n— \ 


likewise lim 

n— k-f 




Hence it 


may be shown by the method of Ex. 18 that lim ( 1 -}- i ) exi, 

v-*+«‘\ yj 

equals c. By Ex. 10, lim (1 + = c, where x = \hi 

s->0+ ' 


exists and 
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Finally, let y bo any real number < — 1 and vrritc y = — 2 . Then 


lim 

V— - 





= e. 


Hcnco lira (1 4 - 2 )*^-' = f, and by Et. C and the preceding paragraph, 
- — — 

lim (1 -f Misfa and is <•. 

X— *0 

24. The following definition ha.*- many imponant applications: 


Defixitiox 4.5. If f is a sw^ilc-valucd fiindion of x, if R is 
the sd of all values of f, and if. for each lahic of y in R, the equation 
y = f(x) has exactly one solution in x, then this equation deiermines 
X as a single- valued function of y over R, say x = e{y'), and v is 
called the inverse of f. 


(s.) Illnstrate the mctining of thi« definition graphicall.v. In hov.- many 
points can a line y =■ A meet the graph of / if o is ‘•ingle-vtdued? Which 
functions of Ees. H. 1 and 2, have singlo-valued inverses? 

(b) ShoM th.s: if / is defined and continuous over the interval a § x S b 
and has a smgle-vahied inverse v*. then v !•= also continuous. 

Hint; Let M and m be the maximum and minimum values of/ for values 
of r in the interval c — < grgc-i-t. Because/ is continuous, it takes on 
ever>‘ value from tn to M a« r vanes from c — « to c 4- < ('■ec Theorem S.3 
of Chap. 1 X 1 . Establi*:!! the continuity of «.-at y = C = /(c) by choosing S 
with reference to m and M and u'lng the fact that c is single-valued. 

25 For each of the following functions c. state the domain of definition 
of graph V", and shoo by the preceding exerci'e tliat v* is continuous at 
each point of it.s domain of definition. 

(a; Cos"' 2 . (The capital letter C indic.ates tliai we are considering only 
pnncipal values of this function.) Wliat is the domain of definition of the 
inverse of this function? 

(bi Sin"' 2 . tc) Tan"' 2 . (d) b', where b > 0 and b ^ 1. 

(e) Extend the results of tliis excm=e m, indicated in Ex. 5. 

26. Show that if lim log. /(z) cxist.s and is .1, then lim /{z) axi.sts and is h-L 

Hint: Wnfe/(zi = and use Exs. 25d and 13. 

27. Suppose we alter condition (1) in Definition 3.1b to read 

!/{z) — .4! < < for all x'alucs of r at which f is dr fined 

such that 0 < jx — oj < 0 , (!') 

so that it is not implied, as with (1), that / is defined for all x'alucs of 2 a 
in some interval about z = a. Then Definition 3.1b has a much wider nppli- 
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cation. For e.xample, lim s/ x sin (1/x) exists and is 0. But Theorem 3.1 

X — *0 

is false, for if / is defined at only the single point z = a, that is, 
fix) = \/-ix — a)-, 

then every number A meets condition (1')- Again, Theorem 3.2 fails when/ 
and g are defined at no common point so that f 0 and / • <? do not exist. 
To meet these difficulties we introduce 

Definition 4.6. Let Dbca set of real numbers. If the number 
a is such that every interval about a, however small, contains at least 
one mmbcr in D other than a, then a is called an accumulation 
•point of D. 

For example, 0 is an accumulation point of the set of numbers 1/n, where 
n is a positive integer, and also of the set of numbers 0 ^ x g 1. It is 
immaterial whether a belongs to I) or not. 

Give examples of sets having accumulation points. Show that a finite set 
can have no accumulation point. Restate and prove Theorems 3.1 and 3.2 
using 

Definition 4.7. Iff is a function of x, if a is an accumulation 
point of the domain of definition of f, and if for each e > 0 there 
exists a 8 > 0 such that (!') holds, then A is denoted by lim /(x). 

x-*a 

Generalize the concept of continuity, shou-ing that it is unneccssar>' to 
use the idea of an accumulation point. Review Sec. 4 and the above 
exercises with these generalizations in mind. Note that we tacitlj' assumed 
a generalization of Definition 4.4 in Ex. 23. Discuss tiie function 

_ jx when x is rational and 0 g x g 1, 

' ( 2 — X when i is irrational and 1 < x < 2 

in connection wth Ex. 24b, noting that / is continuous with a single-valued 
inverse. 

6. The Derivative of a Function. Let / denote a function of x. 

As was pointed out in Sec. 2, the quantity ~ /(yo) 

Ax 

represents the mean rate of change of the value of / udth respect 
to X when x varies from x = Xo to x = xo + Ax. We now wish 
to study further the properties of tliis quantity. 

Since Xo is constant, ~ is a function of the one 

variable Ax, and as such is subject to the discussion of the 
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, . T I /(^o + "* /(^o) • j- 

preceding sections. In particular, — i-s dis- 

continuous at jia: = 0 because its value is not defined at Ax - 0. 
Moreover, lim may or may not exist. For a 

Ar— 0 

given function /, tins limit may e.xi.st for some values of Xo, 
but not for others.* Suppose for the present that Xo takes on 
onl}' those values for rvliich this limit ex5.sts. Let/' denote that 
function of x whose value, for each such number Xo, is the number 

lim If ive recall that the sjunbol /'(xo) 

denotes, and is read, the value of /' for the value xo of x, then, 

for each such number Xo. /'(xo) = lim — 

Ar-*0 AX 

With this discussion in mind, we may introduce 

DEnNTTiox 5.1. Lctf denote a real, singlc-vahicd function of x. 
The derivative of f with respect to x is that function f of x such 
that 

/'(xo) = (1) 

Ax—O Ax 

at all points xo where the limit exists, and such that f is defined 
for no other values of i. 

According to the second remark after Definition 3.1b, /'(xo) 
cannot exist unles.s / is defined over some inteivml about i = Xo. 
Hence we shall regard the e.xistence of /'(xo) as impljung that 
/ is defined over some intcrv’al about x = xo. See Exs. lY, 27, 
and V, 5. 

In this definition of /', we use Xo, rather than merely x, to 
emphasize the fact that only Ax is to varj' in the limit (1); 
the limit (1) would be mcaninglass if both x and Ax varied 
simultaneousl5'. 

If there is no value Xo for which the limit (1) e.xists, then the 
function / is said to have no derivative. 

To differentiate a function / is to find its derivative /'. A 
function / is said to be differentiable if it has a derivative, and it 
is said to be differentiable at x = xo if /'(xo) e.xists. 

* In case the student has acquired the idea that this limit “almost always” 
exists, it should be mentioned that, for most functions /, this limit c.^sts 
for no X’alue of lo! it is only when /is a very "simple" function, like a poly- 
nomial, that this limit axists for all values of xr,. 
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Various other symbols for /' are in common use; for example, 
f = = Dxf = df/dx — lim Af/Ax, where A/ is defined by the 

A1-+0 

relation 

A/" = fixo + Ax) - f{xo). 

The following example illustrates the way the derivative of a 
function may sometimes be determined: 

Example 1. Pind/' = Dj/when/(i) = x-/(3 — 2x), a: §. 

Solution. By Definition 5.1, 


/'(ao) = liin (provided this limit exists) 

A _ . .A A«r 


(zo H- Ax)^ xl 

3 — 2(xo + Ax) 3 — 2xo 

= lim 

Ai-*0 Ax 

(where xo and zo + Ax are ^ f) 

— 2z« + 6x0 — 2zoAx + 3Az ,, -r r 

= lun ■„ ■■ ; ■ r; tVtT (^y Ex. IV, 19) 

Ax — >0 (3 “ 23 ?o)[ 3 ” 2(xo "f" ^ 31 )] 

-4- dxo 3 

= ~ (3 d ' ^ 2 Theorem 4 .1) 

z* 6z — 2x* 3 

^'3 - 2z “ (3 - 2z)2’ ® ^ 2' 


The following formulas of differentiation may be derived by 
the method illustrated in Example 1. In these formulas ff 
and h denote differentiable functions of x. 


Table I 

(1) DiC = 0, where c is a constant. (2) Di(p ± h) = DxO + Dxh. 


(3) Dx{g ■ h) = g • Dxh + h • Dxg. 

(5) If y is a function of u, and if i 
(5a) DuV = 1/D,.w. 

(7) Dx cos h = —sin h ■ Dxh. 

(9) Dx sin h = cos h • Dxh. 

(11) Dx tan h = sec^ h ■ Dxh. 

(13) Dx Cos-1 h -L=^Dxh 

Vl - h’ 

(15) Dx Sin-1 h = — y= Lss z — Dxk. 

VI - 

(17) Dx Tan-i h = —^—Dxh. 

1 + A* 


(4) D - = -- g • 

ft ft= 

= ft(z), then Dxg = D„gr • DxU. 

(6) Di(ft)" = n(ft)"-i • Dift. 

(8) Dr sec ft = sec ft • tan ft - Dxh. 
(10) Dr CSC ft = —CSC A • ctn ft ■ Dift. 
(12) Dr ctn ft = -cso= ft • Drft. 

(14) Dr Sec-1 ft = 

ftV ft= - 1 

(16) Dr Csc-1 ft = y }. , DJi. 

ftVft= - 1 

(18) Dr an-1 ft = Drft. 

1 + h- 
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(19) Dx log, h = jDAi. (20) Dx log. ft = ^ log. c ■ D.h. 

(21) Z?xc* = • -DxA. (22) /),a‘ = log, a ■ DJi. 

More complete lists arc found in various mathematical tables. 
Bj’ waj' of example, we shall derive a few of the above formulas. 
IVe first prove the following theorem which will be needed for 
those derivations: 

Theorem 5.1. If f is a funclion of x, and if f is defined at 
X — xo [i.e., if f'ixc) exists], then f is continuous at x ~ xo. 

If / were not continuous at i = Xo, then the quantity 


/(xo + Ax) — /(xo) 

would not approach 0 as Ax — > 0 and 


lim 

Ar-.0 


/(xo + Ax) — /(xo) . 


Ax 


could not exi.^t (sec Ex. IV, ICb). 

The converse of this theorem is false, for there c.xist functions 
/ which arc continuous at x = xo, but such that /'(xo) does not 
exist. For c.xample, if /(x) = !x| (see E.x. II, Ig), then /'(O) 
/(0+:^^) -/(O) ^ |0 + Axj - 1Q | ^ 

Ax Ax Ax 


does not exist, for 


But = 1 when Ax > 0 and = — 1 when Ax < 0. 
Ax Ax 

j A j*[ 

Hence lim docs not exist. On the other hand, it follows 

Ax-o 

directly from Theorem 4.2 that jxj is continuous at x = 0. In 
fact, there are main’ functions knorni which are everj'wberc 
continuous and have a derivative nowhere. 

Theorem 5.2. If /(x) = gix) • /i(x), and if g'(xo) and h'(xo) 
exist, then f'(xa) exists and equals g{xo) • /)'(xo) fi(xo) • .o'(xo). 

By Definition 5.1 


/'(I.) - i(£l> 

Ax— 0 Ax 

g{xo d- Ax) ■ h{xo + Ax) — g(xo) • fi(xo) 
Ax 


(provided this limit exists) 


; lim 

ir— 0 


= lim ■ 

Ar— 0 

I 

= linr j 

Al— 0 


ffCxo + Ax) • 7i(xo + Ax) — g(xo + Ax) • ;i(xo) 

+ g(xo d- Ax) • h{xc) - g{xo) ■ A(xo) 


Ax 


£l(xo d- Ax) 


/i(xo d- Ax) — /i(xo) 


Ax 


+ Hxo) 


g(xo d- Ax) — g(xo) 
Ax 


( 2 ) 
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hypothesis, g'{xo) exists, so that g is continuous at a: = Xo- 
By Theorem 4.1, lim g(xo + Ax) exists and is <?(xo). By hypothe- 


Ai — »0 


t(x. + AX) -./iM ^ g(x, + A^) - g(;.) 

At— Ax Al— >0 Ax 

By Ex. Ill, 3, lim A(xo) = 7t(xo). Hence, by Theorem 3.2, the 

Ax— *0 

limit (2) exists and may be written as 


/'(xo) = lim ^(xo + Ax) • lim 


Ax-*0 


Ax— >0 


^(xq + Ax) — /i(Xo) 
Ax 


+ li„, J(*.) . lin. + 

Ax-^0 Ar-~*n 


\r-*0 


= Sf(xo) • h'(xo) + h(xo) • g'ixo). 


If follows from this theorem that formula (3) in Table I is 
valid at each value Xo of x where and DJi are defined. 

Theorem 5.3. ff f(x) — g(x)/h(x), if h(xo) 0, and if g'(xo) 
and h'{xo) exist, thcnf\xo) exists and equals 

h{xo) • ff'(xo) - g(xo) • h'jxo) 

[h(.x,W 

By Definition 5.1 


/'(xo) — lim — (provided this limit exists) 

g(xo + Ax) _ g(xo) 

_ ^ h{Xo + Ax) /t(xo) ^ 

Ax — ao Ax 


where* bj’- hjT)othesis h{xo) 0 and where by Theorem 5.1 and 
Ex. n'’, 20, ^(xo + Ax) 7^ 0 for jAxl sufficiently small. It 
follows that 


^ _ i;- h{xo)g{xo + Ax) — g(xo)/i(xo + Ax) 
J (Xo) hm h{,xo)h{xo + Ax)Ax 


A3^->0 


= lim *( 

Ax-aQ (. 


h{xo)h{xo + Ax) 


L Ax 


* This remark is necessary in order to show that the preceding fraction has 
a definite value for each value of Ax considered. The student must be ever 
on his guard against using notation which may appear to be meaningful, but 
which is actually meaningless for some or all values of the variable involved; 
in particular, he must be certain that the denominator of a fraction never 
becomes zero. 
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An argument similar to that used in the preceding prooj shon’s 
that tliis limit exists and has the value stated in the theorem. 
It follows from this theorem that formula (4) in the above table 
holds wherever /, and h' are defined. 

Thzore.M 5.4. Tf f(x) = [hix)]", tvlicrc n is a positive integer, 
and if Ii'(xd) exists, Hicnf’(xc) exists and equals • h'{xo). 

We. first note that if a and B are real numbers, and if n is a 
positive integer, then 

a" - d" = {a - B)(.a’-^ -f a^-3 -f • - • -f aS'-- + (3) 


Bj' Definition 5.1 

f'i^o) = lim (provided this limit exists) 

= |/i(-rf. -f Ax)]" - l/ i(xt.)]" 

ir-O Ax 


. lim .f J,)j- 

Ar—oL Ax 


+ [^(^•o + Ax)]'’-Vi(xo) 4- 


4- 


(l)y (3)). (4) 


t) i, XL ■ r 4- Ax) — /i(Xo) . , . 

Bv htT^othesis, hm ; c.x:sf.=. Mnee h is 

^-*0 

continuous at x = Xo, it follows by Ex. IV. 5. and Theorem 4.1 
that lim [A(xo 4- Ax)j"“'. lim [h{xc, 4- Ax)i’-"% etc., c.xist and 

ir-K) Ar— 0 

equal [fi(xc)]’'-“S l^(xc)l"“^ etc., ro.'pcctively. By Theorem 3.2, 
the limit (4) e.xists and may be written as 

/'(xo) = lim lim [7,(3., -a 

ir-+0 ^ 

4- h{xo) • lu^I5(xo 4- Ax)]’-' 4- ■ • • 4- (li(xp)]'“* | 
= h'(xo){[/i(xr)]'^‘ 4- \h{x,)y-^ 4- • • ■ 4- 
.Since there are n terms in the second factor of this lost expression 
/'(xo) = n[h{xo)Y-^h'{xo). 


It follows from this theorem that, for positive integer values of n, 
formula (6) in the above table is valid at each value xo of x at 
which DJi is defined. This theorem may be extended bj- the 
methods illustrated in Examples 2, 3, and 4 of Sec. 4 to the case 
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where n is any rational number (see Ex. V, le and 5)'. In the 
special case where h is merely x, formula (6) evidently reduces 
to DiX" = 

Because students often have difl&culty understanding the 
significance of formula (5) in Table I, we have carried out the 
preceding derivation without the use of this formula. Hence 
we may use formula (6) as an illustration of formula (5) in the 
follomng way. If, in formula (5), g denotes u", then (5) assumes 
the form 


DxU” = DuU” • DxU — >iu’‘~^DxU. 


But this is just formula (6) when written in terms of u instead 
of h. 

In the preceding theorem, we considered the 7ith power of a 
function h of a;. Let us now consider an arbitrary function g 
of the function /i; for example, g may denote a trigonometric 
or logarithmic function of h. The following theorem pro\ddes 
a general method for finding D^gQi). 

Theorem 5.5. Suppose g is a ftmction of a variahh u, and 
suppose XI = h(x). Let f{x) = If h'{xo) and g'(xio) 

exist, where uo = h(xo) and g' — D^g, ihenf{zo) exists and equals 
g\uo) • h'(xo). 

By the remark folloAving Definition 5.1, there exists an interval 
Uo — e < u < xio + e Over which g is defined. By Theorem 5.1, 
h is continuous at x = xo. Hence there exists a 6 > 0 such that 

|/i(x) — Mol < e when jx — Xo] < 5. 

By Ex. 1, 19, is defined when jx — xo| < 6. By Definition 

5.1 

/'(xo) = lim ° rt* — (provided this limit e.xists) 

Ax— >0 

= lim + Ax)] - g[/t(xo)] 

Ax— >0 AiC 

{It may help to understand this notation to think of p[/i(x)] as 
cos /i(x) or log A(x).} Let mo + Am = + Ax), where 

Wo = h{xo). Then 


Am = /i(xo + Ax) — h(xo) 


(5) 
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and 

glhjxo + Aa:)] - g[/i(3:o)] ^ g(vo + A?/) - gp/o) ^ 

Ax Ax ^ Ax 


( 6 ) 


where 

( g(»° + ^vhcn An 9 ^ 0, 

^(Au) = < (7) 

(<7'(wo) when A« = 0. 

[Wnnlc Aa: is arbitrary' and may be restricted to be 9 ^ 0, Au is 
determined bj* (5) and cannot be supposed 9 ^ 0. Hence in 
defining o we must allow for the case A« = 0. See footnote, 
p. 39.] It follows that 

f'(xo) — lim • {pro\’idcd this limit e.-dsts) (S) 

Ax— *0 L 

Since h Is continuous at 1 = a-o, Au is a continuous function of Ax 
and An — > 0 as Ax — » 0. Hence, <p being continuous at An = 0, 
it follows by Theorem 4.4 that lim y(An) = c:(0) = g'iuo). 

Ar — 0 

By (5), lim An/Ax = /i'(xo). Hence the limit (S) exists and 

Ar-*0 


/(xo) = lim viAtt) - lim — = g'ivo) • A'(xo). 

Ar — 0 ir-»0 -iX 

Formula (5) of Table I follows from this theorem. 

Theorem 5.6. If /(x) = cos h{x). and if h'{xo) exisf^, then 
/'(xo) exists and equals —sin h(xo) ■ h’{xo). 

Let n = h{x) and let g{ii) = cos n. By Definition 5.1 


g'iUo) = lim (pronded this limit e.xists) 

Au_^) An ' 

_ cos (no + An) — cos tip 

Au-*o An 


—2 sin 
= lim 

Au— *0 


^Wo + 

An 


An\ . An 



= lim 

Au— *0] 


^since cos a — cos /S = —2 sin sin — 

. An! 

l^-sm{no + -j)-^y ( 9 ) 
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By Example 6 of Sec. 4 and Theorem 4.1, 

lira sin (uo + = sin uo- 

Au-kO \ ^ / 

. Au 
sin^ 

By Ex. IV, 21, lim ~ — = 1. B 5 ’' Theorem 3.2, the limit (9) 

exists and equals — sin tio. Hence 

Du cos M = — sin u. 

If we now apply formula (5) of Table I 

Dx cos u = Du cos u • DxU = — sin m • DxU. 

This is formula (7) written in terms of u instead of h. 

Theorem 5.7. If f(x) = logt h{x), and if h'{xf) exists, then 

fixo) exists and equals y-)^h'[xf) logi e. 

tl\XQ) 

Let u = h{x) and let g{u) = log* u. By DeSnition 5.1, 
g'iuf) = lim — — (pro\dded this limit exists) 


Ati— »o Axi 

logfc {Uo + Au) — log6 juo) 
Au 


Au— *0 


= lim 

Au— *0 


= lim 

Au— >0 




I 1 Uq Au 
to 


= lim — log 5 ( 
Au— \ 


1 + 

Uo) 


Let At = Au/uo. Then At-^d as Au 0 and this last limit 
becomes 


g'iuo) = — lim logs [(1 + At)^/^‘]. 
Uo A«->0 


( 10 ) 


From Ex. IV, 23, Urn (1 + AtY'^* = e. By Ex. IV, 5 and 13, 
(10) may be written as 

g'Yio) = ^ log6 [lim (1 + A<)i'"^‘l = i- log^ e. 

Ro La<-»o J Uo 
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3. Findthe derivative with respect to x of each of tiic folloOTng functions; 


(a) (2 - Zx^y. 
(c) — X-. 


(c) 


1 — I 


1 +i 


(g) a;’ CSC 3i ctiri ^x. 

(i) he" sin mx. 

(k) e-*’ Tail-' -^-r- 

X + 1 

1 , "s/ nx + '} — \/h 

log 


(m) 


(o) 


(b) (i= + 1)‘(1 - 5i)'. 
sin’ rx 
1 + cos x' 

(() tnn‘ lx — Cos”' 3x. 
(h) sec (Sin”' 2 j). 

G) log sin 


sin 


0) 


1 1 , ox + 1/ 

log 

Hax +h) h* X 


■\/h "v/ ax + h + 

1 , 1/ ,c\ 

/=. ■ ; ■■■ ■ ■ log tan -{ or + tan”' - I 

aVb' +’c’ 2\ f»y 


(n) i^i\/ o’ — x’ + o’ Sin"' 


c®* 1 / 

(p) (a sin hz — 6 cois Or). (<\) x Cos”' nx v 1 — 

a* -f* ^ 

(r) logio logic ax. 

(s) r*'” (Let 1/ = I*'" ^ and find £)i log ;/.) 

(t) log, (x + 4). (Use the formula logc a = (log, o)/(log, b). 

(u) Derive the formula D,f{x) = /(x)D,log/(x). Use tliis formula to check 
j-our results in (d), (e), (k), (s). 


4. Interpret DJ ns an instantaneous rate and illustrate with physical 
examples (sec end of Sec. 2 and liix. I, 11). 

5. Extend Definition 5.1 and the preceding theorems as indicated in 
Ex. IV, G and 27. 

0. Find the second and third derivatives of the functions of Ex. la, c, i, j. 
and r. 

7. Show by mathematical induction that 


DJ cos X = cos 



(14) 


Solution. The proof consists of two steps: (1) show that (14) holds when 
n = 1 ; and (2) show that if (14) holds for some value k of n, then (14) holds 
also when n = I; + 1. 

(1) By the relation 


— sin a = cos 



(15) 


it follows that 
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Hence (14) holds when n = 1. 

(2) If fc is a value of n such that cos x = cos 



then by (15), 


cos X = Dx{Dl cos x) = Dx cos 



cos 



fc + 1 \ 

■ TT I* 

2 J 



Hence (14) holds when 7i = fc + 1. 

That this argument constitutes a proof of (14) may be seen as follows: 
by step (1) we maj' set fc = 1 in (16) and conclude that (14) holds when 
n = 2. We may now set fc =2 in (16) and conclude that (14) holds when 
n = 3. We may now set fc = 3 in (16), etc. This process may evidently 
be repeated arbitrarily many times. 

Show by mathematical induction that 


(a) Z)J sin a; = sin 



(b) d; log (1 + g) - * («l - » 


(c) DJe®* = a’*c'**. 

(d) D^(ax + b)’‘ = a" • fc(fc - l)(fc - 2) • • • (fc - n + 1) • (o® + 6)^"”. 
8. (a) By induction prove Leibnitz’s theorem that 


D;(u • a) = . a + nZ)r'« • ^rV ■ Dlv + 


+ n-D’^. 


(b) Using this result, find the second and third derivatives of c”' sin x and 
x’ log X. 

(c) Generalize Leibnitz’s theorem for products of three or more factors. 
9. Find the nth derivative of 

(a) sin bx. (b) a- — x^. [Write this as (a + x)^-(® ~ 

(c) Tan-i X. f Dx Tan-i x = — 

L +1 

— — — = (x + i)"' (x — i)-\ where i = \/— 1.] 
x'* + 1 J 


10. Suppose /(x) = I 


_ t X cos (1/x) when x 0, 


Calculate 


/(O + Ax) 


0 

m 


Ax 


when X = 0. Ex. Ill, 12.) 
and .show that/'(0) does not exist even though / 


IS continuous at x =0. 


11. Find DxV from the relation x’ — xy^ — y® = 1. 

Solution. This problem is discussed in detail in Sec. 19. For the present 
it IS sufficient, to perform the following steps: 
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Since the equation of the line through the point {xr, ifc) with , 
slope m is y — i/n = m(x — zt), it is seen that the equation of 
the tangent to the curre y = f(z) at the point (z;, j/c) is 

y - yf= /'(~t)(3: — 2 -t)- 


Tbe fact that /’(zo) represents the s!oi>e of the iangent to the 
graph of / at 3- = x; enables us to solve the follovdng problem: 
Given the graph G of a function/ for which no formula is known. 
Plot the graph of /', (Tliis situation occurs for e,-cample, when- 
ever a smooth cur%'e Is drawn through a series of points plotted 
from experimental data.) 

Suppose the graph G t as shown in the upper half of Fig. 13. 

Let Pj, P;. Pj. - • - l>e a number of points 



Tir,. 13 . 


on G. At each of these points draw the 
tangent to G and climate its slope. 
Project Pi. P*, P;. • • ■ onto the lower 
x-axis and at the points so obtained erect 
ordinates of lengths equal to these estimated 
slopes. Through the ends of these ordi- 
nates draw a smooth cur’.-e G’. Then G' is 
the graph of /'. (Note that if G has a 
comer Q. then G has no genuine tangent at 
Q. But, by con.'idcring separately the 
parts of G to the right and left of Q. it is pos- 
sible to draw right and kft tangents at Q. 
The slopes of both these tangents are 


plotted.) 


Tins graphical anah-sis brings out the follo-n-ing fact: If the 


graphs G and G' of a function / and its derivative f are plotted, 
the ordinate of a point P' on G' represents the flope of the tangent 
to G at the point P having the same abscissa as P'. 


EXERCISES VI 

1. Find the equslions of the tangent and normal to each of the following 
carves at the points indicated: 

(a) y = x’ at (2, S). 

Co) d- 2^ - 3ry -f r - 1 =0 at (1, 1). 

(c) x-y* = An'iZa — y) at the Doint where r = la. 

(d) A~^ -f 2ffxy d- By- d- 2rx d- 2Gy d- C = 0 at v-X 

(e) X = (or d- 1)*, y = {o - 1)» at a = 2. 

2. (a) Find all the pwints on the carve y = x* where the slope is 4. Plot. 
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(b) Determine the points on the curve 3 ?^ + 1f^ = at which the 
tangents are perpendicular to the line x — 2?/ + 3 =0. Plot. 

(c) Show that the circle x" +y‘ = 8ax and the cissoid 2/=(2a - x) = x’ 
meet at an angle of 45° at each of two points distinct from the origin. Plot. 

(d) Show that the tangents to the cunm x^ + if = 3axy at the point 
where it intersects the parabola y- — ax are parallel to the y-axis. Plot. 

3. Plot the graph of /' when the graph of the function / is as indicated 
in the follovang figures; 



4. Sketch the graphs of the derivatives of the functions of Exs. II, 1 and 2. 

5. If /3 is the angle made by a cur\m y = /(x) or r = F{6) with a line from 


the origin, show that tan /S 



dr 

do 


Increasing and Decreasing Functions. Let / be a function of x. 
We say that / is increasing at the point a: = a;o if there exists an 
interval I about this point such that, for each point Xi of 7, 

/ /(a^i) > when xi > Xo, and 
< f(^o) when xi < Xo, 

and we say that / is decreasing at x = Xo if under the same 
circumstances 

{ /(^i) < /(a^o) when Xi > xo, and 
> /(^o) when xi < Xo. 

For example, if /(x) = sin x, then / is increasing at x = ir/6 
since condition (1) is met when I is taken sufficiently small. 
It is assumed in this definition and the following theorem that 
/ is defined over the whole of some interval about x = xo. 

Theorem 6.1. Let fbea function of x and let xo be a value of x at 
which f'{xo) exists. If f'ixo) > 0, then f is increasing at x = xo; z/ 
f'l,Xo) < 0, thenf is decreasing at x = Xo. 

If f'i^o) > 0, then by Ex. IV, 20, there exists an interval 7 

about X = Xo such that, for each Xi xo in 7, — = ~/(^o) 

Ax Xi — Xo 
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remains > 0. But wlien is positive, /(xi) - /(xo) 

Xi — Xo 

and (xi - Xo) have the same sign, i.e., condition (1) holds 
when xi is in I. The second part of the theorem is proved in a 
similar manner. 

In geometric language, this theorem states that a function is 
increasing at any point where tlie slope of its graph is positive and 
is decreasing at any point where the slope of its graph is negative. 

Maxima and Minima. The theory of maxima and minima 
has manj' important applications in various branches of mathe- 
matics and physics. 

DEriNiTioN 6.1. Lei f he a fnnclion of x. ll'e say that f has a 
rclalive maximum at the point x = Xo if there exists an interval I 
about this point such that, for each point Xi of I, /(xo) ^ /(xi). 
ITc say that f has a relative minimum at the point x = xo if there 
exists an interval I about this point such that, for each point Xi of I, 
/(xo) ^/(xi). 

It is evident that if / is increasing or decreasing at a point 
X = Xo, then / cannot have a relative maximum or minimum at 

X = Xo. 

Theore.m 6.2. If f is a function of x, then f has the value 
0 at each point x = Xo where (a) / has a relative maximum or 
minimum, (b) /' is defined, and (c) the domain of definition of f 
extends over some interval about x = Xo. 

Suppose / has a relative maximum at x = xo. Then there 
exists an interval I about this point such that, for each point 
Xi of /, /(xo) ^ /(xi). If f'{xo) were positive, then by Theorem 
6.1, (1) and hypothesis (c) there would exi.st values Xi > xo 
in I such that /(xo) < f{x\). Hence f'{xf) is not positive. It 
follows in similar manner that /'(xo) is not negative. Therefore 
/'(xo) = 0. The case where f has a relative minimum at x = xo 
is treated in an analogous manner. 

By Theorem 6.2, each value xo of x [meeting conditions (b) 
and (c)] at which /has a relative max-imum or minimum is a solu- 
tion of the equation /'(x) = 0. Hence the set of all values 
Xo of X [meeting conditions (b) and (c)] at which / has a relative 
maximum or minimum is contained in the set of all solutions of 
the equation fix) = 0. However, the equation /'(x) = 0 may 
have one or more solutions xo at which / has neither a relative 
max-imum nor minimum, as is illustrated by the function x’. 
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It follows that the procedure for determining the points [meeting 
conditions (b) and (c)] where / has a relative maximum or mini- 
mum is to find the set of all solutions of the equation f'(x) = 0 
and then to investigate the nature of / at each of these solutions 
by means of Theorem 6.3 or 6.4 or some stronger theorem. 

Theorem 6.3. Let fbea function of x and let Xo he a value of x 
such that f is defined in some interval 
about Xo. (a) If f'(xo) = 0 and if f is 
increasing at xq, then f has a relative 
minimum at Xo. (b) If f'(xo) = 0 
and if f is decreasing at xq, then f 
has a relative maximum at Xo (see Fig. 

14). (c) If fixo) = 0, but f is positive 

(or negative) at every other point of some interval about Xo, thenf has 
neither a relative maximum nor minimum at Xo. 

From the hypotheses of part (b) it follows by (1) that 

f’(x) < 0 when x > Xq and f(x) > 0 when x < Xo, (3) 

where x is restricted to lie in a sufficiently small interval I about 
Xo. Let xi be any point of I. The slope of the chord through 

the points [.xo, f(xo)] and [xi, f(xi)] is gy t|je 

Xi Xo 

theorem of the mean (see Sec. 10), there exists a point x between 
Xo and Xi such that the tangent at x is parallel to this chord, i.e., 

f'(x) = /(^o) 

If Xi > Xo, then x > Xo, and by (3), f'(x) < 0. Hence 
/(xi) — f(xo) and Xi — xo have opposite signs, and because 
Xi > Xo, /(xi) < f(xa). It may be shown in a similar way 
that f(xi) < f(xo) when xi < xo. Thus /(xi) < /(xo) wherever 
Xi may be in 7 (other than at xo). This proves part (b). Parts 
(a) and (c) may be proved in a similar manner. 

The truth of Theorem 6.3 is intuitively e\ddent from Pig. 14; 
part (c) of the theorem is illustrated by the function x® mth 

Xo = 0. 

It should be noted that a fimction may have a relative maxi- 
mum or minimum at a point Muthout having a finite derivative 
at that point. For example, the function 2 -[- (x — 3)?^ has a 
relative minimum at x = 3, and yet this function does not have a 



Fig. 14. 
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finite derivative at i = 3 (see Fig. 15a). Tiuis one cannot 
detect all relative maxima and minima by Theorem 6.3. 

Definition 6.1 may be e.xtended to the ca-^c where/ b; defined 

on onh' one side of the point x — Xo. 
But in this event the point Xo may 
be a relative maximum or minimum 
j of / even though J'{x<^ 9 ^ 0. For ex- 

ample, thefunction/(a-) = x -f 
s which is defined for onl 3 - nonnega- 
® tive X, has a relative minimum at 
X = 0, and j'ct /'(O) = 1 (sec Fig. 
lob). ThLs example shows that Theorem 6.2 is false when condi- 
tion (c) is omitted. 


(c) 


Flo. 15. 


Example 1. Find the relative maxima and minima of the function / when 
/(r) = 2x» - 3z= - 12i + 0. 

SoluHon. f’(x) = G(r — 2)(x -f H. ITcncc fir) — 0 when x = 2 and 
X = —1. Furthermore, / is deercasini; at x = —1. sinro fix) > 0 when 
X < — 1 and fix) < 0 when —1 < x < 2. Thti=/has a relative maximum 
at X = —1. Similar reasoning shoe's that / has a relative minimum at 
X = 2. Thc.=c results may be checked by graplung /. 

Theorem 6.3 raaj* be put into a more convenient form bj’ 
observing that, according to Theorem 6.1, /' is incrca.ring at Xo 
when /"(xc) > 0 and /' is decreasing at xo when /"(^c) < 0. If 
we incorporate these results into Theorem 6.3, we obtain 

THEonm 6.4. Lcl f hca fundion of x and Id Xo he a vahtc of x 
sveh (hat /"(xo) exids. (a) If f'{xc) = 0 and if /"(xo) > 0, 
(hen f has a relative miniimim at Xo. (b) If f’{xf) ~ 0 and if 
f"{xf) < 0, then f has a relative maxijnutn at Xo. 

IMth reference to the graph of /, it is seen that /" is positive 
wherever the graph is concave upicard, and/" is negative wherever 
the graph is concave downward. 

In Example 1 above, /"(x) = 6(2x — 1), and/' is shown to be 
decreasing at x = — 1 bx* the fact that /"( — I) < 0. 

Theorem 6.4 sometimes fails to locate a relative maximum or 
minimum that maj' be detected bj- Theorem 6.3. For example, 
if fif) = then /'(x) = 0 onh' when x = 0. But /"(x) = 0 
when X = 0 and Theorem 6.4 promdes no information. On the 
other hand, /'(x) > 0 when x > 0 and /'(x) < 0 when x < 0. 
Hence /' is increasing at x = 0 and Theorem 6.3 shows that / 
has a relative minimum at x = 0. 
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Inflection Points. We define a 'point of inflection on a curve 
to be a point at which the slope of the curve has a relative 
maximum or minimum. If the equation of the curve is of the 
form y = f(x), then the points of inflection may be found by 
maximizing and minimizing /'. We leave it to the student to 
discuss the exceptional cases, such as that arising when the 
maximum slope is infinite. 

EXERCISES Vn 

1. Locate all maximum and minimum points (if any) on the graph of 
each of the following functions. Justify your results by giving conclusive 
tests. Plot. 


(a) 

s’ — 6s’ + 

9s + 1. 

(b) 

s’(s + 4)’. 

(c) 

(log s)/s. 


(d) 

sin s + cos 2s. 

(e) 

(s + l)’‘Ha: 

-5)’. 

(f) 

s/(l - s’). 

(g) 

s’ — 3s’ + 

3s + 7. 

(h) 

s/(s’ + a’)5'’. 

(i) 

s’. 


(j) 

c”**. 


2. In a certain triangle two sides are given. What should the value of 
the angle between them be in order that the area of the triangle may be a 
maximum? 

3. Find the altitude of the right circular cylinder of maximum volume 
that can be inscribed in a given right circular cone. 

4. Find the altitude of the right circular cone of maximum volume that 
can be inscribed in a given sphere. 

5. A fisherman is at A which is 3 miles from the nearest point B on a 
straight shore L3I. He wishes to reach in minimum time a point C situated 
on shore 6 miles from B. How far from C 
should he land if he can row at the rate of 4 
miles an hour, can walk at the rate of 5 miles b 
an hour and he loses 5 min. in docking his 
boat? 

6. Let OM and ON be two straight tracks 
intersecting at right angles at 0. A rod AB 

. of length { moves so that A slides along OM 
and B slides along ON. A second rod PS is 
rigidlj’^ attached to OM at P so that OP = a and PS is parallel to ON. Both 
AB and PS are grooved and a pin Q slides along these rods at their point of 
intersection. Find the position of AB such that distance PQ is a maximum. 
(See Fig. 16.) 

7. In the preceding problem let PS rotate about P and let the pin Q 
be fixed on PS at a distance PQ = b. Find the position of AB such that 
the angle OPS is a maximum. What are the conditions on a, b, and 2 under 
which this mechanism will work? 

8. Find the minimum distance from the point (3, 1) to the parabola 

y = x^. 
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9. A water tank stands on level ground and the water surface is H ft. 
above the ground. A jet of water issues from a small hole in the side of tlie 
tank, the hole being h ft. below the water surface. For what value of h will 
the range of the jet bo a maximum? (The lateral velocity of the jet is V 2gh. 



The jet falls according to the law s = lyl'.) 

10. The speed of light in air is rj and in gla.ss 
is f;. A raj' of light starts at A in air, meets the 
surface of a plate of glns.s at B, and is refracted to 
C within the plate. SIiow th.at the position of B 
must be such that 

sin 0i Cl 


Fio. 17. 


sin Os Cj 


in order that the time of travel from A to C be a minimum. 

11. A light ray AC is bent by a prism. Using the taw of refraction given 
in Ex. 10. show that the angular deflection is a minimum when 0 = v''. 

12. Find the points of inflection of: 

(a) y = X* + 2j^ — 12j- + 7r — 9 

(b) y = (X - 3)* + 7. 

(c) y = Sn’/(x- + 4n>). 

(d) y = sin- x. 

7. Velocity, Acceleration, Radius of Curvature. Suppo.se a 
point particle P is moving along a path C, .suppose s is t lie cli.stancc 
along C to P from some fixed point F on C, and suppose s is 
determined a.s a function of the time t by the relation 5 = /(/). 
If So = /(to) and So -f As = /(to -f At), then 





AS = /(to + At) - /(to) 

is the distance traveled during the 
interval of time At. Hence the 
mean speed of P over the interval 
As is As/At and the instantaneous 
speed of P at i = to is 


Fig. 19. 


lim ^ = DtS. 


Thus, the speed of a point P is the rate of change of the distance s 
between P and a fixed point on the path of P. It is immaterial 
whether the path C of P is straight or curved so long as s is 
measured along C. If s is measured in feet and t in seconds, then 
DiS is measured in feet per second. 
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When P moves along a plane curve, its rectangular coordinates 
X and y are given by equations of the form 

= <p(.0, y = m- (2) 

We shall assume that <p and \f/ are differentiable. It is evident 
that DtX is the speed of the projection Pi of P upon the x-axis 
and Diy is the speed of the projection Ps of P upon the y-axis. 
We speak of DiX and Dty as the x-component and y-component of 
the velocity of P. We VTite 

Vx = DiX = x' = X. Vy = D,y = y' — y. 

The vector* V whose x and y-components at any time t are a* 
and Vy is called the velocity vector of P. 

Theorem 7.1. The length {or mag- 
nitude) V of the velocity vector V of a 
point P is the speed of P at any time t, 
and the direction ofY is ahvays along the 
tangejit to the path of P. 

Let s, X, and y have the significance 
indicated above, let equations (2) re- 
present the path of P, and let Ac be the length of the chord 
through the positions of P at t = fo and / = to -f At. 

Then 

(Ac) 2 = (Ax)= -b (Ay)=, 

= (Ax)= -b (Ay)"-, (3) 

and 

If we assmne the path of P to be such that lim Ac/ As = 1 (this 

As—*0 

assumption being met by most curves occurring in practice), 
and if we let At 0, then 

(D<s)2 = (P,x)= + (P,y)" = + vl (4) 

It is e\ddent that DtS is the length v of the vector V. 

To show that the vector V has the same direction as the tangent 
line at any point of the curve (2), let d be the inclination of V 

* By a vector we here mean merely a directed line segment. 



I'm. 20. 
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to the x-axis (sec Fig. 21). Then by Ex. V, 13a, 

tan 0 = — = ^ = DrV = tan 
ax D,x 

where (p is the inclination of the tangent to the curve (2). Hence 
V lies along the tangent at each point of the cuiwe (2). 

It should be noted in passing that t’l = v cos 6 and = c sin 0. 
It is readily seen that lim AVi/Ai = DiVz = D^x reprcsent.s 

A (— 0 

the rate of change of Hx 'U’ith respect to I and that = D}y 
represents the rate of change of with respect to i. We write 

Ox = D,Vx = D^x = x" = X, a.j - DiV^ = Hfy = y” = y. 

The vector A whose x- and y-components at any time t arc Ox 
and flv is called the acceleration vector of P; the length (or magni- 
tude) a of A is called the acceleration of P; Ox and Oy arc called 
the X and y-components of acceleration of P. 
It is evident that the acceleration a of P is 
+ al and that the direction a of A is 
given by the relation tan a = Oy/Ox- Example 
1 below shows that the vector A does not 
always lie along the tangent to the path of P. 
(For a more detailed treatment of this topic, see Ex. X, 9 of 
Chap. VI.) 

Let I be a half-line rotating about a fi.xcd point 0, let lt> be a 
fixed half-line through 0, and let 4' be the angle of rotation from 
lo to I measured in radians. We call D,4 the angu- 
lar velocity of I and Djtf' the angular acceleration of 1. 

Example 1. A p.nrticle P moves .'iroimd a circle of radius lo 

T with the constant speed of 2 revolutions per second. Find 22. 

the vclocitj’ and acceleration of P at any time t. 

Solution. The position of P m.ay be represented parametrically by the 
equations x = r cos v'-, y = r sin Then (sec Fig. 23). 

Ci = — r sin ^ ■ Del, v, = r cos v'- • DrP. 

B\it Piy !' = 4r, SO that t’l = — 4 st sin ip, Cj = drc cos ip. The speed c of 
P is "s/ti; + I'J = 4rr, and the direction angle 0 of the velocity vector V 
is given by the relation 

tv 

tan e = — — — ctn v!’. 

t’x 



Again, 


Oi = — 16rV cos 


Oy = — 16-V sin v!'. 
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The acceleration a of P is "v/al + aj = IGirV and. the direction angle a 
of the acceleration vector A is given by the relation tan a = a^/ax = tan v!-. 
Thus A is directed toward the center of the circle. The values of v and o 
may be combined to show that a — v-/r. 

The quantity DtV — Dfs represents the rate of change of the 
speed V and is called the tangential acceleration of P. This name 
is justified by 

Theorem 7.2. If At is the component of the acceleration 
vector A along the tangent to the path of P, then the magnitude or of 
At is DfS. 



Flo. 23. Fig. 24. 


With reference to Fig. 24 it is seen that 

ar — a cos {a — 6) = a (cos a cos ^ + sin a sin 6) 

~ cos 0 + ^ sin 0^ — ax cos 0 + Oy sin 0. 

On the other hand, 

D^s = Dtv = O, V vl + ..— ■= (VxPx + VyOy) 

Vvl + V- 

V V 

= ax— + Cy— = Ox cos 0 + Oy sin 0. 

V V 

These results show that or = Ofs. 

An immediate corollary of this theorem is that A is per- 
pendicular to V whenever D(V = 0, i.e., whenever the speed of P 
is constant. The component A,y of A normal to V may be 
thought of as arising from the change of direction of V along 
the path of P, and A^ need not be zero even though the magnitude 
u of V is constant. (See Ex. IX, 3.) It is seen that 

Off = (1/a) {UyVx — ttxVy). 

If the path of P is a straight line, then a = Dfs, for if we choose 
the x-axis along the path of P, Vy = Oy = 0, so that = 0. 


62 


HIGHER MATHEMATICS 


[Chap. I 


1 = (D^)' + {D.y)K (5) 

= 1 + {D.y)-. (6) 

(DiA)» = (A^)= -f 1. (") 

= Etc or, = CAC a. (S) 

Z),T = cos or. />,y = Ein or. (9) 


State the functional relations hetsveen x, y, and s in each case. (The time / 
is not involved in the'C formulas.) a is the inclination of the tanpent to the 
curv'e C along which the point (j*, v) movc.s. hat assumptions are made 
in (8) and (9) as to the direction in which s is mca.=urcd along the curve C? 
TiVhcn would minus signs be needed in (S) and (0)? 


Let C be a curve in the a-y-plane. let 0 be the inclination of 
the tangent to C at any point on C, and let s denote the arc 
length measured along C from some fixed point 
on C. Then AO/Aa represent' the mean change 
in direction of C per unit of distance along C 
and D.O is the rate of change of 0 tvith respect 
to 5. The value of D,0 at any point P on C L' 
called the curvature Tv of C at P. It is emdent 
that C is flat when the curvature is small and 
Tjo. 2S. q bends sharply when the curvature is 

large. Since 0 — tan”* it follows by Ex. V, 13a, and (6) that 

K=z D.e =- D.(tan-‘ D,y) = 

iJsS 



Dhj 


Din 


i + (.D.y)- li + (^xy)=n 


If C is a circle of radius a, then K may be computed directly 
from Fig. 28 as follows; since the central angle at 0 is A0 and 
since As = aAO, we have at once that A6/As = 1/a. Thu.' 
A6/As is constant and 


A' = D.e = -• 

a 

The circle whose radius is 1/A' and which is tangent to the 
concave side of a curve C at P is called the a'rcJc of curvature 
of C at P, and the radius of this circle Is called the radius of 
curvature A of C at P. It is evident that R = 1/A. 

EXERCISES DC 

1. Find the cuivaturcs of the following cun'cs: 

(a) y — x\ (b) y = log x. (c) y = <r. 


(d) y = sin x. 
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2. If the equations of a cun''e are x = ip{t), y ~ where t denotes 
time, show that 


_ x'y" - v’x" 

(See Ex. N, 13b.) 

3. If a point F moves along a path C with constant speed, i.e., 

Dis = Dtv = 0, 


show that the acceleration a of P is a = v-/R. 

Suggestion. Let P be an arbitrarj'^ point on C. Choose axes with origin 
at P and 2 ;-axis along the tangent lo C at P. 


By the remark following Theorem 7.2, a — y" 
atP. Moreover, j/' = 0 at P. The desired 

% 

/ 


formula follows from Ex. 2. 



4. Find the curvature of the cycloid 



X = a(5 — sin B), y = a(l — cos B). In partic- 

T 

R 

ular, what is the cunmture at the point where ~ 

1 Xo Xo+^X 'X 

B = 30°? 

Fm. 29. 



8. The Differential of a Function. Let / be a function of the 
independent variable x having a derivative at x = xo. We define 
the symbol df by the formula 


df - /'(xo) • Ax, 

and we call df the differential of / at x = xq. 

It is seen from Fig. 29 that 

RQ' — (tan a) Ax = f'{xo) • Ax. 

Hence df = RQ', or in words, df represents the change in the 
ordinate vp to the tangent line at x = Xo arising from the change 
Ax in X. 

Since 


f'i^o) 


= lim^, 

Ax — >0 


where A/ = /(xo + Ax) — /(xo), it follows that Af/Ax is “approxi- 
mately” equal to/'(xo) when jAx| is small. Hence Af is “ approxi- 
mately” /'(xo) • Ax, that is df is ^'approximately" Af when [Ax] 
is S7nall. Thus/(xo 4- Ax) is “approximately” /(xo) -f df. 

Example 1. Find by means of differentials the approximate change in 
value of Ss- when x changes from 10 to 10.1. Also find the actual change 
in value of 3x-. 
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Solution. Let Xo = 10, Ax = 0.1, and/(i) — 3i*. Then 
/'(lo) = Oxo = CO, 

and df = /'(lo) • Ax = CO(O.l) = C. Again, 

A/ = 3(x„ + Ax)= - 34 = 3(10.1)= - 3(10)’ = 0.03. 

In the ca.sc where f(x) = x, then f(x) — 1, and 
dx = fix) • Ax = 1 • Ax = Ax. 

This itrove.s 

Theorem 8.1. The differential of an independent variable x is 
equal to the increment of the variable; i.c., dx — Ax. The differ- 
ential of f is df = fix) dx. 

Suppose y — fix) and x = <f>it), where t is an independent 
variable. Then y = fMt)] = Fit) is a function of f. If /(x) 
and <;>(() arc differentiable functions, then we find bj* formula 
(5) of Table I, that F'il) = fix) ■ fit). Hence the differential 
of y is 

dy ^ F'it) ■ M = fix) ■ fit) • M. (1) 

But the differential of x is equal to dx = fit) • A(, Therefore 

dy = fix) dx. (2) 

This proves 

Theorem S.2. The differential of f is equal lo df = fix) dx, 
irrespective of whether x is the independent variable or not. 

From (2), we have 


fix) 


_ dfjx) 
dx ’ 


that is, the first derivative of / is equal to the ratio of the differ- 
ential of / to the differential of x. This property motivates the 
use of the symbol dfix)/dx for the derivative /'(x). 

EXERCISES X 

1. By means of a differential, find approximately the change in tlie value 
of i’ + lOx’ when x ehanges from 13 to 12.9S. Find the actual change in 
the value of this function and find the error of the approximation. 

2. Find approximately the amount by which i may change from 12 in 
order that the value of 3i’ + 5x — 7 may change by no more than 0.2. 

3. Find an approximate value of /(x) = 2x/-v/ x’ + 10 when x = 3.02. 
[Note that/(3.02) is approximately /(3) + df.] 
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defined over the interval a < x < b, then there exists at least one 
value ^ of X, a < ^ < b, such that 


/'(?) 


m -f(a) 
b — a 


We obsen^e from Fig. 30 that, if y is the function -whose graph 
is the straight hne PQ, then f — y has the 
value 0 at a: = a and x = 6. We shall 
show that the present theorem results 
when Rolle’s theorem is applied to the 
function f — y. Let 



y = /(a) 


fib) -f(a ) 
b — a 


(x - a) (1) 


(the formula for y being constructed by- 
finding the equation of the line PQ) and let us construct the 
auxiliary function E so that 

Eix) = fix) -y= Kx) - fia) - _ a). (2) 


It is etddcnt from Theorem 4.3 that E is defined and continuous 
over the interval a ^ x ^ b. Since jB'(x) = /'(x) — > 

E' is defined over the interval a < x <b. Moreover, 

Eia) = Eib) = 0. 

Hence E meets the conditions of Rolle’s theorem and there 
exists a value { of x, a < ^ < 6, such that £'($) = 0, that is, 

/'(j) _ m -fio) ^ 0 

0 — a 


Thus our theorem is proved. 

In geometric language. Theorem 10.1 states that, if / meets 
the given conditions, then there exists a point x = $ on the graph 
of / between the points x — a and x = b at which the slope of 
the tangent is equal to the slope of the chord through the points 
where x = a and x = b. 

Theoheii 10.2. If f'{x) = 0 for all values of x in the interval 
a X ^ b, then f{x) is constant over this interval. 

Since f is defined over the interv^al a g x g 6, it follows by 
Theorem 5.1 that f is continuous over this inter\’al and meets 
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0/0 at a; = a. We 'P.’ish to develop a method for evaluating 
lim g{x) /h{x) vhen this limit exists. We assume that the student 

X— *a 

is alreadj' familiar rvith the elementary method indicated in 
Ex. I’i', 19. 

Theorem 11.1 (Cauchy’s Theorem). If the fimciwns g and h 
meet (he conditions of Theorem 10.1, if there c-xists no value Xi of x, 
a < Xi <b, such (hat both g'(xi) and h'(xt) are 0, and if 

h(b) - h(a) 0, 

then there exists at least one value h of x. a < ^ < b. such that 
h'(^) 9 ^ 0 and 

g'(0 g(b) - gja) 
h '(0 h(b) - h(a)' 

The auxiliarj' function 

E(x) = g(x] - g(a) - - h(a)] 

meets all the conditions of Rolle’s theorem. Hence there c.xists 
a value ^ of x, a < $ < 6, such that E'(?) = 0. that is. 


a'ft) _ = 0 

If h'(^) were 0, g'(^) would also be 0. But b}' hj^polhesis. 
g'(^) and are not both 0. Hence h'(0 9 ^ 0 and the theorem 
follows at once. 

Theorem 11.2 (L’Hupital’s Rule). Let g and h be (wo functions 
of X such that there exists an interval I about x = a over which 
(1) h{x) 9 ^ 0 when x 9 ^ a, (2) g and h arc continuous, and (3) 
except perhaps at x = a, g' and h' arc defiiicd and do not mnish 
simultaneously. If g(a) = h(a) = 0, and if lim g'{x)/h'(x) 


exists, then lim g(x)/h(x) exists and equals lim g'(x)/h'(x). 

If in Theorem 11.1 we set g(a) = h(a) = 0 and 6 = x, it follows 
that 


g(x) ^ 

h(x) h'(^) 


’a < ( < X, or* X < I < a; X in 7 and a. 


The case i < 5 < a results by interchanging b and a in Theorem 11.1 
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The theorem results immediately from the fact that ^ a as 
X a and that lim Sf'(?)/h'(?) exists. 

$— +a 

It is e-sddent that 

if lim g'{x)/h'{x) ± <», then lim g(x)/h{x) ± w. 

x-^a 

It follows from this theorem that if g' and h' are continuous 
at a; = a and if h'{a) 0, then lim g{x)/h{x) = g'(a)/h'{a). If 

however, g'{a) = /i'(d) = 0, then we may apply Theorem 11.2 
to the function g'(^)/h'{^) and (with suitable hypotheses) obtain 
the result that lim g'(^)/h'(^) = lim g"(v)/h"(io). If g" and h" 

are continuous at .x = a and h"(a) 5^ 0, then 
lim g'W/m = g''(a)/h"(a). 

But if g''ia) = h''(a) = 0, then Theorem 11.2 may be applied 
again to evaluate this limit in terms of the third derivatives. 
This process may be repeated as many times as necessary. 


]oc z® 

Example 1. Find lim — 

2(z2 

log 


1) 


The function 


0 


By Theorem 11.2, hm 


2(x"- - 1) 

log z’ 


assumes the indeterminate form - at z = 1. 


0 


X-I 2(Z= 


Example 2. Find lim - 
s — »0 


,. 3/z 

Tt = hm — 
1) X ->1 4z 


+ e-’* - 2 


6z2 


At z = 0, 


+ - 2 


0 


5x- 


assumes the form By Theorem 11.2, 


lim 

X— >0 


+ — 2 


= lim 
x-^0 




At 


ox- x_,o lOz ' lOz 

the form 0/0. If we applj^ Theorem 11.2 again, we find that 


0 

3c’* — 3e~’* 

'1. assumes 


fiZx 

lim — 

X— +0 


+ 

5z’ 


- 2 


3e’* - 3c-’* 9e’* + 9e-’^ 

= lim — = lim ! 

X— >0 lOx x~-^0 10 


9 

5' 


We give a few examples to show how other types of indeterminate forms 
may be evaluated bj' the preceding method. 

Example 3. If lim p(z) = 0 and lim |h(z)| -> + 00 , then the product 

X— Kl X— >0 

g{x) ■ h{x) is said to be of the indeterminate form 0 • « at z = o. It is 
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sometimes possible to evaluate lira [(/(x) • h{x)] by writing it in the form 

ar— *a 

lim where ■ is of the form ^ at i = a. Thus, 

I/Hx) 0 

{s’ — 27) CSC (i — 3) 

is of the form 0 • m at i = 3, and 

- 27 


lim [(i’ 
3^-*3 


• 27) CSC (s — 3)1 = lim 


= lim ■ 


3i’ 


27. 


Example 4. If lim l(;(i)l -♦ + “ and lim |ft(i)| -» + «, then the 

X— *0 x—*a 

quotient g(x)/h{x) is said to be of the indeterminate form co / a at x ~ a. 
It is sometimes possible to evaluate lim g(,x)/h{x) by uiiting it in the form 


lA(x) , l/h(x) . , , , 0 

hm — - — ; I where — , is of the form - at x 


otn Vx. 

Thus, — ^ IS of the 


. « „ , ctn \/x tan x 

form — at X = 0, and hm — ^ = hm 


ctn I 

.. 2\/xscc*x 

~ = hm -?=— = 0. 

i-*o tan V I r -*0 sec’ V x 


" x _0 ctn I X -.0 tan V i 

Example B. If lim lg(x)l x and lim |/i(x)( —> -f- x, then another 

X— *0 X— *a 

method for evaluating lim g(x)/h(x) is as follows: let x be a point between 

r— ta 

xi and a. Then (under suitable hypotheses) we may write Theorem 11.1 
in the form 

g(x) - g(xi) g(x) 1 - lg(xt)/g(x)] g'U) 


Kx) - h(xO 
Hence, 


h(x) 1 - lft(x,)//.(x)] /.'(£) 


where { is between xi and i. 


g(x) ^ g'd) 1 - |/dxi)//i(x)l 
h(x) h'(0 1 - lg(x,)/g(x)] 


Suppose lim g'($)//i'(£) exists and equals A. Since £ is always between xi 

(—a 

and a, it follows that, by taking ii sufficiently close to a, g'(?)/h'(£) will 
remain arbitrarily close to A no matter how x varies 
between x, and a. With xi so determined and fixed, it 
follows that by taking x sufficiently close to a, | 3 (i)| and 
can be made arbitrarily large so that the fraction 


*i X a 

Fio. 31. 


1 - lh{x,)/Hx)] 


can be made arbitrarily close to 1 (see K\. IV, ICa). Hence 


1 - [g(ii)/ff(x)] 
g(x)/h(x) can bo made arbitrarilj' close to A, that is, 

lim exists and cguah lim 
i-.<.h(x) x_a h'{x) 

This result may be regarded as an extension of L’Hhpital’s rule. It is 
evident that if lim g'{x)/h'{x) — > + «, then lim g(x)//i(x) -* ± w. 
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Ji f(jx) = X log X, then / is of the form 0 • « at x = 0. If we write f as 

X 0 

to put it in the form -> it turns out that L’Hopital’s rule is of no help. 

1/log X 0 

log X 

But if we write f as — to put it in the form — . then the preceding result 
1/x “ 

shows that 


Jim - - = lim -- Y y ■ ; = lim (— x) = 0. 

Example 6. To evaluate lim g{x)/h(x) when g(x)/h{x) assumes either 

* X — ► « 

the form 0/0 or the form «>/«>, let x = l/y, where y > 0. It follows by 
Theorem 11.2 and Example 5 that 


]■ = j- sU/y) ^ .. g'U/y) ■ (-i/y^) ^ g'O/y) 

h{x) Hl/y) h'(l/y) • {-1/y-) y-Jo+ h'(l/y) 

= r 


Thus 


lim • 


Example 7. The indeterminate form « — oo may sometimes be evalu- 
ated by reducing it to the form 0/0 or w/w. Thus, (2x/7r) sec x — tan x 
assumes the form « — <» at x = ir/2, and 


/2x 

hm I — sec x — tan x 
x-^/2\ ^ 




lim 
•/2 


= lim 


(2x/ 7!-) — sin X 
cos X 

(2/7r) — cos X 


—sin X 


Example 8. The indeterminate forms 0“, I", and » » may sometimes 1 u 
reduced to the forms 0/0 or oj/w by taking the logarithm of the given 
function. Thus, lim Cl + 3/x)® is of the form 1”. But 

Z — > « 


lim log 

ff— > CO 



= lim X log 
00 




X 


= lim 

X— ♦ « 



O+iX-?) 



= 3. 
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By Ex. IV, 2G, lira + !)■ exists and equals c’. 

Example 9. Algebraic devices are sometimes useful. Thus, 


_ 3 

n„jLzJ.,i„L4-2. 


e :r -f- 1 


X 


F.YKWCIRES XU 


1. Evaluate the following: 


Pin TX 

(a) hm ■■ 

I - 1 

, ^ 1 + fee 2i 

(c) hm - - -T — 

tun J.X 

(c) hm (1 +2x)^‘-. 

i -*0 

fg) lim x~. 

X— *0 

(i) hm X log’ *. 

r — *0 

(k) lira x~"c~'-'‘\ n > 0. 

!->0 

(m) lira c’/c-'. 

X-' « 

(o) lim sin x ■ log x. 

j — 0 

Qo + oiz + a-.x- + • 

(q) hm , . , — I — r-r — 

•_* « 6c + 6iz + h-jc- -f- • 

2. Find /'(O) ivhen 


fl>) hm 


sin oO 


.,0 bo 
(d) lira I’/c*, n > 0. 
(O'lim (1 + 2i)‘^’=. 


(h) 


lim f - — CSC xV 

r -0 \x / 


(j) lim I log" X, n > 0. 

r ->0 

0) lim (7' — 5r)/x. 

X— *0 

tn) hm log X ctn x. 

r— 0 

, X cos 1 X 
(pi hm — tT“' 

* X + 1 

— — I whore On 0, 6n ?£ 0. 

+ 6»x' 


(a) /(i) = 


sin X , 

when X 0, 

X 

1 when X = 0. 


0')/(x) 


(1 + x)^’ when x ?£ 0, 
c when X = 0. 


3. I\Tiy is it that lim (sin’ x)/cos’ x cannot be evaluated by L’HGpital's 

2 :-~* «o 

rule to obtain the result — 1 7 Docs this limit e.xist7 Can L'llopital’s rule 
be apphod to evaluate hm I’/lsin x], even though |sin xl has no derivative at 

X = 07 Find this limit. 

4 Give a geometric interpretation of Cauchy’s theorem and of the func- 
tion E used in the proof of this theorem. 

5. Show that the hj'pothcscs in L’Ubpital’s rule may be altered in the 
following way when 6'(a) Otifpfa) = 6(a) = 0, and if p'(a) and 6'(a) exist 
with 6' (a) ^ 0, then Um g{x)/h(,x) = g’{a)/h’(a). 

i--*o 

Suggestion. Show that p(x)/6(i) may be written in the form 
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g{a + Ax) — g(a) 
gjx) ^ g{a + Ax) ^ ^ 
h(x) h{a + Ax) h{a + Ax) — h(a) 

Ax 


where 


X = a + A*, 


and apply Theorem 3.2e. 

The only advantage of the more complicated form of L’HApital’s rule is 
that it sometimes enables us to deal with the case where h'{a) is 0 or does not 
exist. , 

6. Using the notation of Definition 3.1b give in complete detail the proof 
sketched in Example 5. (Cf. the proof of Theorem 3.2b.) 

12. Infinitesimals. If the value of a variable is approaching 
zero, then the variable is sometimes called an infinitesimal. 
Thus, if the value of x is approaching 1, then log x and ctn fwa- 
are infinitesimals. If the function / is continuous at a; = Xo, 
then Af = f(xo + Ax) — f{xo) is an infinitesimal when Aa; — > 0. 

It is sometimes desirable to compare two infinitesimals. Let /3 
be such a function of a that lim /3(a) = 0. Then jS is said to be an 

infinitesimal of the same order as a if lim /3/a exists, is finite, and 

ft— >0 

is not zero. If lim /3/a = 0, then /3 is said to be an infinitesimal 

a — *0 

of higher order than a (the intuitive idea being that /3 is approach- 
ing 0 “more rapidly” than a), and if lim a//3 = 0, then /3 is said 

a — >0 

to be an infinitesimal of lower order than a. If lim /3/a" exists 

a — *0 

and is not zero, then p is said to be an infinitesimal of the -nth 
order relative to a. 


Example 1. Wlien x — > 0, a: and sin x are infinitesimals of the same order, 
for by Sec. 11, lim (sin x)/x — lim (cos x)/l = 1. 

ar — >0 ar — ‘0 

Example 2. "Wlien x 0, sin x — x is of higher order than x, for 
lim (sinx - x)/x = lim (cosx — 1)/1 = 0. In fact, sin x - x is of the tliird 

x —^0 ar -^0 

order relative to x, for 


sin X — X 
lim : 

i ->0 


lim 


COS X — 

3x^~ 


1 


—sin X 

= lim 

x--»o 


—COS X 

= lim 

6 


1 

6’ 


If two infinitesimals a and j8 are of the same order with 
lini a/0 = 1, then evidently one may be used to approximate 

the other. It is for this reason that infinitesimals have been 
used to so great an extent in the applications of calculus to 
problems in geometry and physics. Thus, the student may 
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have frequently replaced sin x by x for purposes of approximation 
(when X is small and measured in radians), such as in studying 
the motion of a pendulum when the oscillations are small. 

EXERCISES Xm 

1. Let PQ be an arc of a circle and let a be the central angle (measured 
In radians) subtended by fQ. 

(a) Show that a and the length of the chord PQ are infinite.siinals of the 
same order when ot — • 0. 

(b) Show that the difference between the arc length and chord length from 
P to 0 is of the third order relative to a when or — » 0. 

(c) If the tangent line is drawn to the circle at P and if a line is drawn 
from Q perpendicular to tliis tangent and meeting it at T, then QT is an 
infinitesimal of higher order than the arc PQ when a — ♦ 0, and the length of 
the tangent PT is an infinitesimal of the .«3ine order. 

(d) Lot M be the intersection of the tangents to the circle at P and Q, 
and let the line joining M and the center of the circle meet the chord PQ 
at S and the arc PQ at R. Find the order of MR — RS relative to a when 
a — * 0. 

2. In the triangle ABC, suppose that the angle S at /I is an infinitesimal, 
and suppose that the sides AB and AC differ by an infinitesimal of the 
same order as £>. 

(a) If the area of the triangle b approxim.ated by the formula {(AB)- ■ 6, 
what is the order of the error relative to C? 

(b) If the area of the triangle b approximated by the formula 

- fl, what b the order of the error relative to 6? 

3. Find the order of infinitesimal neglected when the volume of a spherical 
shell b approximated by the formula 4-sr-h, where h b the infinitesimal tliick- 
ness of the shell and 

(a) r is the inner radius. (b) r b the outer radius. 

(c) r b the mean mdius. 

4. Let a and ^ be two infinitesimab r\-ith 8 a function of a. .41so, let 
o' and 8 be two infinitesimals which differ respectively from a and 8 by 
infinitesimals of higher order than a and 8, respectively. Show that if 
either lim 8 /a or lim 8' /a' c.xbts, then both limits e.xbt and arc equal. Show 

ct — *0 *0 

that if either 8/a or 8' /a' increases without bound as a — • 0 and a' — *0. 
then the other docs abo. Generalize thb result. 

13. Taylor’s Theorem. It is evident that if 
Pi iz) = Ao + — a) + ~ °)* 
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where ^o, • • • > and a are real numbers, then 

P^(a:) - Ai + Ai{x — a) + • • • + ~ «)"“'> 

P':{x) = ^2 + • • • + - «)”"=. ( 2 ) 


F’-lKx) = 

By (1) and (2) we have the very useful result that 

P„(a) = Ao, P'M) = At, Pi!(a) = A^, 

P'''(a)=A3, •••, P'„"’(«) = A„. (3) 

Let / be a function of x liaAong n derivatives at a: = a (such as 
cos x), and in (1) let us take Ao = /(a), Ai = /'(o), Ao = f'(a), 
• • > , A„ = Then 

P.W - /(<■) +'^(* - «) - “)■ 

+ • • • - «)■. (« 

and by (3), 

Pn(a)=/(a), P;(a)=/'(a), 

P:'(a) =/"(a), . . . , PW(a) =/W(a). (5) 

Thus, at a: = a, the values of P„ and its first n derivatives are 
respectively equal to the values of / and its first n derivatives. 
(Cf. Examples 1 and 2 below.) We raise the following funda- 
mental question: How close does the polynomial Pn in (4) 
approximate the fvmction/in the neighborhood of a: = a, that is, 
how close are the graphs of P„ and / near x = a? One might 
expect the approximation to be good, since, by (5), the two 
graphs have the same ordinate and slope at a: = o, the slopes 
are changing at the same rate at a: = c, etc. 

To determine the accuracy of P„ as an approximation of /, we 
shall derive a formula for the difference /(x) — P„(x). Suppose 
/ has 71-1-1 derivatives defined over the interval a ^ x ^ b. 
Then, since a polynomial has arbitrarily many derivatives, the 
auxiliary function 


<p(^) = f(x) — Pn(a:) — X(x — a)"+i 


( 6 ) 
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has n + 1 deri^'ativos defined over the inten'nl a ^ x ^ b, where 
in (6) we clioose X as that constant such tliat <p(b) = 0, that is, 
such that 

Tib) = f(b) - P„{b) - X(6 - a)'>+» = 0. (7) 

By Tlicorem 5.1, <p and its first n derivatives arc continuous. 
Moreover, by (5), 

<p{a) = 0, ^>'(0) = 0, T"io) = 0, • • • , 

^(")(fl) = 0, and <p(b) = 0. (8) 

We shall now apply Rolle’s theorem to the function <p and its 

successive derivatives. Since ip(a) = (p(5) = 0, there exists a 
value Cl of X, a < Cl < b, such that = 0. Since 

T'(a) = ¥>'(ci) = 0, 

there c.xists a value c? of r, a < c. < cj, siicli that t"(cs) = 0. 
Repetition of this argument shows that t"'(x), • • • , ip^"^(x), 
and vanish at values Cj. • • • , c„, and f of x such that 

a < { < c„ < • • • < ca < cj < Cl < b. Upon differentiating 
(6), wo find (hat 

- 0 - (a + 1)! • X. (9) 

But some value J of x between n and b, so that 

/<n+i)(5) _ („ + 1)! . X = 0, o < f < b. (10) 

If we solve (10) for X and .substitute in (7), we find that 

/(b) - P„(b) - - «)"+■ = 0. (11) 

If we CAmluate P„(b) by (4), we obtain the result that 
/(b) =/(«) +^\b - a) +^(b - «)= 

+ . . . +f^(b - a)- + g^,(b - a)"+«, (12) 

where a < f < b. Formula (12) is known as Taylor's formula or 
theorem. It is readily shown that (12) holds when b < a, f being 
such that b < f < a. 



Sec. 13 ] DIFFERENTIAL CALCULUS 77 

It is convenient to denote the last term of (12) by R„, that is, 

The expression is called the remainder and represents the 
error made v'hen Pn(6) is used to approximate f(b). If we can 
show that lim = 0, then, and only then, do we know that Pn(b) 

n—> » 

can be made ta approximate f(b) arbitrarily closely by taking n 
sufficiently large. In this connection, it is a matter of practical 
importance to know how large we must take 7i in order that R„ 
may be mmierically less than a given "allowable error” e. Sup- 
pose there exists a niunber M such that for all 

values of f between a and b. [While it is usually impossible to 
determine ^ in (12), it is often a simple matter to determine such 
a number M.] Then Rn is numericall}’- less than 

fl-f IlL 1 a., 

pr+w.i'’ “ ■ 

If we can choose n so that — a|"+i < 6, then P„(6) 

approximates /(6) to within an amount less than e. 

Taylor’s theorem may be written in many ways; for example, 
if in (12) we replace b by x, we have 

fix) = fia) - a) - a)= 

+ • • • +-^^(a;-o)" + Pn, (14) 

where 


^ between a and x. (15) 

If in (12) we replace 5 by a x and $ by o -f Ox, where 
0 < 0 < 1, we find that 

+ ■ ■ ■ + ( 16 ) 
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where 


/("+»(a + 6x) 0 < 0 < } . 

(n + 1)! ’ « ^ ^ ^ 

(Lagrange’s form of remainder) (17) 

If a = 0 in (IG), wc have Madaurin’s formula or theorem: 


Kx) = m + ^ 
where 




2! 


+ (18) 


. /^'-^»(0X) 

“ (n + 1)! 


n+l 


0 < 0 < 1 . 


(19) 


Example 1. Exp.and c’' by Maclnurin’s theorem. 

Solution. It is seen that 

/(i) = c--^-,f(x) = 2c»;/"(x) = 2=f*-; • ■ • , 

= 2'>+V^. 

/(O) = l:/'(0) = 2;/"(0) = 2=; • ■ • = 2’; 

= 2''^>e*"’'>. 


B 3 ’ (18) we have 
c 


2 2 * 

1 *4' *"X "f* “"X^ •f’ 

11 2! 


2« 2'**c*^' 

^ nl ^ (n + 1)! 


0 < e < 1. (20) 


Let X be assigned a value 6. Tlicn = 


(26)- 


I 1 Since 0 < o < 1, 

(n+l)! 

it follows that < M, where M = c* if b > 0 and M = 1 if fc < 0. 

(2&)»+i 

Thus, for a given value of n, rr.M is an upper bound of the numerical 

(n + 1)! 

value of R„. For c.xamplc, if & = 0.05 and n = 4, we know that the 

0.00001 


remainder is not larger than 


120 


-e' *. If we replace e® ' b\’ a larger 


quantity whoso decimal value we know, such ns "s/c = 1.G4, we know that 
the remainder is not larger than (0.00001 /1 20) (1.64) < 0.0000002. Hence, 
bj’ (20) with X = 0.05 and n = 4. 

£»» = 1 +2(0.05) +2(0.05)= +1(0.05)’ + ?(0.05)* = 1.105170S 

to within 0.0000002. 

To show that lfi„l can be made arbitrarilj' small by taking n sufficientlj' 
large, let us consider the factor (26)"'*-V{n + 1)1 in R„. Let no be such a 
positive integer that (25/no| < L ISTicn n > no, all factors in the product 

(26)’'+’ /2hV2&S /2b\ /2b\{ 2b \ 

hTTiyi = ■ ■ ■ U/ ■ ■ ■ \n A^/ 
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mimerically <^. Hence 1(26)'‘+V(w + 1)!| < |26/1| 
when n > no. But lim = 0. Therefore 


• • l2h/noia)’‘+‘-"o 

orTTri'"- 

Because the factor c"*’ never exceeds M, it follows by Ex. IV, 15, that, for 
an3'’ given x^alue of h, n can be taken suffici- 
ently large that [ffnl becomes arbitrarily 
small. However, the larger is b the larger 
must we take n to make |f?„l less than a 
given number «. In other words, it is im- 
possible to find anj’’ one value of n suffi- p 

cientlj' large that ll?n| < e simultaneously for 

all values of b. This kind of a situation will 
be discussed in detail when we take up the 
concept of uniform convergence. 

In Fig. 32 are shown the graphs of 
f(x) = e"‘ and of the poljmomials Po, Pi, Pi, and Pj. The manner in which 
P„ approximates / more and more closely as n —» » is cloarh’ indicated. 

Example 2. Expand sin x about a = v/fi rad. by' Taylor’s theorem. 

Solution. It follows by Ex. V, 7, that 



Fig. 32. 


/(*) = sin X, 


f'(s) = cos X 


= sin (^x + 


i"{x) = — sin a: = sin (x -f- v). 


/"'(x) = — cos X 


■“■’G+y)’ 


<i)=j 

KO ■ - j 
4) = 


_f(nl(3;) = gjjj j 


(.*f> 


By' (14) we have 


■'“©-""(s+f) 

/(n+l)(j) _ gJjj ^ V y 


1 

. 1 ^ Vs/ A , A" 

/ TT nr\ 

»“(5 + y) 


v\ 




+ Rn, (21) 



so 
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where 


R. = 




£ between ^ and x. 


(n + 1) 

Since the sine function cannot be numerically greater tlian 1, 


1^.! S 




(n +1)1 


As in the preceding example, j/f,] can be made arbitrarily .Email, for a given 
value of X, by taking n sulTicicntly large. 

Formula (21) may be used to approximate the values of sin x to any degree 
of accuracy. Thus, sin 31° ma 3 - bo computed to a-s many decimals as desired 
bj’ setting X = 31(-/1S0) r.adians in (21): 


sin 31° 


. 31r _ 1 2^ 

ISO “ 2 2 ISO 



where 



i/?,' 


~ (n + 1 1! 


If v,c take n == i. R„ £ 0,000,000.000,01. and rin 31' = 0.ol.a.03S.0740 
correct to ten decimals. 



In Fig. 33 arc shown the graplrs of 
fix) = sin X and of the pol.raomials 
Pp, Pt, Pz, and Pz. 

The next example illustrates the ca.w 
where R„ docs not approach zero as 
n — * K. 

Example 3. Exp.and the function f 
about X = 0 when 



when X 0. 
when X “ 0. 


Solution. It is evident that /us continuous at x = 0 (see Sec. 3, Example 
4). Moreover, /'(x) = (2/x*)e”’'-’ when x 0, and 

r(0) = lim — ■ = lim f— 

Ai_0 Ax Ar-*o\Ax / 

By Ex. XII, Ik, this last limit exists and is 0. Moreover, bj- Ex. XII. Ik. 
lim /'ll) = 0. Hence/' is defined and continuous at all value,s of x. 

E-M) 
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We shall prove by induction that 


/'”>(«) = 


0 


when 

when 


s 0, 

X = 0, 


( 22 ) 


where Qn is a polynomial of degree less than 3n (see Ex. V, 7). 

We have already shown that (22) holds when n — 1. Let JV be a value of 
n for which (22) holds. We shall show that (22) holds when n = IV + 1. 
If in (22) we set n = N and differentiate, we find that 




X 0, 


where Qiv+i(a:) = (2 — ZNx-)Q/f(,x) + a:^Qjf(x). Since Qy+i is a polynomial 
of degree less than 3(fV + 1), (22) holds for the case n = A’’ + 1 when x 0. 
But by Ex. XII, Ik, 


/(v+i)(o) = lim 
Ax— *0 


Ax Ax-»o(Ax)®^+1 ’ 


so that (22) holds when n = Af + 1 and x = 0. Thus (22) is established 
for all positive integer values of n. 

If we expand / by Maclaurin's theorem about x = 0, wo find that 

fix) = 0 + 0 • X + 0 • x* + • • • + 0 • X" + E„. 


Thus, for every value of n and x, the 
remainder is equal to the value of the 
original function f itself, and Pn, for all n, 
is identically zero (see Fig. 34). 

Our next example shows how the re- 
mainder may behave in different ways for 
different values of x. 



Fio. 34. 


Example 4. Expand "v/x about a = 1 by Taylor’s theorem. 
Solulion. It is seen that 


fix) = x^^, 
fix) = |x-li, 
fix) = \i-l)x~^'‘, 


m = 1 . 

/'(i) = i 

/"(l) = K-^), 


/->W -5(-5)(-0 ■ • • /‘■'(I) .i(-0 . . . 

. i(-i)(-5) . . . /■.«.((, . . . . 
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By (14) wc have 


= 1 + ^(x - 1) + 


2 4' 

. . . 

2-4-G s' ' 


D’ 


(- 1 )” 


1 -S-o 


- 3) 


2 - 4 - G - ■ - (2n - 2) 2n 


Rn, (23 i 


where 


Rn = (-1)" 


1 - 3 -5 


(2n - I) 1 


2n+l 


2 • 4 • G • • • (2n) 2n + 2' 


" (i-l)""', 

f between 1 and x. 


In (23) let us sot x = ?< and lot us determine the behavior of /?„ as n 
Ia;1 us write Rn in the form 


Since Um 


R. = (-ir-^- 

1 •3-5 


1 -3 


(2»i - 1) 


2-4 G ■ ■ 
• (2n - 11 


(2n) 

1 


1 /-A - 

■ 2n + 2^ £ ) 


0. it is a question of detemun- 


2 - 4 - 6 • • • (2n) 2n + 2 

( 6 — 

— ^ — J • Since £ is between 1 and 6, 

\/£ is between 1 and \/ji- If 1 < h < 2, then 0 < h — 1 < 1. and since 

1 < £, 0 < <6 — 1 <1. Hence lim I ) = 0, so that 

i ' n— n> \ i / 

lim Rn - 0, Again, if § < 6 g 1, then Ogl— 6<5<£, so that 


0 g < — - — < 1. Here al«o lim 7?, = 0. Hence lim 7f„ = 0 when 

£ 3 n— * « n— * w 

- < 6 < 2. But if 6 > 2, then £ may bo so close to 1 that ^ > 1 

i fl*l 


and lim 




-f- « . In this case t ho behavior of/?,as7i— iccan 


be determined only bj- further investigation. Again, if 0 g 6 <1, then 
- < 16 — 1|, and if f < then > 1 and the behavior of 7?„ is 

indeterminate ns in the preceding case. However, it can be shown, for 
example, that lim P„(0) = 0, and since "v/o = 0, it follows that lim i7„ = 0 

n—^ « n~v « 

when 6=0. On the other hand, it can be shou-n that lim P„(6) does not 

n— * aa 

exist when 6 > 2, and since -y/b exists, it follows that lim R„ does not exist 

fj— ♦ *e 

when 6 > 2. 



Sec. 13] 


DIFFERENTIAL CALCULUS 


83 


In Fig. 35 are shown the graphs of V» and Po, Pi, Pi, Pz, and P*. It 
would seem from the figure that the pobmomials P„ approximate s/x more 
and more closely as n « for values of x in the interval 0 g a: g 2, but 
not for other values of a;. This surmise can in fact be shown to be true. 


EXERCISES XIV 

1. Expand each of the following functions about the values of x indicated, 
and in each case include the remainder E„. 


(a) 

a = 0. 

(b) 

cos X, a = 7r/3. 


(c) 

sin 2x, a = 0. 

(d) 

X^^, 0 = 1. 


(e) 

log, (1 + x), a = 0. 

(0 

logic (1 + x), 0 = 

= 0. 

(e) 

log, (1 + x)/(l - *), 

, a = 0. (Write 

log, (1 + x)/(l - 

x) as 



log. (1 + x) 

— log, (1 — x) and use part (e). 

(h) 

b', 1) > 0, about a = 

0. (i) 

tan X, 0 = 0. 


(j) 

tan X, a = x/4. 




(k) 

sin (1 — X-), a = 1. 

(E.xpand sin w about u = 0, and substitute 




11 = 1 — x' 

’ in the result. 

(1) 

c— a = 0. 

(m) 

log sin X, a — -k 12. 

(n) 

■\/ 1 — x^ a = 0. 

(o) 

Tan"’ X, 0 = 0. 

(See Ex. V, 9.; 

(P) 

Sin~’ X, a = 0. 

(q) 

(1 + x)”, 0 = 0 . 


(r) 

Co + CiX + CjX- + ■ 

• • + CnX" about 

X — a. 


(s) 

sinh X, a = 0. 

(t) 

cosh X, 0 = 0. 


(u) 

tanh X, a = 0. 

(V) 

sinh— X, 0 = 0. 



See Chap. II, Sec. 5 for the definitions of the functions in parts s, t, v, and v. 

2. (a) How many terms are needed 
to compute e to six decimals if the 
Maclaurin development for c* is used? 

(b) How man 5 ’' terms are needed to 
compute logs 1.5 to five decimals if the 
Maclaurin development for logc (1 + x) 
is used? 

3. (a) Compute sin 30' correct to six 
decimals. 

(b) Compute cos 62° correct to six 
decimals. 

(c) Compute Sin~* 0.1 correct to the 
nearest second. 

(d) Compute Tan~‘ 1 and Tan"’ yjy 
From the relation 



Fig. 35. 


I = Tan-’ 1 = 4 Tan"’ | - Tan- ^ 

compute 7r/4 to seven decimal places. How many terms would be needed 
to find Tan"’ 1 to this accuracy by direct computation? 

4. (a) In the result of Ex. Ig, show that the remainder E„_i is less than 
Sx” ... 

where in this formula 0 g x < 1. 
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(b) With the aid of the preceding result, compute log. 2 correct to five 
decimals. (Use a: = j in Ex. Ig.) 

(c) How many terms would be needed to find log, 2 to this accurac3’ by 
Ex. le? 

(d) Compute log, J correct to six decimals by Ex. Ig. 

5. (a) From the Maclaurin expansion for (1 x)r, where p is any real 
number, show that 

^x»+>j when s > 0 and n + 1 > p, 

1 (n + 1)1 ! 

and 


. , , P(P - 1) • • ' (p - n) x’‘+^ , , ^ ^ „ 

in < — --p- 77— — r— 7~ when — 1 < x < 0 

(n+1)! (l+x)»*'-p, 

and n + 1 > p. 

(b) Compute correct to five decimals. 

(c) Compute correct to five decimals. 

0. (a) Find the Maclaurin development of the function / when 

^ i 0 when X = 0. 


(b) Find lim /?, and discu.ss the behavior of P„ as n — ♦ « . 

n— * * 

7. By considering the auxiliary function 


v-(i) = F(i) 




F(x) = -m +f(x) +^(h - X) -x)> + ■ ■ ■ 


. /'"’(x) 


(6 - i)», 


where n is a positive integer, and where p is an arbitrary' positive number, 
show that 


m =/(a) +^(6 - a) +^(6 - «)’ + 


; (h ~ c)" + Pn. 

n! 


Rr. = — 7-^ (b - o)^b - 


a < i <b. (Schlomilch’s form.) 
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8. From Ex. 7, obtain Lagrange’s form of the remainder 


Bn 


(n + 1)1 


(6 - a)"+S 


a < { < 6, 


Cauchy's form 


Rn 


n! 


(b - a) (6 - £)", 


a < £ < 6, 


and the following modified forms: 

Rn o<e<i, 

p(nl) 

^ _ 5)n 0 <0 < 1 . 

n! 


9. Write the remainder in four different forms in the case where sin x 
is expanded about a = 0. 

10. Show that 


(1 + a:)‘ = 1 + ~x + ^^^21 


+ 


k{k - 1) 


(k - n + 1) 


n! 


x" + R„ 


where 


k(k - 1) • • ■ (fc - n) (1 - e)>'-»+i 
p(nl) (1 + ffx)""*'*"' 


0 < 0 < 1 , 


for all values of a; when n < k — 1, and for all x such that — 1 < a: when 
n > k ~ 1. 


PART B. PARTIAL DIFFERENTIATION 

14. Functions of Several Variables. We now take up the 
problem of extending to functions of several variables the con- 
cepts and theorems developed in the preceding sections. 

Let X and y be two real variables. We shall speak of a pair 
of values of x and y as a point. We shall denote a point x = a, 
y = bhj the symbol (a, b), where in this symbol it is understood 
that the first value a relates to x and the second value h relates 
to y. If values of x and y are represented by rectangular coordi- 
nates in a plane, then a point, as we have defined the word, is 
represented in the usual way by a geometric “point.” We shall 
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use the word point interchangeably in both tlie geometric sense 
and in the sense just now defined. B 3 " the a;z/-plane we shall 
mean the set of all points (re, y), where x and y are assumed 
independent. 

Let us recall from Sec. 2 that a real variable is a sj'mbol having 
real numbers for values. Thus, the formula x" — 3xy is a real 
variable in that it is a sjunbol having real values when x and y 
have real values, that is, x- — Zxy has a definite real value at 
each point (re, y). However, the variable -s/ x + y is defined 
at only those points (rc, y) .such that rr + ?/ g 0 ; the variable 
log, [1 — (rr- + 1/-)] is defined at onlj-- those points (rr, y) such 
tliat 1 — (x- + y-) > 0, that is, at onlj’ those points inside the 
circle x- + y- = 1 ; and the variable y- is defined onlj'- if either 
j/ > 0 and X is arbitrar}^ or y = 0 and x 0, or y < 0 and x is 
rational with an odd denominator. With these c-xamples in 
mind, we maj’’ define a function of x and y. 

Definition 14.1. Let x and y be (wo real variables. If a 
variable has cxaetly one real value at each point (x. y) in some set 
D of points (x, y), then this variable is called a real single-valued 
function of x and y defined over D. 

If X and y are independent variables, so that x and y maj’’ be 
assigned all possible pairs of values, and if D is the set of all 
points (x, y) at which a function of x and y is defined, then D 
is called the domain of definition of this function. 

Thus, for e.xample, the domain of definition, D, of the function 
log, [1 — (x= + y")] is the interior of the circle x- + y- = 1 . 

In Definition 14.1, x and y need not be independent, but thej'- 
may themselves be functions of other variables. 

Iff denotes a function of x and y, then f\x, y) denotes, and is 
read, (he value of f at the point (x, y). 


As an c.xample of a function of two variables, let us consider the tem- 
perature r at a certain instant of the “plate” in a three-electrodo vacuum 



A B 

Fio. 36. 


tube. Suppose the plate is a rectangle ABCD, 2 cm. long, 
1 cm. undo, and of negligible thickness. Let x and y be 
the rectangular coordinates of a point P in the plate, 
where the origin is ar A and where x is measured parallel 
to the length AB of the plate. It follows that T is a 
function of x and y in that T has a definite value at 


each point (i, y) in the plate. Wc denote the value of T at the point (a, h) 
by T(a, b), and we read this symbol “the value of T at (a, b).” If the 
temperature of the plate (in degrees centigrade) at the center M is 100, 
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along the edges is 0, and drops off linearly from the center to each point 
on each edge, then r(l, i) = 100, T(h \) = T{h, i) = T{1, i) = 50, and 

TiO, *) = ?’(2, 1) = 0. This last equation, for example, should be read 

“the value of T at (2, 1) is 0.” The symbol T(x, y) denotes, and is read, 
“the value of T at an arbitrary point (x, ij).” It is e^'ident that 

{ 200y vlicn (x, y) is in triangle ABM, 

lOOx when (x, y) is in triangle ADM, 

100(2 — x) when (x, y) is in triangle BCM, 

200(1 — y) when (x, y) is in triangle CDM, ' 

where we read this relation “the value of T at an arbitrarj' point (x, y) is 
200i/ when (x, y) is in the triangle ABM,’’ etc. The fact that T is repre- 
sented by several formulas in no waj"- contradicts the fact that T is one 
definite function of x and y defined over the entire rectangle ABCD; it is 
possible to represent T by a single, but rather complicated, formula. 



If f denotes a function of x and y, and if /(a;o, i/o) denotes the 
value of / at (.Tq, t/o), where {a;o, Vo) is a point at which/ is defined, 
then the triple of numbers [xo, yo, f{xo, yo)] may be regarded as 
the rectangular coordinates of a point in space. If (go, yo) ranges 
over aU points at which / is defined, then the set of all points 
[ 2 : 0 , yo, f(xo, ?/o)] is called the graph of /. Thus the number 
fi^o, yo) is represented by the length of the line segment erected 
perpendicular to the gy-plane at (xo, yo) and extending up to the 
graph of /. 






Sec. 14] 


DIFFERENTIAL CALCULUS 


89 


(c) If p, V, and T denote the unit pressure, volume, and temperature of a 
certain quantity of gas (pounds, inches, and degrees centigrade being the 
units) and if p is a function of v and T, so that p{vo, Ta) denotes the unit 
pressure when v = vo and T = To, state the physical meaning of the various 
quantities analogous to those discussed in parts (a) and (b). 

(d) If J? is the resistance in ohms of an electric arc, if / is the current in 
amperes through this arc, if g is the number of milligrams of metallic vapor 
in this arc, and if 12 is a function of 7 and g, so that 12(7, g) denotes the 
resistance when the current is 7 and the amount of vapor present is g, state 
the physical meaning of the various quantities analogous to those discussed 
in parts (a) and (b). 


For example, in part (b). 


f(xo + Aa;, po) —/(xo, po) 
Ax 


denotes the mean 


change in temperature per inch along the line from (xo, j/o) to (xo + Ax, yo), 
that is, the mean rate of change of temperature with respect to x along this 

. i • p{vo,To+AT)-p{vo,To)^ , ,, 

hne segment. Again, — denotes the mean change 


of unit pressure per degree change in temperature, or the mean rate of 
change of unit pressure with respect to temperature, in going from the state 
(po. To) (i.e., the state in which v = Vo and T = To) to the state (vo. To + AT) 
with the volume remaining at vo. (Why is this last phrase necessarj’'?) 

6. Let T(x, y, z) represent the temperature at (x, y, z) at a certain 
instant in a block of ice. State the physical meaning of each of the following 
quantities: F(xo, yo, zo); T{xo + Ax, yo, Zo) - T(xo, yo, zo); 


T(xo + Ax, yo, Zq) — T(xo, yo, gp) T{xo, yo, Zo + Ag) — T(xo, yo, zo) 

Ax ’ Az 

T{xo, yo + Ay, zp + Az) — T{xo, yo, Zo) 

V (At/)' + (Az)= 

7. Find the values of the quantities at the end of Sec. 14 and in Ex. 4 

when (a)/(x,i/) = x’ - 3x7/; (b)/(x,i/) = - - J ; (c)/(x, y) = Vsx - y\ 

X 2i/ 

8. A common method for representing geometrically a fimction / of x 
and 7 / is to show its contour lines in the 
xy-plane. This is done by plotting the 
curves 

/(x, y) = constant 

and attaching to each curve the corre- 
sponding value of the constant. For 
example, if /(x, y) = x- y, the contour 
lines are the curves x^ + y = c. In Fig. 

38 these contours are shonm for c = 2, 

1,0, — 1, and —2. The surfaces =f{x,y) 

may be visualized by imagining the contour lines placed at the proper 
levels. 
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Draw a contour map for each of the following functions; 

(a) /(I, y) = + v)‘, (b) /fe v) = x‘ + y'-, 

(c) /(x, y) = (x* + t/*)/2x; (d) f{x, y) = 2xy/{x' - y’); 

(e) /(x, y) = y/(x’ + 1); (f) f(x, y) = x- — 2y\ 

Give several examples of the use of such representations of functions in 
engineering and scientific work. 

9. The function v> is such that 

( 1/x when x < 0 and x- + y^ S 1, 

^(x, y) = < i’ + Sy when x ^ 0, y h 0, and x + y < I, 
{ 0 when 0 < x g 1 and —1 S y < 0. 

Ex-aluate: v(0, 0); v(-l. 0); v(0, 1); v-(}, }); v-(l. -i); -i). Draw 

a figure indicating the domain of definition of v?. 

10. Define a multiple-v.alucd function of i and ;/. If x = t.an“‘ (y/x), is 
za multiple- valued function of xand y? Dc.scrihc the graph of r. Docs the 
equation x^ + y^ + z^ ~ 1 define x as a multiple- valued function of x and y? 
For what values of x and i/ is x single-valued? 

11. Let p and 0 be the polar coordinates (taken in the u.sual manner) 
of the point (x, y). Describe the surfaces (a) z — sin 20; 0>) x = tan 20. 
Compare this latter surface with the surface of Ex. Sd. 

16. Continuous Functions. Let 5 and q be arbitrarj’ positive 
numbers. By a neighborhood of a point (xo. t/n) 've shall mean 
either the set of all points (x, y) .such that 

(x - xo)= + (y - yo)= < 0 , 

i.e., the interior of a circle with center (xo, r/o) and radius S, or else 
the set of all points (x, y) such that xo — o<x<Xo-l-5 and 
Vo — V < y < Vo + V, i.G., the interior of a rectangle with 
center (xo, t/o) and edges of lengths 2o and 2y. It is evident that, 
if N is a circular neighborhood of the point (xo, J/o), there exists 
a rectangular neighborhood N' of (xo, yo) ■within A', and if N 
is a rectangular neighborhood of (xo, yo), there exists a circular 
neighborhood N' of (xo, yo) 'N\’ithin N. Thus it is immaterial 
whether circular or rectangular neighborhoods are considered. 
It is readily possible to introduce other kinds of neighborhoods, 
such as triangular or elliptical, without in any way altering 
the ideas and theorems to be developed below. The onlj^ detail 
of consequence is that, if N is any kind of a neighborhood of 
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(a;o, yo), N must contain (xo, 2/o) in its interior, and not on its 
boundary. * 

Definition 15.1. If f is a real single-valued function of x 
and y, if A is a real mmher, and if, for each positive number e, 
hoivevcr small, there exists a ?ieighborhood N of the point (a, b) s^ich 
that i/(x, y) - A\ < e for all points (z, y) in N other than {a, b), 
then A is denoted by either Iim/(a:, rj) or \\mf(x, y), and A is referred 

y=*b 

to as the limit of f at (a, b). 

Definition 15.2. If f is a real single-valued function of x and 
y, and if at the point (a, b), (1) f{a, h) exists, (2) lim f(x, y) exists, 

and (3) lim f{x, y) = f{a, b), then f is said to be continuous at 

X'-^a 

y-^b 

(a, b). 

Definition 15.3. If f is a real single-valued function of x 
and y, and if f{x, yo), iohich is a function of x alone, is continuous 
at X = Xo, then f is said to be continuous in x at (xo, yf). Con- 
tinuity in y is similarly defined. 


EXERCISES XVI 

1. Interpret Definitions 15.1, 15.2, and 15.3 geometrically with the aid 
of the graph of /. 

2. Show that lim f{x, y) = A when and only when the value of / at (a, y) 

X— »a « 

!/-*b 

becomes and remains arbitrarily close to A as x — » n and j/ — » 5 in any manner 
whatever, that is, as the point (x, y) approaches the point (o, 6) along any 
path whatever so long as the point (x, y) remains distinct from (a, h). 

3. Extend the theorems, examples, and exercises in and following Secs. 3 
and 4 to functions of x and y. 

4. Extend Definitions 15.1 and 15.2 to a function of 3 variables; to a 
function of n variables. Discuss the concept neighborhood in connection 
mth these definitions. Extend the results of the preceding exercises to 
functions of n variables. 

6. Let/(r, 0) = 20 when r 0, 

(0 when r = 0. 

Show that/, Avhen represented as a function of x and y, is continuous in x at 
(0, 0) and also in y at (0, 0), but that /is not continuous at (0, 0). Sketch 
the graph of /. 

* The subjects called point set theory and topology deal with questions 
such as the followdng; What are all the geometric figures that may be used as 
neighborhoods of a point (xo, t/o)? What is meant by the interior of such a 
figure when its boundary is not a simple closed curve? 
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16. Partial Derivatives. Let / denote a function of z and y, 
.and let the point (t, y) move along some path in the ly-plane. 
As {x, y) moves, the value of/ at (i, y) varies, i.e.,/(x, y) changes. 
It is our object to find the value at the point (a^o, 2/o) of the rate* 
of change of the value of / at {x, y) as the point {x, y) moves 
along .‘Jome path in the a:?/-planc. To illustrate the meaning 
of this concept, let (xo, yo) be a certain point and let Cj, C2, Ci, 
and Ca be different curves in the xy-plane through (xo, 2/o)- 
If /(x, y) represents the temperature at (x, y) at a certain instant, 
y and if the temperature is high near P in the 

figure and low along the y-axis, then/(x, y) 
C3. Cl incrca'^cs rapidly as the point (x, y) moves 

C< along C\ in the direction indicated, /(x, y) 

increases .slowly along C; in the direction 
/ I \ indicated, /(x, y) is constant along some 

cun'c Cj, and/(x, y) decreases rapidly along 

* Ci in the direction shown. Thus, at the 
1 10. 30. point (xo, yo) the value of / changes at differ- 

ent rates along different cur\’cs through this point. It is conse- 
quently meaningless to speak merely of “the rate of change of / 
at (xo, 2/0).” It is always neces.sar3' to know the path C of the 
point (x, y) and to .=ay “the value at (xo, 2/0) of the rate of change 
of /(x, y) as the point (x, y) moves along C.” 

In developing a method for determining the rate of change of a 
given function / along a given cun-e C we shall consider three 


cases; 

Case 1. The curve C is the straight line y = yo. 

Case 2. The curA’c C is the straight line x = Xo. 

Case 3. The curve C is anj’’ curv^e other than a straight line 
parallel to one of the axes. 

Case 1. Let (xo, 2/0) be a fixed point on the line y = yo- The 
change in the value of / over a short intenml along the line y — yo 
from (xo, yo) to (xo + Ax, yo) is thcn/(xo + Ax, yo) - /(xo, yo) and 
the mean rate of change of / with respect to x over this interval 

•g /(xo + Ax, 2^) — /(xo, yo) ^ As Ax — > 0, the point (xo + Ax, yo) 
moves along the line y = yo to the point (xo, yo), and 


* This rate may be with respect to any of various variables. In tins 
paragraph it is tacitly assumed that the rate is measured with respect to 
the distance the point (x, y) moves along its path. 
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lini /(a:o + Aa:, yg) - /(xo, 2/o) 
A.r — >0 Ax 


represents the value at (xo, 2/o) o/ ?/ie instantaneous rate of change 
of f{x, y) vnth respect to x along the line y = yo- 
Definition 16.1. Lei f he a real single-valued function of x 
and y. The partial derivative of f with respect to x is that function 
f^ of X and y such that 

V ,) . lim vj> r i fed'.) (1) 

Aar— +0 

at all points (xo, yo) where the limit exists, arid such thatfz is defined 
nowhere else. 

Inasmucli as y has the constant value yo during the limit 
process involved in (1), it can be said that, during this limit 
process, / is a function of the one variable x; this is indicated 
by the notation f{x, yo). K we introduce the S3Tnbol 

to denote the value of (d/dx) f(x, yo) at x = Xo, then it follows 
by Definition 5.1 that 


^/(^, yo) 


lim ~ 

Ax— »0 


( 2 ) 


As an immediate consequence of (1) and (2) ive have 
Theorem 16.1. /^(xo, yo) = {d/dx)f{x, yo)]r,. 

It follows from this theorem that/- maj’- be formally computed 
by differentiating / nith respect to x in the usual waji^ while 
treating y as a constant. 

To illustrate this discussion, let /(x, y) — 3x- + 5xy. By (1), 


/t(xo, yo) = lim + 5(xo + Ax)yo — (8x5 + hxpyp) 

’ Ax-*0 A.T 


= 6x0 + 5yo. 

Again, if w^e use the elementary differentiation rules and Theorem 
16.1, we find that 


M^o, Vo) = + 52 : 2 / 0 ) 


6x0 + 5yo 


It follows in either case that f.{x, ?/) = 6x + by. 
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The function/- is also denoted by the S 3 -mbol dfjdx. It would 
be natural to use the sjunbol df/dx, but it is conventional to use d 
rather than d because / is a function of more than one variable. 
The reason for this convention will soon be seen. The sj-mbol 
fz is most useful when it is desired to indicate the value of this 
function at a particular point, such as/r(a-o + Ax, ye); the sjunbol 
d/dx is often used when ditferentiation i.® regarded merel 3 ^ as an 
operation on / to obtain another function. Thus, 

(d/dx) (3x- -b oxy) = 6x + 5y. 


EXERCISES XVn 


1. Find/,, both In- (1) and b 3 ' Theorem 10.1, «-hcn / i.=; given by the 
follon-ing formulas: 


(a) x\i/ — 4j/>; (b) 


1 


2x - Z,j 


(c) \'^x- — Siy’; (d) sin z cos ;/. 


2. Define the partial derivative of / with respect to i.e., define the 
function = Sf/dy. State the analogue of Theorem IG.l and the formal 
rule for computing St.atc the signiCcancc of /^(xc. i/t) ns a rate. Find, 
b 3 ’ two methods, /» for the functions of the preceding ctcrcise. Xofc that 
this e.Torcisc provides the solution to Case 2 above. 

3. St.ate the physic,al significance of /x(xc, i/t) nnd/,(xc. t/c) when/(x. y) 
represents (a) temperature at the point (i, y) in the xj/-plane. Oi) elevation 
at the point (i, y) on a topographic map. (c) unit prcs.'urc at (x. y) in the 
xy-plano. 

4. On the graph of f show the lines who.=c slopes arc /ifx., yr) and 
/v(xt, i/o); also, show the angles v* and v! whose tangents are these numbers. 

5. Using onh" Theorem lO.I, find 0 ‘dx and O'iiy of: (a) .'in® (x — y’); 

(b) (c) (log i)/(log y); (d) Vl — \/2x - y'; (e) y Sin”' (y'x); 

(i) Tan“' [(x — y)/(x + y)]; (g) log log® sec (x® — y); (h) x®. 

0. Find the partial derivatives with respect to x and y of each of the 
folloa-ing functions: 


(a) sin (4x® — 3y); 

(b) cos {3xy); 

(c) 3x/(2x - y®); 


(d) 

(e) - 3y)® -f 4jd — ox; 

(f) log (3x®y — y®)’®. 


7. If f and g arc functions of x and y. e.vpress (0 'dxt(J g) in terms of 
/x and ffx. 

Solution. When y is constant, / and g are functions of x alone; hence 
f • gis the product of two functions of x alone and may be differentiated ivith 
respect to x by the ordinarj- product formula. Therefore, b 3 ’- Theorem 16.1, 


=/-Sx +?-/x = 

ax dx dx 
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Kxpress d/dx and d/dy of the following functions in terms of /i, g,, 

and Qyi 

(a) 3/ + 2g. (b) p. (c) / • Vg. 

(d) //(/+?). - (e) e-/. (f) f-sin^g. 

(g) log tan f. (h) Sin~* /. 

8. Define the functions P, and /. when / is a function of x, y, and z. 
If fix, y, z) represents the temperature of a substance at the point (a;, y, z), 
state the physical significance of/i( 2 ;o, yo, z<s),fvi^<i, yo, zo), and/i(xo, yo, zo). 
State the analogue of Theorem 16.1 and the formal rule for finding /i, and 
/,. Find fx, fy, and p when fix, y, z) ~ xy — 2tfz and when 

fix, y, z) = xz cos iy" + z"). 


9, Suppose that x, y, and z are independent variables. Evaluate 
dxfdy, dzfdx, dfix)j5y, and d(pix, y)ldz. 

10. Let « be a function of x and y,vB. function of y and z, and w a function 
of X. Find 


au^ 
(a) — • 
ax 


(c) 


aju tan v) 
az 


(e) log (« + Va +-)• 

dz \ w/ 


(b) 


aiu/v) 

sy ' 


(d) — ixu + yv^ + zufi). 

ay 

(f) 

bx 


11. If z = sin [(a: — y)/ix + 2 /)], show that xiaz/bx) + yiazfdy) — 0. 

12. If z = a:-7/e'"'*, show that xiaz/bx) + yidz/dy) = 3z. 

13. If g and h are functions of x and y such that g^ix, y) = hxix, y) for 
ail points (a:, y) in the rectangle a ^ x ^ b, cgT/gti, show that 

y) — hix, y) is a function of y alone over this rectangle; i.e., show that 
there exists a function ip of y such that 


gix, y) = hix, y) + viy). 

State the analogous result in the case where gyix, y) = hyix, y). Extend 
these results to the case where g and k are functions of x, y, and z (see 
Theorems 10.3 and 16.1). 

17. Higher Partial Derivatives. If / is a function of x and y, 
and if / has partial derivatives with respect to x and y, then these 
derivatives are also functions of x and y, and may have partial 
derivatives which are called the second ■partial derivatives of /. 
These partial derivatives are denoted by the symbols 
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It should be noted that the S3Tnbol /n indicates differentiation 
first mth respect to x and then with respect to y. 

Example 1. If /(x, y) = x’ — oiy’, them 

!/) = 3x‘ - 5y’, y) = Ci, y) = -lOy, 

J/) = -lOxy, fvAx, y) = -lOy, /f,(x, y) = — lOx. 

In tins example it happens that = /„. 'We raise the question, ■niil 

this ahvays be the case for cverj' function /? It is e^'ident that 


, , ^ t/o + fc) -/x(io, yo) 

Aifxe, yo) = hm 

t;-*0 k 


iin liin 
— 0 1 A-«o 


liin 

k 


l/(io + A, yo + h) -/(lo, yo +/:))- [/(xp + /i, yc) -/(xc, yo)] j 


/iv(xc, yo) = lim 
*-•0 


hh 

/,(xo + ft, yo) — Afj’o, yo) 


lim "S lim 
A-oU-o 


[/(xq + /i, yo +/:) -/(Xo +/|, i/o)) - [/(xp, yo + /;) -/(xo, yo)] 

hk 


}• 


( 1 ) 


( 2 ) 


provided those limits exist. Since the fractions in the right members of (1) 
and (2) arc the same, it follows that/„(xo, yo) = /xofio, yo) when, and only 
when, the limits with respect to h and /; may bo interchanged. The follom'ng 
example shows that the order in which the limits arc taken cannot always be 
inverted, so that/»,(ic, yo) is not always equal to/x,(io, yo). 

Example 2. Let 


/(X, y) = I 

I 0 at (0, 0). 


Then 


— Vo 

Al-xO Ax Al_0 Ax " 

x\ — Ay“ 

M... 0) - lim -/<«•■<» . ~ ° 

av-*0 Ay av->0 Ay 

It follows from these results that 


= Xo. 


/.x(0, 0) = lim 0) 

ai/-.o Ay 

UAO, 0) = lim 

AI-.0 Ax 


= lim • 
av-*0 


—Ay — 0 
Ay 


Ax — 0 

= hm 

Ar _,0 Ax 


= 1 . 


- 1 , 
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Thus /j,x(0, 0). 0). The following theorem provides a criterion that 

Vo) ~ l/o). 

Theorem 17.1. Let f denote a real single-valued function of 
X and y. If fvx is defined over some rectangular neighborhood N of 
(xo, yo) and is continuous at (xo, yo), and if fxy(xo, 2/o) exists, then 
fxv(xo) yo) ~ fvx(p^o> yo)- 

We first observe that, because /„* is defined over N, fx and / 
are also defined over N. Again, the existence of fxv(xo, yo) 
implies the existence of fu(xo, yo). 

We shall evaluate fsyixo, yo) by means of the right member of 
(2). Let (xo + A, 2/0 + h) be a point of N with h 9 ^ 0 and fc 5 ^ 0, 
and let tp(x) = /(x, 2/0 + b) — /(x, yo). Then (p has an x-deriva- 
tive defined from xo to Xo + A inclusive (N being rectangular). 
By Theorem 10.1, there exists a number X, 0 < X < 1, such 
that 


[fi^o + h,yo + k) - /(xo + h, 2/0)] — [fixo, j/o + b) - /(xo, yo)] 
= 4" h) — tpi^o) — h • ^^(xo + X/i) 


= h 


d 


■^fix, yo + k) - -^f{x, yo) 


dx'^ 


— hlfxixo + hh, 2/0 + fc) — fxixo + ^h, yo)], ' (3) 


xtri'^h 


the last result following by Theorem 16.1. By hypothesis, the 
function fx(xo + \h, y) of the variable y has a y-derivative 
defined from yo to yo + b inclusive, and by Theorem 10.1, there 
exists a number m, 0 < p < 1, such that 

h[f xixo + hh, yo + k) — /x(xo + Xfe, yo)] 

= h[kfyx{xo 4- \h, yo + yk)]. (4) 

By (2), (3), (4), and the continuity of fyx at (xo, yo), 

fxv(xo, yo) = j'lini/j,:,(xo + X/i, yo + /xb) j = fuxixo, yo). 

It is apparent that Theorem 17.1 remains valid when the roles 
of X and y are interchanged. 

Higher derivatives of f are defined in an obvious manner. 
Thus, dP'^^f/d^x 5«y denotes the function obtained from / by 
differentiating partially g times with respect to y and p times with 
respect to x. If / and its derivatives are continuous, the order 
of differentiation with respect to x and y is immaterial; for 
example. 



98 


HIGHER MATHEMATICS 


[Chap. I 


d^f ^ d/ d-f \ ^ a / dj \ ^ a- / aA 

d-x dy dx\dx dy) dx\dy dxj dx dy\dx) 

= (^A = ay 

ai/ dx\dxj dy d-x 


EXERCISES XVni 

1. 2/) = tan ( 2 / + /.‘x) + (y - kxf-. shon- that — = I:'~- 

ax* dy* 

V 5=2 5=2 5=2 

2. If 2 = X Tan“* — h sliow that x= — - -f- 2x2/ — f- y - — - = 0. 

X dx- dx dy 5!/’ 

5=2 5=2 

3. If 2 = log (x= + !/-), ahon- that — -f — = 0. 

dx- dy- 


4. Show that 


5=2 


dy dx dx dy 


a’* . , ^ Vx= - if- ^ 

when (a) 2 = ; ( 0 ) 2 = e* 


5. If /(x, y, 2 ) = (x= -h 2 /= -f 2 =)-^. ahow that -f ^ = 0. 

5x- 52/- 52* 

5=r 1 51' 1 5=r 

6 . If V = c“t’ cos (0 log r). show that — 7 -j h — ; = 0. 

r Or r* 5^- 

„ . . a=u 5=u ifA'A’ 

/. If n = c=v, show that j + [j;J J' 


8 . In Example 2 above, fmd/,,(0, 0) and/,j(0. 0) directly by (1) and (2). 
Construct another function to illustrate the point of Example 2. 

18. Total Derivatives. Wc now take up Case 3 of Sec. 16. 
(See Ex. XVII, 2 for Case 2.) Lot / be a single-valued function* 
of x and y, and lot C be an arbitrarj- cun'c in the domain of 
definition of / and having the parametric cquationst 

^ = p(w), y = 9(ti). (1) 

We shall assume f, ji, and q to be difTcrentiable. As u varies, 
the point (x, y) moves along C according to (1). Hence the 
value of / at the moving point (x, j/) varies with «, that is,/(x. y) 
is a function of u. We wisn to determine the value at (xo, i/o) of 
the rate of change of /(x, y') with respect to n as (x, y) moves 
along C. 


* To make this discussion virid, think of/(x, 2 /) as representing the tem- 
perature at (i, y). 

t It may be helpful to think of u as representing arc length along C. 



Sec. 18 ) 


DIFFERENTIAL CALCULUS 


99 


The point on C at which u = uo has the coordinates 

Xo = p(«o), yo = q{uo), (2i) 

and the point on C where w = «o + Aw has the coordinates 

Xo + Ax = p(uo + Aw), 1/0 + Ay = q{uo + Aw). (20) 




U = Uo+Al^ 


wco+'i*. yo+^y) 


“ = u<y 


wco.yo^ 


Hence f has the value f(xo, yo) 
when w = Wo and it has the value 
/(xo + Ax, yo + Ay) at w = Wo + Aw. 

Also, the change in the value of f 
over the short interval along C from 
(xo, yo) to (xo + Ax, yo + Ay) is 
/(xo + Ax, yo + Ay) - /(xo, yo), and 
the mean rate of change of / with 
respect to w over this interval is 

^oJ-_Ax,_yo + Ay) -Jfa, yo). As Aw -> 0, Ax 0 and Ay ■ 

Aw 

according* to ( 22 ) and the point (xo + Ax, yo + Ay) moves along 
C to the point (xo, yo). Hence 

/(•To 4- Ax, yo + Ay) - /(xq, yp) 

Aw 


Fig. 40. 


•0 


lim 

Aw“»0 


( 3 ) 


(provided this limit exists) represents the value at (xo, yo) 0 / the 
instantaneous rate of change of f{x, y) with respect to u as (x, y) 

mores along C. We shall now show that — - - 

aw 


value of at 

du 


u 


(i.e., the 

Wo) is equal to the limit (3), and then we 


shall evaluate (3). 

As the point (x, y) moves along (7, /(x, y) is given by the 
formula /[p(w), g(w)] according to (1). Hence 


df{x, y) 
du 


= ^/b(^), g(^)] 

du 


^ /[p(wo + Aw), q(uo + Aw)] - /[p(wo), g(wo)] 




Aw 


(Note that we write — and not — because / is now 

aw du 

* Since p and g are differentiable, they are also continuous. 
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regarded as a function of the single independent variable u.) 
It follows by (2i) and (2.) that we may express the preceding 
result in the form 


df{x, y) 1 lim ~ (4) 

du _lu| Au — »o An 

To evaluate the limit in (3) and (4), let us subtract and add 
f{xo, yo + Ay) in the numerator of the fraction in the right-hand 
member of (4). Then this member becomes 


lim 

*0 


f{xo -f Ax, yo + Ay) - f(xo, yo + Ay) 

Au 

fixo, Vo + Ay) - /(lo, Ve) 


+ • 


An 


( 5 ) 


In case Ax and Ay 0 when Au 0, we may write (5) in the 
form 


lim [ /(J^o + Ax, rja + Ay) - /(xp, yo -f Ay) ^ 
ftu — *0 L Ax An 

j. /(^o. Vo + ^y) - /(Jo. yo) . . 

' Ay AwJ’ 


( 6 ) 


the general case where Ax or Ay may be 0 when Au 9 ^ 0 may be 
treated by the de\-ice used in the proof of Theorem 5.5. By 
Theorem 3.2, we may write (6) as 


lim 

Au— *0 


/(xo -b Ax, yo -b Ay) — /(xo, ijo + Ay) 


-b lim 

Au— *0 


Ax 

f{xo, yo -b Ay) 


lim ^ 
oAu 


AU' 

f{xo, yo) 


Ay 


lim 

Au-*0 


( 7 ) 


provided the various limits e.xist. Since we assumed p and q 
to be differentiable, and since Ax = pfwo -b Au) — pitta) and 
Ay = g(uo -b Au) — g(uo) by (2i) and (2j), the second and 


fourth limits in (7) e.xist and equal 
consider the third limit in (7), i.e.. 


dx 

du 


and ~ . 

Ju, duju, 


We ne.xt 


lim y° + ~ yo) 

Au— »o Ay 
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wherein Ay = q{vo + Au) — q(iio). Since 


du 


exists, it follows 


tip 


b}'" Theorem 5.1 that g is continuous at u — ?^o. Hence, as 
Am — > 0, Ay also — > 0 in (8). But 

f(xo, yo + Ay) — f(xo, T/o) 


as Ay 0, 


Ay 


yo). 


Therefore the limit (8) has the value /y(xo, yo). 

It remains to consider the first limit in (7). Let 


<s(a:) = f(x, yo + Ay), 

where for the moment Ay is constant. By Theorems 10.1 and 
16.1, 

/(Xo + Ax, 7jo + Ay) - /(.-Co, ijo + Ay) ^ y(xo + Ax) — <p(xo) 

Ax Ax 

= (p'{xo + & • Ax) 

= 4/(®i yo + Ay)! 

riX Jxo+O-Az 

= fx(xo + (9 • Ax, yo + Ay), 

where 0 < 0 < 1. Having established this result for arbitrary 
values of Ax and Ay, we may now tliink of Ax and Ay as variable, 
6 being a function of Ax and Ay. It follows that if /* is con- 
tinuous, then 

/(xq + Ax, yo + Ay) - fjxo, ijq + Ay) 

Au— *0 Ax 

= lim X,(xo -h 0 • Ax, yo + Ay) = /,(xo, yo), 


since Ax — ^ 0 and Ay — > 0 as Am — > 0. 

We have now evaluated all the limits in (7) and we may sum- 
marize our results in 

Theorem 18.1. Iff ts a real single-valued function of x and y 
having first 'partial derivatives ‘loith respect to x and y, if at least 
one of these partial derivatives is continuous,* and if x and y are 
defined as differentiable functions of u by the eqiiations x = p{u), 
y — then 


d/(x, y) 


du 


= fxixo, yo) • 



+ /v(®o, yo) • 



(A) 


* The proof was given for the case where fz is continuous, but the proof 
is easily modified to meet the case where f„ is' continuous. 
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When expressed in general notation, (A) assumes the form 


df{x, y) ^ df(x, y) ^ dfjx, y) 

(hi dx du ‘ drj dll’ 


( 9 ) 


where we have vTitten/(a;, y) instead of merely /in order to show 
explicitly that/ depends on x and y (see Sec. 23). With regard 
to the interpretation of (9), it should be obsen'cd that 

(Jf(x 

(a) It is implied in the notation ' that x and y have been 

determined as functions of m, s.ay x = p(u), y = yW), so that, as 
w varies, the point {x, y) moves along that cun-e C whose para- 
metric equations are x = p(w), y = q{v). 

dRx, y) 


(b) The notation 


du 


represents the rate of change of 


f(x, y) with respect to u as the point (x, y) moves along the cunm 
C in (a). 

(c) Even though x and y have been determined as functions 
of u in (a), and are computed by regarding x 

and y as independent •\\'ith either y or x constant. 

We call dcrivath'c of / vith respect to it. 

Formula (.\) reduces to a particularly important fonn when 
it is supposed that the jjaramcfric equations of C are expressed 
in terms of the arc length s of C, i.e., that j/ = s in (1). Bj’ (9) of 

rfl/] 


o ^ dx 
Sec. t , -j- 
ds 


= cos a and 


rfi/l 

= sin a, w 


here a is the inclination 


of the tangent line to C at the point s = So. If these values are 
substituted in (A), this formula assumes the special form 


dfjx, y) 
ds 


= M^o, 

Jr, 


Ih) COS a + fu{xo, yo) sin a. (A') 


Formula (9) may be greatly generalized. Suppose, for 
example, that /is a function of x and y, and that x = p(w, v, w), 
y = q{u, V, w). Since /is e.xpressible as a function of u, v, and w, 
i.e., /(x, y) = /(p(u, v, w), g{v, v, w)), f may have partial deriva- 
tives until respect to v, v, and lo. We may evidently uiite 

mp(u. V. ..)) ^ „tbr=™tcd form %i. But 

dll du 
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there is nothing in this last notation to indicate that x and y 

depend on v and w. We introduce the notation ^ to 

show that (a) x and y have been determined as functions of 
u, V, and w, and (b) v and la.are regarded as constant during 
the computation of the derivative in question. Two special 
cases of this notation should be kept in mind: The symbol 

indicates by the absence of any subscript that u is the 

only independent variable; as indicated above, it is customary in 

this case to write instead of Again, if x and y 

du dU at 

are themselves the independent variables, then this is indicated 
df{x, y)\ .. 

A' 

subscript y may be omitted as in Sec. 16. According to this 
notation, (9) would be written in the alternative form 


by the notation ■ 


; however, if no ambiguity can arise, the 


df{x, y) ^ df(x, y) \ _ ^ df(x, y) \ _ , 

du dx Jy du dy }x du. ^ ^ 

With this notation in mind, we may state 
Theoeem 18.2. If f is a function of a finite number n-i of 
variables x, y, z, • • • , and if each of these variables is a function 
of a finite number n^ of variables u, a, la, > • • {ni and n^ being 
entirely independent), then 


9fix, y, z, 


■ ■ ■ ^ df(x, y, g, • • • ) \ 

^ df{x, y, z, ‘ ■ ■ ) \ ^ ^ 

dy / x,2,,,.5M/ 

df{x, y,z, ■ ■ ■ ) \ ^ df(x, y, z, ■ ■ . 

dv / U.W,... dx /i/,s,...3y A.«>,... 

, dfjx, y, z, . ■ ■ ^ ^ 


(B) 


where the dots at the end of each line indicate a finite number of 
terms. 
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( 12 ) 


nnd that these results maj he substituted in (11) to obtain the desired 
formula 

Solution by Dincl Differentiation In the formula for/ue may thinh of 
X and ij ns functions of u and dilTerentiate / ns a function of u by the clc- 
nicnt arj’ fornuil is Thus, 



Note again that the equations of C are not used in this diflcrentiation, nnd 
are used onlv to calculate dxldit nnd tly'dti. Since (II) and (13) are the 
same, the final result, after substitution of (12), must be the same. In the 
exercises below it is best to carra out the computations (11) and (13) first, 
cheek these results, and then to make the substitution (12). 

A third method for soUiiig this problem would be to substitute the for- 
mulas for X and y in the formula for/ and then differentiate. The reader 
will find by trial that this method is to be rocominendcd only when the 
formulas are extreme la simple 


8 


Find 


dfjx, y) 

dll 


111 the following ta'-cs b\ the taao methodidesenbed 

O 


in IJx 7 

(a) S(x, y) = x^y - i/', l = 1 ii and y - log ii 

(b) /(x, y) = I = \/~u nnd y = <“ 

X - V 

(c) Six, y) = \/ X — y; x iiid y are defined ns functions of a ba- the 
equations u — 2 = sin (xu) and u — 2 = log (y + «) 

(d) fix, v) = Sin"‘ iii/x);x anel pare defined ns funetioiis of u by the equa- 
tions x" — u -r 2 and Tan'' (ii 2) -}- Tan"* iy 2) = r/1 

9 Let us consider the bpecial ease of (9) where u — x The relations 
X = p(u) nnd y = qiu) reduce to i = x (this being the formula for x in 
terms of the independent annablc x) and y = qix) romiula (9) becomes 


d/(x, y) ^ df(x, y) \ ^ df(x, y) N ^ 
dx Ox til/ )x dx 

since —= 1. Wliat do and • represent? Make clear the 

dx dx ax Jy 

chfforenco in significance of these elenaatiaes bj giamg in each case the 
equation of the cura'o along w hieh the point (x, y) moa cs [sec paragraph (b) 
followang Theorem 18 1] In aahich of these denaxatia-cs is y axanable 
dunng the limit process defining the dona atia'c and in w hieli is it constant? 
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df(x v) 

Does the sj'mbol have an}" significance if 1 / is not a function of x7 

dx 

Carry tlirough' this entire discussion for the case n = p. 

y) j df{x, y) 

10. Using the results of the preceding exercise, find — — and — — — 

when /(r, y) = c-'^ an d x and y are related by tlie equation x* — xif = y; 
also when fix, y) = \/ x- - y- and Vx + V?/ = xy. Check your results 
by differentiating / directly as a function of one variable by the methods of 
elementary calculus. 

11. If the coordinates of the point (x, y, 2 ) are determined by the equations 


® = p(«), y = <7(m), s = rill) 


(14) 


in terms of the parameter v, so that, ns « varies, the point (x, y, z) traces 
out a curve C in space, then equations (14) arc called the parametric equa- 
tions of C. If / denotes a function of x, y, and z with continuous partial 
derivatives, show that 

dfjx, y, z) __ d£\ ^ ^ ^ ^ ^ * 

du dxJ,j_. dll ‘ dyjx.z dll 32 / 3-, y dll 


[Carry out the derivation in the following steps: (1) state the analogues of 
equations (2i), ( 22 ), and (4) of the preceding article; (2) subtract and add 
fixo, ijo + Ai/, So -f As) and fixo, ijo, so + Az) in the numerator of the new 
equation (4) to get the analogue of (7); (3) apply the theorem of the mean 
to the first and third factors of the new equation (7) to get the analogue of 
(A). The discussion of the lunits carries over verbatim and need not be 

repeated.] Interpret — — as in Ex. la, b, c, d. [Remember that C is 
dll 

now a cunm in space and that fix, y, s) is defined throughout space (or a 
portion of it)]. 

12. State the formula for (d/dH)/(Tj, * 2 , • • • , x„). [Note that there are 
as many terms in this formula as there are variables x,.] 

13. If the rectangular coordinates (x, y) of a point P are determined by 
the equations 


X = pin, v), y = qiu, v), 

then u and v may be regarded as a second pair of coordinates of the point P 
(see Sec. 23). For example, if 

X = r cos 0, y = r sin 0, (15) 

then r and 0 are the polar coordinates of P. Again, if 

X = \iu — v), y = -s/m, (16) 

then n and v are the parabolic coordinates of P. 



no 


HIGHER MATHEMATICS 


[Chap. I 


22. The elevation E of each point P on the Burfaco of a rough ocean is 
E(x, y, t), where (x, y) is the projection of P on a fixed horizontal plane M 
and where t denotes time (units in feet and .seconds). The path of a small 
boat sailing over the water is given by the equations x — p(l), y = q[l), 
z = E(x, y, t). Find dz/dt and interpret each quantity appearing in the 
result and interpret the result ns a whole (see Kx. 2). Under what condi- 
tions would tile equations z = y = q{l) represent the projection of the 
wake of the boat on the plane Ml 

23. The temperature T at any point P of a substance and at any time i is 
T(x, y, z, t). Find and completely interpret the formula for dT/dt when the 
point (x, y, z) moves along the path x — p((), y - q{l), z = r[t). 

24. Let «’ be the volume of a certain quantity of pas, T its temperature, 
p its unit pressure, and E its total cnergj-. The following relations occur in 


thermodjTinmics: v = 4'(T, p), p = F{T, E). Find and interpret 


and 


oeJt 


■ aT/i 


Is p regarded as constant or variable when one is computing 




Wien one is computing 


t)p ' 


? 


25. By repeated use of formula (B), find (d/dx)f{x, y, z) when y is given 
ns a function of x and z, and z is given ns a function of x. 

20. Given /(x, u, v) witii y a function of x and r, with u a function of 
y and e, and with x a function of r. Find (rf dr) /(x, y. u, r). 

27. Given /(x, y, v, v) with y a function of x, «, i>; ivith c a function of u 

a/'' 

and tc; and with x a function of e and tr. Find 


28. Find: (a) — /(i 


ill 


■ y, 


(c) 




■ y. c~ 


X + 




- ’>),■ 


-)• 


(b) 


f/(V^ 

Oy 


(d) ^’Ji 

Oy 


log (x 


ri- ; 


[In prob- 


lems of this type it may be helpful to introduce new variables; for e.xample. 
in part (a) let u = x -f c = x — y, and express the result in terms of 
and /,.] 


29. (a) If I = f(xy), show that 


(b) 




Oz Oz 

tr — y-— = 0. 
Hx oy 


. , Oz dz 

snow that x h y — = 0. 

Ox Oy 


30. (a) If X = p(ti) and y = g(u). find 
d}(.x, y) 


d-Rx, y) 


Solution. Since • 


du 


= +f ^ 
(iu du 


du- 

it follows that 
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d-f 


dii"- 



Since fx and /y are functions of x and y, their derivatives with respect to 
« are found in exactty the same wa5’^ as df/du. Thus, 


du ^ dx du dy dll dx- dit dx dy du 


and a similar formula exists for (d/du)fy. Substitution of these results in 
d-f/du- gives 

d"f _ d£\‘ ^ „ d-f ^ dv\' _j_ ^ 

du- dx\du/ dydxdudii dy-\duj dx du- dy du- 

(b) If a = p(u, i') and y = g(v, v), find d-f/du-, d-f/dv du, and d-f/dv'^. 

, ^ ^ ///•■■ d\f(x, y, z) 

(c) If a = p(m), y = 9(w). s = riv), find 

O'Z 

31, If s = <p{x + II/) + '/'(a: — iy), show that ~ + = 0, where 

dx- dy- 

i- <= — 1 and where i is treated lilce a numerical coefficient when differentiat,- 
ing. 


USEFUL FORMULAS 

32. (a) If a; = r cos 0 and y = r sin 0, show that 

where / is a function of x and y. [Note that formula (B) is applicable to 

the terms in the right-hand member of (17), If / is regarded as a function 
of r and 0, (17) could be obtained by working with the left member, but 
the computation is more difficult.] In (17) the subscripts indicating the 
independent variables have been omitted; this is commonly done in those 
cases where the context itself indicates what they should be. 

(b) If a: = r sin 0 cos 0, 1/ = r sin 0 sin 9, z = r cos 0, show that 

(1) +(|) +(f) =(f) +?(£) 

where / is a function of x, y, and z. 

33. (a) If X = r cos 0 and 1/ = r sin 0, show that 

dx^ dy- dr- r er r= 30=’ 

where / is a function of x and y. 
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(b) If a: = p sin cos 0, y = r sin ^ sin 0, r = r cos <^, show that 

B'J B-f ay ay ^ 1 ay i oy 2 oj ctn j, aj 

az’ ay- Oz- Or- ‘ r- r‘ sin* 30' '^~r dr r* a<>’ 

where / is a function of x, y, and z. 

34. If/(z, y) and arc such th.ata//ai = ay/Oy and a//ay = —dg/dx, 

and if z = r cos and y = r sin <t>, show that 

^^121 and 121^^21. 

3t r 3^ T 3(^ 3r 

Under the preceding hypotheses show that the quantity in Ex. 33n is 0. 

35. If z = /(«, r) and y = g(u, v) arc such that 3/ /3u = 3g/3v and 
3S/3v = —3g/3u, and if E is a function of z and y, show by Ex. 30b that 

22E^+2Z^(22f: + £^¥ ( . (2lY 

du' ar* \az* dyVL \^’V ^ 

v/ 30. If (z, y, z) and (X, Y, Z) arc the coordinates of a point P mth rc.sp)cct 
to two sets of rectangular axes with a common origin 0 and based on the 
same unit of length, it can be shown that 

z “ fliX 4- hjE 4" CiZy 

y = a.X 4- btY 4- c,Z, (T) 

r = CzX 4“ biY 4" CiZ, 

where oi, bi, and ci arc the direction cosines of the A'-, I'-, and Z-axcs with 
respect to the z-axis, a;, bs, and c- those with respect to the y-axis, and 
Os, b», and Ca those with respect to the c-axis. Show Unit 

(1)^ (IT - “ (I-)’ -(f )'-(!)• 

where / is a function of z, y, and r. IRccall the formula 

cos 0 — cos ai cos o: 4- cos jSi cos B: 4- cos va cos 7 s (IS) 

for the angle between two lines.] 

37. Let the point (z, y, r) move along a cuiwe C in space. If s is the 
arc length along C and if I denotes times, show that 

(iT“(3T"(fT"(sT' 

(Cf. Sec. 7.) If a, B, and y are the direction angles of a tangent to C, show 
that 

dz dy dz 

— = cos a, T = cos B, T = cos 7 . 

as ds ds 
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Siiggestion. Let (so, i/o, 2o) and (a:o + Ax, 3/0 + Ay, Zo + As) be two 
points on C, let Ac be the length of the chord joining these points, and let a' 
be the direction angle of this chord with the x-axis. Then Ax - (Ac) cos o' 
and Ax/As = (Ac/As) cos cl. The first of the above results is obtained by 
taking limits under suitable hypotheses. Use these results to extend formula 
(A') to a function /(x, y, z). 

38. Elder’s Theorem for Homogeneous Functions. If a function /(x, y, z) 
is such that/(Xx, \y, Xs) = 'K”f(x, y, z), then / is said to be homogeneous of 
order n. Thus, x’ - xy, e'<'^, \/ x + y, and (x — v)/xy are homogeneous 
of orders 2, 0, -J, and -1, respectivelj'. Prove 

Theorem. If a function f(x, y, z) is homogeneous and differentiable, then 

df df df 

+ 2 / 7 " + 2 /> «)• 

dx dy Oz 

Suggestion. Differentiate the relation /(Xx, Xy, Xz) = X"/(x, y, z) with 
respect to X by the method of Ex. 28 and in the result set X = 1. 

Extend this result to a function of arbitrarily many variables. Also, 
extend this result to higher derivatives. 

39. Theorem of the Mean for a Function of Two Variables. Let / be a 
function of x and y, let (a, 6) and (a + h,b + h) be two points. Construct 
the function g{t) = f{a + th, b + tk). Apply Theorem 10.1 to the quantity 
?(1) “ !l(0) to show that 

f(a -{• h, b -{• k) — /(o, b) = hfi{a + 0h, b + 0k) + + Oh, b + 0k), 

where 0 < e < 1. State this result as a theorem, and include in the hypo- 
theses of the theorem all the conditions / must meet. 

19. Differentiation of Implicit Functions. In order that the 
content of this section may be more easily understood, let us 
first consider the followng physical situation. 

A solid metallic hemisphere has its base in the a:y-plane. Heat 
is being applied to this hemisphere over a portion H of its base 
(see Fig. 42) so that each point of H is kept at the temperature 
100°C. The rest of the base not in H is insulated so that there 
is no transfer of heat across it. The entire spherical surface is 
kept at 0°C. Let T(x, y, z) represent the temperature (at a 
certain instant) at the point (x, y, z) in the hemisphere. Let A 
denote a certain temperature between 0° and 100°. It is evident 
that T{a, b,c) = A only at certain points (a, b, c) ; in other words, 
the equation T{x, y, z) — A is satisfied only for certain points 
(a, b, c). We say that the set of values a, b, c of x, y, z is a 
solution of the equation T(x, y, z) = A if the number T(a, b, c) 
is the number A, that is, if T(a, b, c) = A. In this illustration, 
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•what is the locus of the points representing the solutions of the 
equation T{x, y,z) = W Of the equation T{x, y, z) = 100? Of - 
T[x, y, z) = 10? Of T(x, y, 0) = 10? Of T(0, y, z) = 10? 
Of T(x, y, a/2) = 10, where a is the radius of the hemisphere. Of 
T{x, y, a/2) = 90? Of T(0, y, z) = 90? Of r(a/4, y, z) = 90? 
How many solutions exist of the equation T(a/4, y, 0) = 90? Of 
T(0,y, a/2) = 10? Of r(x, a/2, a/4) = 50? Of r(a/2, 0, 2 ) = 95? 
Of T(a/2, 0, z) = 10? 

Now let (xo, Vo) an arbitrary point in the base of the hemi- 
sphere. Docs there exist a unique solution of the equation 
T(xo, 2 / 0 , z) — A1 (The word unique is always used in mathe- 
matics in the sense "one and only one” and never in the sense 
“peculiar” or “unusual.”) To put the 
question another waj’, docs there cxi.st a 
unique points = ro on the line x = Xa,y = yo 
at which the temperature is yl ? It seems 
intuitively evident that there exists such a 
unique point if (xo, 2/o) is iiot too near the 
circumference of the base; otherwise, there 
is no such point. In other words, there 
c.xists such a unique point when and onlj' 
when (xo, 2/o) lies in a certain region D of 
the base of the hemisphere. Moreover, the extent of D depends 
on A, D being II when A = 100 and D being the entire base 
when A — 0. 

Again, does there e.xist a unique solution of the equation 
T{xo, y, zo) = A1 It seems evident that for most points (xo, Xo) 
there are four, two, or no solutions, though for certain points 
(xo, Xo) there are three or one. 

This illustration brings out three things: (1) In discussing the 
solutions of an equation /(x, y, z) = A, it is quite unnecessarj* 
to think of / as being represented by a formula or to think of 
the equation as being “solved” for one of the variables in terms 
of the other two. (2) An equation /(x, y, z) = A does not 
necessarily have a unique solution in one of the variables for 
given values of the other two variables, but may have either no 
solution or several solutions. (3) An equation /(x, y, z) = A 
may have a unique solution in x for eaeh 'point (x, y) of some 
region D of the xy-plane without ha\'ing a unique solution in x 
for each point (x, y) of the entire xi/-plane. 



Fio. 42. 


Sec, 19] DIFFERENTIAL CALCULUS 115 

The discussiou of this illustration should be kept carefully in 
mind during the reading of this section. It will be helpful to 
think of / as representing the temperature of the above hemi- 
sphere, and to think of Z) as a portion of the base of this 
hemisphere. 

I.et / be a single-valued function of the independent variables 
X, y, and z. We vdsh to- give a precise meaning to the statement 
thav the equation f{x, y, z) = A defines z as a single-valued 
fundion of x and y, where vl is a constant. To make this 
meaning precise, we must avoid using any phrase like “solve 
for’^' or “in terms of,” and instead we must use the terminology 
of iJefinition 14.1. We shall state this meaning in two ways: 
first, in a simple, direct manner which has rather limited applica- 
tion, and second, in a more technical form of vnde application. 

Suppose/ is a single-valued function of x, y, and z such that, for 
each point (xo, yo) in some region D of the xy-plane, the equation 

/(^o, yo, z) = A (1) 

has one and only one solution z — Zo. Then, for each point 
(a:o) yf) in D, the value of z is uniquely determined as the number 
Zo which satisfies (Ij. Since z has exactly one real value at each 
point (.To, 2/o) in D, it follows by Definition 14.1 that z is a single- 
valued function of x and y defined over D. Let <p denote the 
function* of x and y which represents the value of z, so that 

z = <p(a;, y). (2) 

Then, from the manner in which the value of z is determined, <(> 
is such that, for each point (xo, j/o) in D, 

* If z can be represented by a “formnla” in x and y, i.e., the formula that 
would be obtained if the equation /(x, j/, s) = A could be “solved” for z, 
then <p denotes this formula. For example, if x + 2?/ + 3z = 1, then 
2 = ¥>(x, y) = (-3)(1 — X — 2y), But if there exists no such '‘formula” for z, 
and this is usually the case, what does (p denote? 

To answer this question we must generalize Definition 2.1 as follows: 
Let D be any set of elements a, h, c, • • • whatever. Also, let S be any set of 
elements p, q, r, • • ■ whatever. If in any manner there is associated with 
each element of D an element of S, then the abstract correspondence associat- 
ing elements of S with elements of D is called a function. If ,p represents 
this correspondence, then <p(a) denotes, and is read, the element of 5 asso- 
ciated by <p with a. 

In the present connection, <p denotes the correspondence between points 
(x, y) of D and values of z. 
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<r(.^o, yc) = ^ 0 . 

where zo is the solution of (1). Hence, for every point (xo, yo) 
in D, 

JI^O, Vo, t;(xc, J/o)] = A. (3) 

This discussion is summarized in the follav\-ing definition.* 

Definitiok If f is a single-valued funclion of x, y, 

and z such that, for each point (x, y) in some region D of the xy-plane, 
the equation 

fix, y, z) = A (4) 

has one and only one solution in z, (hen wc say that this equation 
defines z as a single-valued implicit function c of x and y over D, 
i.C; z = y), and is such (hat fix, y, c(x, j/)] = A for each 

point (i, y) of D. 

This definition may be stated in geometric language: If on 
each line x = Xo, y — Vo intersecting D there e.\ists e.xactly one 
point z = Co at which the value of/ Is A, i.c., if on each such line 
there exists exactly one point z = Zo on the graph of (4), then 
equation (4) defines z as a single-valued function of x and y over 
D. The student should construct various physical examples 
(analogous to the above hemisphere) to bring out the significance 
of this definition. 

Let us now return to tlie cli.'cussion of ibe above hemisphere. It is erident 
the equation T(.x, ij, z) = .4 docs nol define r a.s a single-valued func- 
tion of y and However, if we were to cut off a small portion R of the hemi- 
sphere around the point (a, 0, 0) without .altering the values of T within R, 
then, considering only R as Ihoxiyh the rest of the kcmisphcrc did no! exis!, 
the equation T(z, y, r) = A defines x as a single-valued function of y and z. 

Wc may state this idea in more general form as follows: Suppose equation 
(4) defines z as a mullipte-i alued funclion of x and y, i.c., for certain points 
(x, y), equation li ) has two or more solutions in z. There may e-rist a region 
R of space such that, when /is considered as defined only in R, equation (4) 
defines z as a single-valued function of x and y. By this device of making 
r single-valued wo are able to discuss the continuity of r, the derivatives 
of z, and so on. Wc arc now in a position to generalize Definition 19.1a. 

Defis'Ition' 19.1b. Let R be a region of space and let D be a region of 
the xy-plane. Supj>ose f is a single-ralucd funclion of x, y, and z such that, 
for each point (x:, yo) in D, the equation 

* The significance of (3) is illustrated by substituting r = 1(1 — x — 2y) 
in the equation z -f 2;/ + 3z = 1. 
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f(xo, yn, z) = A (1) 

has one and only one solution s = so such that the point (xo, yo, zo) is in R. 
Then ice say that icithin the region R the equation f{x, y, z) — A defines z as a 
single-valued implicit function of x and y over D. 

We leave it to the student to state this definition in geometric language. 
It is ei-ident that the situation described in this definition can exist only 
when D is contained in the projection of R on the a:i/-plane. In fact, for 
a given region R the maximum possible extent of D is the projection on the 
xjf-plane of that portion of the graph of the equation/(s, y,z) = A contained 
in R. Likewise, if the region R is to be such that within it the equation 
f{x, y, z) = A defines z as a single-valued function of x and y, R must not 
contain two points on the graph of this equation haxdng the same projection 
on the xi^-plane. 


We shall now derive a formula for ) in the case where z is 

dX./y 

determined as a differentiable function of a: and y by the equation 
f{x, y, z) = A. We first note the following comparisons: if / 
is a function of the independent variables x, y, and z, then the value 
of / varies (in general) with x, y, and z, and if /is differentiable, 



But if z is determined as a function of x and y over the region 
D by the equation /(a:, y, z) = A, then, for each point (x, y) in D, 
z always has just such a value that the value of / is always A. 
Thus, as the point (x, y) moves in any manner in D, z varies in 
just such a waj"- that the value of / remains constant and equal 

to A. Hence, for example, — 0- 

We know by formula (B) that, if / and z are differentiable, 


y, z) \ ^ 

dx J y dxj dzj x,y dxj y 

If z is determined by the equation /(.r, y, z) = A, then we know 
from the preceding paragraph that the value of the left member 
of (5) is zero, wliile the first term of the right member is. in 
general, not zero. Hence 


As mentioned above 


df\ . . 

’ dz/x S^neral, not zero. If we specifi- 
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cally assume / to be such that ^ 9 ^ 0, then vre may ■vTjte 
(6) in the form 



This is the formula desired. Other formulas of thL= nature 
are gi%'en in the exercises belor.*. 


EXERaSES XX 


1. Stale in both goorncliir and nonccorRetTic lanpisge exactly what is 
meant by saj-ing that the equation f{z. y. z) = A defines r as a single-valued 
function of y and z. 

Lct/bea sinclp-valuc-d function of a finite number of independent variables 
T,y. , 11 . Under what conditions docs the cqu3tion/(r. 5/. ■■■ ,v) = A 
define ti as a single- valued function of r, ? 

2. Ifhat docs Eq. (2) represent wth reference to the hemL'phere dis- 
cussed in the preceding section? 

3. tVhat is the difference in significance between the first two derivatives 
in Eq. (5)7 In partic'ular. state the I'unctional rt-latio.nships among the 
variables x . ;/. and r ; state v. hether x, y, and r arc constant or variable during 
the calcuLation of these derivatives; state the equations of the curve along 
which the point (s, y, z) moves. 

4. The discussion in the preceding section may be summarized by 


the following formal rule t'or calculating 


le)- 


Regard the equation 


fix, y, :) = .4 as defining r as a function of r and y. By formula (B) diner- 
entintc both sides of this equation v.ith respect to x. Equate the results 

a--> 


and soh'e for - 


-)• 

dxj^, 


iThj- is it correct (according to this rule) to saj- that. 


that 


af(ir, y, a}\ a.4\ 

/(z, y, z) = A, — = — I = — 1=0. but usuallv incorrect to sav 

0 x f.j ax 

Jv.-. Jvx 


9fiz, y, z) 
Sx 


■ 0? Under what circumstance would this 


last statement be correct? 


- If /(2, y, -) = A., find: (a) ; (1>) ; (c) • 

-'j and—') 

iz/ j, 5y / u 


6. Find 


from the follov.ing relations: 



Sec. 19] 


DIFFERENTIAL CALCULUS 


119 


(a) - an/ + yw" •“ 3 = 0; 

(c) x+y + u = l/xyv] 

(e) S(x+u + w) = 


(b) xe'’ (sin u) — 1 = 0; 
(d) « =/(a; + w, jr — m); 

/rs - _ 1 _ rl 2/ + “ 

(f) anf- +/f 


(x±iL)=o. 

\x= + u-/ 


7. Show that if ?/ is determined as a differentiable function of x by the 

relation /(x, y) == A, then ^ Use this result to obtain 

clx JvK^t V) 

dy/dx in the foUowng cases: 


(a) (xVa=) + {y-m = 1; 

(c) e=' = 2 x 1 /; 

(e) ye~^^''> = cos ox; 


(b) ax- + 2hxy + cy- = d; 

(d) Tan"' Zx"^ — x~=i/”®; 
(f) y/x = log (x= + 2 /=). 


Check these results by the methods of elementary calculus. 

8. If z = /(x, y) and <p{x, y) = 0, find dzfdx. 

9. Find — ) and — ) by means of the relation 

^l>/x,i,u ^2 / x,v.v 


fix, y, z, it, v) = A. 


10. A certain law of thermodynamics is represented by the relation 
= C, where p and v denote the unit pressure and volume of a certain 
quantity of gas, and where C is a constant. Find the rate of change of 
volume ndth respect to pressure when the pressure is po. 

11.. The characteristic equation of a certain substance is represented by 
the eqiiation F(p, v, T) = 0, where p, v, and T, respectively, denote the unit 
pressure, volume and temperature of the substance. Show that 

iaN dT\ ^ 

dv/T 3T/p dp /„ 

State the physical significance of each factor in tliis relation and also of 
the entire relation. 

12. Given a function fix, y, z) and given that the equation ¥>( 3 :, y, z) = 0 
determines each of the variables as a function of the other two. Is it true 



13. Let/(x, y, u) and g(x, y, u) be two functions of the independent varia- 
bles X, y, and u. If we form the equations 

fix, u, v) = A and t/(x, it, v) = B, (8) 

then these equations (generally) determine it and v each as a function of x. 
(See Theorem 20.2 below.) This is intuitively e^ddent when we think of the 
equation fix, it, v) = A as being solved for v, ghdng v = ipix, it), and the 
result substituted in the equation g(x, it, o) = B, ghdng t/[x, it, vix, it)] = B. 
This last equation may be solved for it in terms of x, giving it = p(x); if 
this result is substituted in e = it), the resulting equation may be solved 
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for t> in terms of x, giving v = g(x). It follows that u = p(x), » = ^fx) 
arc the parametric equations of the curve of intersection C of the two surfaces 
with equations (8). If / and g are differentiable, then we may write 


ax 



^gix, a, a) 
ax 



Evaluate these derivatives by formula (B) to obtain two equations contain- 
ing chi/dx and dv/dx, as well as the various partial derivatives of / and g. 
Solve these equations for dujdx and dv/dx in terms of the remaining quanti- 
ties to show that 


^ ^ 

/. 

(?» < 7 . 

IVhat quantity must bo 9 ^ 07 

14. Find dy/dx and d:/dx from the relations 

x= + !/■ + X- =3, 
rt/ -f y: -f XX = 3. 

Evaluate the.se derivatives at (1, 1, 1) and (1, 2. 3). IVhy is the first result 
indeterminate and the second meaningics.s? 

15. Find — ; and — ) from the relations 

di/v.... 

/(x, y, ■■■, II, «') = A, ( 7 (x, y, ■ ■ • , u, v) = B. (9) 

L’.«c determinants to represent these results. What quantity must be 07 
What special form do these re.sults n.«sumc when equations (9) have the 
following form: 



A 



dll 



and ^ = - 

dx 

/- 

Hu 

0 - 

dr 


X = Fill, v), y = Gin, v). 

5x\ ^u\ 

16. Find — I and — I from the relations 

av/u <3t'/„ 

x’ -1- -f u’ + r’ = 4, 
xyiiv = 1. 

What is the significance of the indeterminaev of these derivatives at 
(1, 1, 1, 1)7 


, On \ 

dv 

\ 


17. Fmd — ) 


1 , and 

— 1 from the relations 


ax, 

'vJ 




/(i, y, ■ 

■ • ,v, V, ir) = A, 



y, ■ 

■ • ,v, V, it) = B, 



Hx, y, ■ 

■ ■ , V, V, If) = C. 
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Use determinaiits to represent these results. 

di^ 


“) ' 


18. Find — I from the relations 
dxj 


What quantity must be 0? 


a: = « + « + 10 , 

2/ = 11® + 0- + 
z = ?/’ + o’ + 10*. 


Does — = — - — ? What subscripts are implied in these derivatives? 

Ox dx/dii 

19. If f{x, y, 11 , o) = al and if ii and v are functions of x and y, does 


dx 


— How may — ) and — ) bo evaluated? 
a/\ dx/y ay/x 

dyjx 


20. With reference to a certain quantity of fluid, let p, v, T, <fi, and H, 
respectively, denote the unit pressure, volume, temperature, entropy, and 
total heat added to the gas to bring it to the state (p, o, T, iji). (N'ote that 
H is not the internal energy of the gas.) The following thermod 5 'namio 
magnitudes are of frequent use; 

Specific heat at constant volume: C, = — — ) = T-^ ) • 

OT/r OTjr 


Specific heat at constant pressure: Cp 


aT / ■p 




aii\ a^\ 

Latent heat of expansion; L^ — — { = T — I • 

dv / T dv / T 

CoefiBcient of cubic expansion: ap = - ’ 

apN 

Isothermal modulus of elasticity: Et — — » — I ’ 

dv / T 

Adiabatic modulus of elasticity: Ha = — • 

dvj^ 


(a) Write each of these definitions in words. For example, Cv is the 
instantaneous rate at which heat is added to the fluid per degree rise of 
temperature when the volume is kept constant; up is the instantaneous rate 
of change of volume per degree rise of temperature for a unit of volume 
when the pressure is kept constant. 

(b) What notations represent the instantaneous value of the following 
rates: change in volume per unit change in entropy when the temperature 
remains constant; change in volume per unit change in entropy for a unit 
volume when the temperature remains constant; change in temperature 
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per unit cliangc in volume for a unit volume when the pressure remains 
constant. 

(c) If p, V, and T are related as in Ex. 11, show that opEr is equal to the 
rate of increase of pressure with respect to temperature when the volume 
is constant. 

(d) If p, V, T, and are related by the equations 

f(p, r, T, <i,) = A, sCp, v,T,<I.) = D, 
show that EilEr = CpfC,. 

(e) If p, V, T, and <;1 are related ns in part (d), and if — ) = ~ ) ’ show 

ov / 

=-4y 

^p)t 37 /p 

21. If the equations /(x, ij, u, v) = A and g{x, y, u, v) = B determine ii 
and r ns functions of x and y, and also determine i and y as functions of 
II and r, show that 


dll Ox Oil Oy Ou Ox On Oy 

j i=l, H ^=0. 

Ox Ou Oy Ou Ox Ov Oy Ov 

Generalize tlicsc results to 2n variable.*. 


20. Some Implicit Function Theorems. We have already 


ly 



Fig. 43 . 


discussed in Sec. 19 the question as to 
when the equation /(x, i/, :) - A defines 
z as a single- valued function of x and tj. 
But the criterion given is sometimes 
difficult to apply in a practical case. We 
now tvi.sh to develop a more convenient 
criterion that the equation J(x, y, z) = A 
defines c as a single-valued function of x 


and y. 


As a preliminarj’ e.xample, let us consider the equation 
y) - A ivith the graph C shown in Fig. 43. This equation 
determines y as a single-valued function of x in a small neighbor- 
hood of P, but in no neighborhood, however small, of Q or R. 
(Within everj' small neighborhood of Q or P a line x = Xo gener- 
ally meets the graph in either two or no points. Remember 
that every neighborhood of a point contains this point in its 
interior.) By Ex. XX, 7, 


Pzl/Jzc.p# 


^z(xo, yo) 
yo) 


( 1 ) 
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It is evident from (1) that if ■PyC'Co, 2/o) 7^ 0, then Dxy]x^.y‘ has 
exactly one finite value. Therefore, if Fu{xo, t/o) 0, (xo, yo) 
cannot be the point Q (at which DxV is infinite), nor can (xo, yo) 
be the point R (at wliich D^y has two values). We are thus led 
to the question, is the condition Fy{xo, ijo) 9^ 0 sufficient to 
ensure that (xo, yo) is necessarily a point in some neighborhood • 
of which y is defined as a single-valued function of x by the equa- 
tion F(x, y) = A? Or might (xo, yo) be at S where D^y has one 
finite value, but near which y is not a single-valued function of x? 
These questions are answered in Theorem 20.1a beloy\ 

It must not be supposed that Fy cannot be zero at a point near 
which the equation F(x, y) = A defijies y as a single-valued 
function of x. It is evident from (1) that Fy is zero at T and U 
{DxV being infinite at these points), and yet y is a single-valued 
function of x in a small neighborhood of each of these points. 
The conclusion to be dranm (presupposing Theorem 20.1a) is 
that the condition Fy(xo, yo) 5 ^ 0 is unnecessarily strong. 

Theorem 20.1a. Let f be a real single-valued function of a 
finite mmber of independent variables x, y, • \ ‘ , u. If 
(so, yo, • • • , Uo) is a solution of the equation 

fix, y, ,u) = A (2) 

such that (1)/ andfy are defined and continuous over some neighbor- 
hood N of the point (xo, yo, ■ • • , Wo), and (2) 
fu(xo, yo, • • • , Wo) 0, 

then within some neighborhood N of (xo, yo, • • • , Uo) within N 
equation (2) defines u as a single-valued continuous function of 
X, y, • • • , say « = (p(x, y, • • • )> and the domain of definition 
of u extends over the whole of some neighborhood D of (xo, yo, • • • ) 
in the space of points (x, y, • • • ).• 

In this and the following theorems, we follow the convention 
that, when we indicate a partial derivative by subscript notation, 
such as /« or /t.(x, y, ■ • • , u), we shall alw'ays understand that 
this derivative is computed wiiile regarding all of the variables 
y, ■ • ■ , u as independent with aU of them constant except 
the variable of differentiation. 

In proring this theorem, we shall suppose for simplicity that 
there are only two variables x and u] the proof may be extended 
directly to^ the general case. T^'e shall also suppose /u(xo, «o) 
to be positive; the case where it is negative is entirely analogous. 
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Since/u is positive and continuous at (a'o, i<o), there exists within 
N a rectangular neighborhood A' of (xo, Uo) such that* /„ is 
defined and remains ■positive over N. Since /„(xo, wo) is positive, 
/(xo, «) is an increasing function of u at u = Vo- Hence, for any 
two values Ui and Ut sufficiently close to iio with ?/i < Wo < 
and such that (xo, «i) and (xo. w.) arc within N, it follows by 
Theorem 6.1 that 


Boundarj' of N 


U)) < >4 </(xo, «:), 

where A = /(xo, Wo). Since /(x, wi) is a continuous function of 
X at X = Xo, and since /(xo, i/i) < A, there c.vist values xj and xl 
sufficientlj' cla.“c to Xo with xj < xo < xj .‘•'uch that (xj, tzj) and 

(xl, Vi) are within N and such 
that at each point of the line 
segment from (xj. Uj) to (xl, wi) 
the value of / remains less than 
.4. Likewise there exist values 
x" and x" with x'/ < Xo < x" 
such that (x'l', u;) and {xV, Ui) 
arc within A' and such that at 
each point of the line segment 
from (x", Uz) to (xi', Wj) the value 
of/ remains greater than .4. Let 
xi denote the greater of x', and x',', and let X; denote the smaller 
of Xj and xi' . Since A' is rectangular, the entire rectangle with 
vertices (xi, ui), {x-, «i), (xj, i/.), and (xj, 7/:) lies within N. 

The intervalf Xi < x < X: serves as the neighborhood D of Xo 
mentioned in the theorem, and the rcctanglcf A'' serves as the 
neighborhood A' of the theorem, for let x denote an arbitrary 
value of X in the interval xi < x < X;. Since 



Fro. .M. 


fix, 77 1) < A < fix, 77;), 

and since /(x, 77) is a continuous function of 77 over the interr’al 
77i ^ M = 77;, the valuc of /, while increasing from /(x, 77i) to 


* Tills is tlio only property of /„ that we shall use. Hence it would be 
sulTicicnt to hypothesize this property instead of the continuity of /«. But 
in most cases arising in practice it is more convenient to applj’ the theorem 
as stated, for the continuity of /» is usually easier to establish than the 
invariance of sign of /„ over A. 

t There is no implication that this is the largest possible neighborhood 
of the required sort. 
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f(x, W 2 ), must pass through the value A at some value* u = u, so 
that fix, a) = A, where rti <u < Since /« is positive over 
N, fix, u) is an increasing function of u over the segment of 
the line x = x within N, and there exists at most one value u 
within ;S such that/(.T, v) = A. Thus the equation /(.r, u) - A 
determines a unique value u — u in the interval Ui < u < Us 
for each value .-c = a; in the interval Xi < x < X 2 ; that is, within 
N the equation f(x, u) = A determines -a as a single-valued 
function of x, say u = <pix), and the domain of definition of u 
extends over the interval Xi < x < Xs. 

The continuity of -a at re = a:o is immediate: the preceding 
argument show’s that, no matter how’ close «i and Us may be 
taken to Wo, there exists an interval about xo over w’hich tp(x) 
remains between Ui and The continuity of u at any other 
point of the interval Xi < x < Xo follow’S in an analogous manner. 

It should be noted that in the preceding proof we did not use 
all of our hypothesis as to the continuit}’ of f ; w’e used merely 
the fact that/(.r, «) is continuous in a when x is constant and that 
f(x, a) is continuous in x wdien a is constant (see Definition 15.3). 

Theoreji 20.1b. If in Theorem 20.1a it is further supposed 
that fx is defined and continuous over N, then a* is defined and 
continuous over D, and is given hy the formula 


y, ■ ■ • ) 


frjx, y, ■ • ■ , a) ^ 
/-(•-c, y, • ' ‘ ,v) 


where (x, y, • • • ) is any point of D, and u = <p{x, ?/,•••). 

As in the preceding proof we shall assume that there are only 
tw’O variables x and a, and w’e shall use the notation introduced 
during the preceding proof. Let x be an arbitrary value of x 
in the interval .Ti < x < X 2 , let a = <p(x), and let 


a + Au — <p{x Lx). 

Since f{x, a) has the constant value A for all .r- in the interval 
Xi < X < Xo w’hen a = v’ix), it follow’s that 


f(x -f Ax, u -f- Aa) — fix, a) 
has the constant value zero. Hence 


lim /(^ + Ax, a -f Aa) - fjx, a) 

Ax — >0 Ax 

* See Theorem 8.5, Chap. IX. 


(3) 
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enir;= and equals zero. But (3j xriuy he vrntieu m the form 


lira 


t7£,^T& 


p'Ar E-J) ■ — — ~ 


[ /{f -r- Ez. u — Aii) — /tr -f Ar, u) 


( 4 ; 


^ rr — ^ "Csu Au?iO. 


plAr. Au; 


^ /^(z -r -2r. uj rrheu 


0 . 


Br Theorem 10.1. pfAz. Au) = /..'E -h Az. u -~ B • Au). rrhere 
0 < ? < 1 . Sircr- c L- contir;Uou5. Ao — 0 a.- Ar — > 0. and since 
/- is eoTitinueus. lira p'^Ar. Au) enisrs and eauals f-Jz. u'j. Bv 

ir— D 

Lypo’.heri-. lim ' erirs and c-quak/i(r. 5). 
Since the limit (4) exist? aud/Jz. u) 0. lint Au Ar must exist. 

that is Iiin_ = ^j--. e.'dsts (see Ex. R', 17). 

Thus (4) may be '.vritten as f.Jz. u) ■ c-'zj u;. Smce 

tbe value of (4) is r^ro. it folio— s t!:.at 

^/z) = u/f , = 

;Jz. u) 

The continuity of u- folio—- at once from the representation 
ua = — /j j\ and the continuity of/r and/-.. 

It should be notc-d that r:e used the existence and continuitv 
of /j. only at points on the ^ph of o. 

IVfj ziryr: cdsh to extend Theorems 20.1a and 20.1b to tbe case 
vrbere v.-e have tv.-o equations 

FIz. 'j. ■ ■ ■ ,u.t) = A, G(x, u. r) = B. (5) 

.ts a p.-t'.-.~:rairv 'ssrapA, ve 5:^ dn-rcss ite cas* —here equalicas < 5 } 
tszixc.e the special form 

r = f'-j. r.-. = Kr't;. r' , f5; 

/ sad J7 bemn smglc-valaed. Supjt'jr^ f crA p c-e ia'sh .*S-e f,y tcH. p^iirZ 
(z:. y.) ir. tyec rcyon D cf 'J.c zp-plcx. tr.' crar.'fcr.r 


Vi = /(v, r). 


yi = 5 ,r.-. r; 


to 


herf or,t crA czJy c'v r'i-Aiy-. a = tr;. r = r.. Since u and r each have 
exactly one real valne at each point iAi, V: ^ in Z>. it fetiorrs bv Dcnnitirn 2 A1 
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that M and v are each a single-valued function of x and y defined over D. 
Let >p and denote the functions of a; and y which represent the values of 
u and V, so that 

u = tp{x, y), V = ipix, y). (8) 

Then ¥> and ^ are such that, for each point (* 0 , yo) in D, 

^(ao, yo) = Mo, H^o, Vo) - Vo, 
where vo and ao satisfy (7). Hence, for every point (a;o, yo) in D, 

xo = Jl<p(.xo, yo), H^o, yo)], yo = gMxo, yo), H^o, yo)l (9) 

We say that equations (6) define n and v as single-valued implicit functions 
of X and y when u and v are determined as functions of x and y in the manner 
indicated above. We leave it to the student to generalize this discussion 
along the line of Definition 19.1b, and to extend this discussion to Eqs. (5). 

The following example illustrates the preceding discussion: If 


then 


u 1 — It 

s = -> y ~ > 

V V 


u = 


X + y 


V = 


X + y 


( 10 ) 


( 11 ) 


Thus Eqs. (10) determine u and v as single-valued functions of x and y over 
the entire ay-plane except for the line a -j- y = 0. The significance of (9) 
is illustrated by substituting formulas (11) in (10). 

The condition given above that Eqs. (6) determine u and v as functions 
of X and y may be difficult to apply in a particular case. We shall now 
develop a criterion which is sometimes more convenient to use. 

Suppose the graphs of Eqs. (7) are plotted on the same axes. Then 
Mo and Vo are the coordinates of the point Po of intersection of the two graphs. 
The graph of the equation Xo = /(m, v) is really the section of the surface 
X = f(u, v) cut by the plane x = xo. If / is a continuous function, the 
surface x = /(«, v) is such that nearby sections x = xo and x = Xi are nearly 
alike; that is, the contours (see Fig. 45) 


Xo = /(m, a), xi = /(u, v) 

are close together when xo and xi arc nearly equal. Like^vise, the contours 
yo = y(M, v) yi = y(^t, v) 

are close together when yo and y, are nearly equal. If the curves (7) inter- 
sect at an angle then, in general, the curves 


xi = /(w, v), 


yi = g{u, v) 


( 12 ) 
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will intersect nt a single point Pt near Pc, i.e., Eqs. (6) have a unique 
solution « = ui, r - r, near the solution « = ur, r = vc. Thus Eqs. (6) 
define u and v as single-valued continuous functions of x and p for values of 
X and p near xc and i/c. that is, for all points 
(r, !;) in some neighborhood of (xc. t/c). 

But suppose the curves (7) arc tangent. 
Then no matter how close x, may be to xc and 
!/t to i/t, the curves (12) will generally intersect 
in either two points or no point, (Sec Ex. 
XXI, 3.) In this situation there exists in the 
ly-plane no neighborhood, however small, about 
(t-, yr) such that over it equations (6) define u 
and p as single-valued functions of x and y. 

Again, suppose one of the curves (7) intersects the other at a node. Then 
the curves (12) will generally intersect in two points, so that here also 
Eqs. (6j fail to define ii and r as single- valued functions of x and y over any 
neighborhood, however small, of (xj. t/c). 



I'lG. 45. 



If/ and ff are diffcrenti.able at (ut, rt). then it follows from Ex. XX. 7, 
that the equation of the line tangent to the curve Xc = /(«. r) at the point 
(uc, To) is 

/.(Uc, I'c) • (u — Uc) +/r(uc, r,') • (r - ft) = 0, (13) 

and the equation of the line tangent to the curve yi = p(u. v) at the point 
(uo. Co) is 


P«(uc,, I’c) • (u - Uc) + grfuc, V,) ■ (r - Vo) = 0, 


(14) 
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provided that /u(mo, Ko) and /.(wo, wo) are not both zero and that gui'Uo, Vo) 
and gAno, «o) are not both zero. The angle <t> between these two lines is 
determined by the relation* 

_ /u(« 0 , ao)gr(Wl)) n) — /r(«0> ao)gu(no, Vti) 

/u(mo, va)g„(7to, Vo) -hf title, vo)gviuo, Vo) 


Let 


'(-) - 

\u, v/ 


\fu{v, v) Mu, «)! 

goiti, v) gtin, v) 


The determinant J' 


(-)‘ 

\w, v/ 


“ fuiu, v)gviu, v) - ftiu, v)gu(tt, v). 
is called the Jacobian of the functions / and g. 


It is evident that if J 


^ 0, where 

\ti,v/o \«(Vo 


denotes the value 


of J at (ito, Vo), then tan 4, 9^ 0 and the curves (7) cannot be tangent at 


(uo, Wo). Moreover 


, if ^0, 

\u, v/o 


then fuiuo, Vo) and ftiuo, t'o) cannot 


both be zero. It follows from the discussion of Eq. (1) that the curve 
»o == /(«, v) cannot have a node at («o, wo). Likewise, the curve yo = giu, w) 


cannot have a node at (wo, Wo). Thus the condition J 


(-) 

\u, w/o 


9^ 0 prevents 


the existence of each of the situations described above in which Eq. (6) 
failed to define u and w as single-valued functions of x and y. We are led 


to the question, is the condition /I 


(Ai) ^0 

\«, w/o 


sufficient to ensure that 


Eqs. (6) define u and w as single-valued functions of x and y over some 
neighborhood of ixo, tjo)? The answer to this question is provided b}’’ 
Theorem 20.2a below. As in the case of Theorem 20.1a, it must not be sup- 
posed that Eqs. (6) cannot define it and w as functions of x and y over a 


neighborhood of the point (xo, tjo) when J 


{-) "»• 
\tl, w/ci 


* The right member of this relation cannot be of the form 0/0, for suppose 

J^gv /ffftt “ 0, (15) 

/»?u + f,gt = 0, ^16) 

where we omit the notation (ito, Wo) for brevity. By hypothesis, and 
are not both zero; suppose /„ 9^ 0. If we eliminate from (IS) and (16), 
we find that /„((?; -|- gl) = 0. Since /„ 9^ 0, it follows that gl + g'i = 0, 
and hence that g„ = <7. = 0. But and g, are not both zero. The same 
contradiction results when/, 9^ 0. This contradiction shows that (15) and 
(16) cannot both be true. 
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was (3), and the fraction Aa/Ax which appears in the process 
may be written as 

Aa _ 0{x -f Ax, j/, • • • , w + Am) — 0{i, y, ■ ■ • ,u) 

Ax ^ Ax 


Tliis fraction may also be broken up. In view of the fact that 
Or = — Or/Or and 0„ = — o„/0r, Hm Aw/Ax may be proved 

Ar-.0 

to exist as in Theorem 20.1b. The remainder of the proof 
is evident. 

The following c.xtcnsion of Theorem 20.2 may be proved b 3 '^ 
induction. (See Ex. 4 and 5 below.) 

Theorem 20.3. Z-ct/i, • • • , Jn he real single-valued func- 
tions of a finite number of independent variables Xj, x-, • • ■ , Xj,; 


Ml, Hi, • • • ,M„. //(x',®'. 

of the equations 

M^u • • 




, hJ,®') is a solution 




f 


, M„) = /!,, 
y “ <4 2 , 
, Mn) i'ln 


(19) 


swe/i fi, - fn and all their first partial derivatives are ■ 
defined and continuous over some neighborhood N of the point 
, mJ."’), this point the Jacobian 


jf /n f"i * ' * j fn \ 
\Mi, Ms, • • • , R„/o 


Ml 

M^ . 

. Mi 

dui 

dll; 

dUp 

O/i 

Ml 

df; 

Omi 

dUi 

dUp 


dfn . 

. Mit 

dill 

duz 

du„ 


( 20 ) 


t/iCM within some neighborhood N of (xi"', • ■ • , u'°') Eqs. (19) 
deftne «j, ■■■, Un as single-valued functions of Xi, , Xp 
having continuous first partial derivatives, and the domains of 
definition of Ui, ■ ■ ■ , u„ and all their first derivatives extend over 
the whole of some neighborhood D of (x'l”*, • • • , xjj”) in the 
space of points {xi, ■ • ■ , xf)] furthermore, 


duj 

dXj 


j( fuh, •••■/. \ 

\Mi, " , Vt—i, Xj, Mn-i, ' ' ■ , Mn/ 
/ /.,/=,•• ,/n \ 

\Mi, Ms, • • ■ , uj 
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Suppose that Eqs. (19) are of the special form 

Xi = , ■Wn), x;« = (PiiUi, • ■ • , Un), ' ' ‘ , 

Xn = <Pn(Ul, • • ■ ) W„), (21) 


where in (19) 

" • ■ ) Xpi wi, • • ‘ , u„) = , 'itn) — Xi, and 

At = 0 . 


Then the Jacobian (20) assumes the form 


j( ^^’ • • ' 

\vi, • ■ ■ ,u„/ 


5 £i 

djpi 

9 m I 

du„ 

dtpn 

9 y>n 

dlh 

9 m„ 


: , JpA ^ 0, then Eqs. (21) define Wi, • • • , u„ 

\tii, • • • , «n/ 

as single-valued functions of «i, • • • , Xn over some region of 
the space of points (xi, • • • , Xn), that is, 


Ml = ^t'lC'Cl, • • • , x„), •••,«» = rf'nixi, ■ • ‘ , Xn). (21') 

The functions if'i are called the inverses of the functions and 
the operation of obtaining (21') from (21) is called an inversion. 
It can be shown (see Ex. 14 below) that if 


then 


J 




<Ph ■ • 
Ml, • • 


0 . 



5 ^ 0 , 


Hence equations (21') may be 


inverted back to (21). If Mi, • • • , 
and Xi, ■ • • , Xn are regarded as two 
systems of coordinates in n-dimensional 
space, then (21) and (21') determine either 
set of coordinates in terms of the other, 
and (21) and (21') are said to define a 
transformation of coordinates. In partic- 
ular, consider the transformation 



(Uo.Vo) 


Fig. 47. 


X = <Pi(u, v), 
y = v), 


with inverse 


I M = y), 

1 a = ^ 2 {x, y). 
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If C is the parametric curve u = uc, i-c., the curve -with equation 
Wo = ^i(^, y) wnd ■nith parametric equations 

f X = c>,(7Jo, r), 

\y = Vliva, v), 


if C' is the parametric cur\-e v = t'o, and if n and v represent 
arc lengths along C and C, rcspectivel 3 *, then the angle 6 between 
C and C' at this point of intersection is given by 


sin t? = sin 0 — a) = cos a sin /3 — cos ^ sin or 


du dv dv du \iq v) 


( 22 ) 


Thus, if J\~~j ^ then 0 0, and the parametric curves 

cannot be tangent. If u and r are arbitrary parameters, then 


, . dj-dy dxdy Jx.y\dvdv 


(22') 


where s and a are arc lengths along C and C, where w i,« a function 
of s alone along C, and v is a function of er alone along C. 'These 
results •n’ill be used in Sec. 19 of Chap. II. 

Consider the transformation 


f X = <pi{u, V, w), 


( 77 = ^^,(x, y, r), 

< y = <^:(w, V, tr), 

with inverse 

< t’ = ^:(x, y, a), 

( z = C3(u, r, w), 


( w = i!'j(x, y, s). 

Let the parametric cur\-e 

s 


f U = Wc, 

( W = Wc, 

( r = ro. 

C: i .. 

C':< 

C"- s 

( t = To, 

( la = Wo, 

( 7C = TTo, 

have direction cosines 



(f, m, n), 

(L, M, AO, 

(\ P, r), 


respectively, at the point Fo = {uo, vo, Wo). If (a, b, c) are the 
direction cosines of the normal A to the plane containing the 
tangents to C and C' at P, then 

al -i- bm -i- cn = 0, aL -r bM + cN = 0, a- -f 6- -f tr = 1, 
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mN — nM , nL — IN IM — viL 

a = j . i = — j - 

where 

h = [(miV - nUy + {nL - INY + {IM - viLYT- 

= [1 - {IL + mM + nNY]^^. 

If d is the angle between C and C', and if a is the angle between 
A and C”, then 


cos a sin 6 = cos aVT"— ~cos^ 


= (aX + bix + cv)\/l — {IL + mM + nNY 
= (niN — wilf)X + {nL — lN)fi + {IM — mL)v 



provided that u, v, w are arc-lengths along C”, C, C. (Note 
that I ~ dx/dw, etc. If u, v, w are arbitrary, J must be mulii- 


Tims, if 

dsi dSi dss / \ii, V, w/ ’ 


it follows that 


Tims, if 

cos a sin 0 7^ 0, 0 0° and a 9^ 90°, and the three curves C, C', 

C" must intersect each other at angles 9^ 0°. 


Example 1. For the transformation 


X = r cos d, y = T sin 0, (23) 

Hence, in the neighborhood of any solution xo, yo, ro, 0o such that To 7 ^ 0, 
Eqs. (23) define r and 0 as single-valued functions of x and y. If we restrict 9 
to be in the interval — 7r/2 < 0 g ■k/2 (cf. Definition 19.1b), then equations 
(23) have the single-valued inverse 


cos 9 
sin 9 


-r sin 0j 
r cos 01 


= r. 


r = '\/ -|- when a: > 0, r = y when ® = 0, 

r = — -f- 7 /= when x < 0, 0 = Tan“‘ 

X 

provided that r 0, i.e., that both x and y are not 0. 

Example 2. For the transformation 



a = X -f 7/, 

-2 

j = 2 x -h 2 - 


( 24 ) 
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Hence in the neighborhood of any solution loi J/o, «o, Co such that ^ 0, i.e., 

a — 1, Eqs. (24) define x and y ns single-valued functions of u and v. 
In Fig. 4S it is seen that the curves (24) arc tangent at a: = - 1 but everj'- 
whcrc else cross at an angle 0. If we restrict a to be S —1 or g —1 

(cf. Definition 19.1b), then u and a deter- 
mine a unique point {x, y) (the curv'o 
« = «o meets the cur\'c a = ao in only 
one point), and (24) has a single-valued 
inverse; u and a are called parametric 
coordinates of the point (a, y). If (24) is 




solved for a and y, it is seen that the domain of definition of the inverse of 
(24) is given by the relation « -h 2a S —1. 

Example 3. For the transformation 

a = a - j/'S a = a -t- j/>, (25) 




Hence J is never 0. 


Yet it is seen from Fig. 49 


that the transformation (25) does not have a single-valued inverse unless 
we restrict y to be g 0 or g 0 (cf. Definition 19.1b). Since a and a deter- 
mine a unique point (a, y) (under suitable restrictions), u and a are called 
parametric coordinates of the point (a, y). 

Example 4. Our last illustration is based on the physical properties 
of superheated steam. By the degrees of superheat of a sample of steam at 
pressure p is meant the temperature of the steam above the boiling point of 
water at pressure p. Thus, steam at atmospheric pre.s.sure with a tempera- 
ture of 250°F. has 38° superheat. By the total heat of steam is meant the 
total quantity of heat that must be added to one pound of water to vaporize 
it and bring it to a given state of superheat and pressure. Suppose the 
temperature T and the total heat II of steam are given by the relations 


T = F(p. S), H = d’ip, S), (20) 


where p denotes pressure and S degrees of superheat. The question arises, 
is the state of steam uniquely determined by the values of T and H, that 
is, does (26) have a single-valued inverse? It is known of the functions 


F and tj> that J 



is never 0. 


Hence the cur\’es (26) are never 


Sec. 20] 


DIFFERENTIAL CALCULUS 


tangent, and in the neighborhood of any solution po, So, To, Ho, (2G) has a 
unique inverse. We leave it to the student to decide how it may be deter- 
mined whether or not (26) has a unique inverse for all values of p and S. 


saigaii 

BgsauBBr 









10 20 30 40 60 80 100 200 300 400 600 1000 2000 3000 

log p 

Fig. 50. — Pressure-superheat steam chart. 


EXERCISES XXI 

1. Give the details of the proofs of Theorems 20.1a and 20.1b for the 
case/(a:, y, u) = A. 

2. Give examples of functions /(r, w) to illustrate the need of the phrase 
“within some neighborhood N” in Theorem 20.2a when N is the entire 
a;«-plane. 

3. Give examples to show how equations (6) may define n and v as 
single-valued functions of z and y in some neighborhood of a point at which 

j — f'‘ /» gqjjais 2ero. 

Pu gv 

4. Extend Theorem 20.2 to the case where three equations define three 
variables u, v, and w as functions of the remaining variables. 

fu f. U 

Suggestion. If the Jacobian J — Pr g^ 0, then the minor of 

Au hj) hy; 

some element in the first column, say /„, is not zero. By Theorem 20.2, 
V and w are determined as functions of the remaining variables. The proof 
now follows the same lines as in Theorem 20.2. 

5. Prove Theorem 20.3 by induction. 
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G. Theorem 20.1 niny be stated in simple geometric language for n func- 
tion /(x, y) in the following way; if the .section of the surface z =/(x, y) 
cut by the plane x = Xo has at the point (j/o, zo) a definite, finite, and non- 
zero slope, then the section of the surface z = /(x, y) cut by the plane 
z = zo is a curve which defines y as a single-valued function of x near the 
point (Z(i, !/o). 

The following surfaces illustrate the variety of situations that may occur 
when the section x = Xo docs not have at the point (i/o, zo) a definite, finite, 
and nonzero slope. Sketch each surface, determine the slope (if it exists) 
of the section x = 0 at the point y = 0, z = 0, show the sections x = 0 and 
z = 0, and state whether or not the section z = 0 is a curve which defines y 
as a single-valued function of x near (0, 0). 

(1) z = X — y^. (5) z = x= — ;A (9) z = ^ x- + y-. 

(2) z = x= - y\ (6) z = (X - y)\ (10) z = yV(l - x'-). 

(3) z=x’-7/=. (7)z = x’+!/% (11) z = V ^/d -x») . 

(4) z = X - y>. (8) z = Vx'- \y-. (12) z = - x'). 

7. If we regard the equations 

X =fi(u, v), V t»), z =/,(«, I') 


as determining z, u, and a as functions of i and y, show by Ex. 4 that 



S. If a =/i(x, y, z), a = /sfx, y, z), w =/a(x, y, z), show that under 
suitable assumptions 

Di/t.w \y,z/ \x,y,z/ 

9. If ui =/i(xi, • • • , x„), •••,«„ =/,(xi, • ■ • , X,.), show that 



(Sec Chap. VI, Sec. 4 for the use of Cramer’s rule.) 

10. (a) If /(i, y, z) = 0, g{x, y, z) = 0 arc the equations of a curve C 
in space, show that (with certain exceptions) the equations of the tangent 
line to C at (xo, yo, zo) are 


X — Xo y — yo z — Zo 


j(ki) "/i") ■ /i?) 

\y, zjo \z, x/o \x, yjo 
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(b) Discuss the geometrical situations arising when one or more of the 
Jacobians are equal to zero. 

11. (a) In Example 2 above, plot the points M = l,ti = l;w =2, t> = — 1; 
u = —2, a = 0. If It and v are represented as the rectangular coordinates 
of a point in the wa-plane, plot several of the curt'es x = Xo and y = jto in the 
iti’-plane. 

(b) In Example 4 above, what are the pressure and superheat of steam 
when T = 400, H = 1250; T = 900, H = 1450; T = 300, H = 1150. 
Sketch a few graphs to represent the inverse of (20). 

12. Discuss the transformation 

X = |(w —v), y - -\/vv 

in which it and v are called parabolic coordinales. 

13. Discuss the transformation 


It = tr- - y, 


v 


y~2 


X — 1 


14. (a) Show that if 


X = /(it, u). 



y = p(v, v) 


c = y), 


(b) Extend this result to n functions of n variables. 

15. (a) Show that if 

X = /(it, a), y = g(v, v), 


and 

then 


« = <p(r, s), tt = ^^(r, s), 


V. « / \it, V/ \r, s / 


(b) Extend this result to n variables. Show that the results of Ex. 14 
are special cases of these results. 

16. If J and v are functions of the three variables x, y, z and if x, y, and 2 
are functions of the two independent variables u and v, show that 
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21. Functional Dependence. To introduce the concept of 
functional dependence, let us consider the follovdng simple 
example; Suppose 

« = y), r = n(x, y), (1) 

ivhere / and g have continuous first partial derivative-. TiVe 
.say that u and c arc funcHonally rdakd if, for each point (x, y) of 
.'•ome region D of the xy-plane, u and r alvraj's comprise a solution 
of an equation of the form 

r) = 0, f2) 

where ti/ is differentiable and such that and are never* 
simultaneou-'h' 0 at any point (w, r). If tve differentiate (2) 
with respect to x and y, we find that 

- 1 - ■■i'rg. = 0 , 

ri- -A?. = 0. 

Since and -p- are never .rimult 3 neou.=ly 0, we ma;.* eliminate 
and vJ'r from (.3) to obtain the result that 



We have thu.= shown that if w and v arc funcHonatly dfpcndfnt 
over D. (hen their Jacobian (4) is idenlioaUy zero over D. 

The converse of this theorem is also true, namely, if the 
Jacobian (4) is identically 0 over D, then u and v arc funciionaUy 
dependent. If /., /-, Oi, g-j are all identically zero, then f and g 
are comstants (sc-e Ex. V, 13). This ca=e is of no interest and we 
pass over it. Suppose /r(x?, yo) 0. By Theorem 20.1, the 
equation u = f{x. y) determinc-s x as a differentiable function of 
u and y, say x = c(m, y), in .some neighborhood of (xb, Wo, yf). 
By (1). r = g[v:(w, y), y] and 

— ^ -aii) . (-) 

dyj^ dx).jdy)„ ‘ dy)- 

Since u = f[x, y), 



• This restriction can be coariderably weakened. 
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Since /- is continuous and /*(a:o, 2/o) 7^ 0, jx{x, y) 0 over some 
neighborhood N of (rco, t/o) and (6) maj^ be solved for — 1 at 
all points in N. If ve substitute this result in (5), we find that 




1= 


dxjy dyjx dy/ X dX/ y 


'A 

dxj y 


B 3 ’’ h}T)othesis, J = 0. Hence 


5a 

^y. 




J 


herever /i 5 ^ 0. 


Thus a is a function of « alone in some neighborhood of Vo, 
say V = (p{u), and u and v are functional^ dependent. 

These results are summarized in 

Theorem 21.1. Tf u = f{x, y) and v = g(x, y), where f and g 
have coniinnous first partial derivatives, then u and v are functionally 

dependent when, and only xuhen, j( some region of 

the xy-planc. 

Example. The functions 

u = V = log y — log X 

are fimctionally dependent, for 


W V/ 


pZ:/v 


3x , , 

gJi/K 


y 

1 1 

X y 

It turns out that r — log 3 + log log u = 0. 

liTien Theorem 21.1 is extended to n variables, we obtain 
Theorem 21.2. If 

Ui = /i(Xi, Xi, ■ ■ ■ , X„), -I/O = /.(.ri, .To, • • • , .T„), 

• • • , = fn{xi, x., ■ ■ ■ , x„), (7) 

luhere all the functions have continuous first partial derivatives, 

thenui, • • • ,Un are functionally dependent when, and only when, 
If) ^ ^ region D of the space of points 




t^n). 
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If there exists a Junctional relation 

^(ui. * • * , u,) = 0, 

such that • • • . are never all simultaneously 0, then 
crp dill . . &J' dti-r 


fitlj dXi 


diU dXi 


= 0 , 


(S) 


, s-^ gn, _ - 

* ciT^ ^ 


Sill 5r„ ‘ ‘ aw, ox, 

and elimination of the derivatives / Siii. - • - , B-^/du~ from 


(S) 


leads to the result that ..." = 0. 


Conversely, suppose / = 0 throughout some region D. and 
suppose some derivative of one of the a's is not 0 in D. say 
diti/dxi. Then the first of the c-quations (7) defines Xi as a 
function of uj. x;, • • • . x, in D. say Xj = c(u. xj. - - ■ , x,). 
Then by (7). 

Wi = X;. • • • , X,). X;. • • • . xJ. • • ■ . 

Ur. = /,[cr(U:, Xl, • • • . X,). X;. ■ • • . Xx]. 

If ve follovr the same procedure as in the proof of Theorem 21.1, 
vre find that 

J 


\-c;, , \ 


Since / s 0 in D. ■■ — = 0 in P. Thus our 

problem is reduced to the case o: n — 1 functions in n — 1 
variables. The theorem follovrs at once bv induction. 


EXERCISES SXn 

1. Determine tvluch of the foUo'snrig sets of farcUoas are foBctioiialiv 
depeadeax; 

(s) r = a — r -r 3. y = — 2ar -f ri -r- 7. 

Co) r = 3a — -tr — -r, y = 2a — r -r 3v, r = 6a -r- Sr — 2a- — I. 

(c) a = sin ''r — yl, r = cos^ (r — y>. 

(d) z — t.- ~ y = V- — 1-. 

2. Csrrv ont in detcil the proof c: Theorem 21 R for the case r. = 3. 

3. If tr is s fncctioa of a azd r xach that c-Ja- — r^, = 0. £ho~ 



ca cr 
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4. Consider the pair of lines 


u — aix A- hit/ + Cl = 0, 

V = CiX + biff + C2 =0. 


(a) 

(b) 


Prove that 


Prove that if 


if jf— ^ 
V. y/ 

if j(—^ 
V/ 


0, the lines intersect in exactly one point. 

= 0, with at least one of the elements of J in 


each row not zero, the lines are parallel. 

(c) Find a criterion for distinguishing between the case where u and v 
are coincident, and the case where u and v are parallel but not coincident. 
5. Extend Ik. 4 to the case where there are three planes 


u = aix + hiff + CiZ + di =0; 

V = diX + hiff + C;Z + di = 0, 

w = dix + biff + CiZ + dz = 0 . 

22. Normal Derivative. In iormnla (A') of Sec. 18, namely, 

= Vo) cos a + fv{Xa, l/o) sin a, (A') 


dfjx, y) 
ds 


Jxij,yo 


df{x, y) 
ds 


Jffo.yo 


represents the value at (a;o, t/o) of the rate of change 


of f{x, y) tvith respect to the distance s transversed by the point 
[x, y) while moving along the curve C with equations x = p{s), 
y = q{s). It was pointed out at the beginning of Sec. 16 that, 


at the fixed point {x^, yo), 


dfjx, y) 

ds _ xo,l 


may have different values 


according as the point (a:, y) moves along different curves C, s 
of course always being measured along the curve traversed by 

(x, y). Since 


ds 


has a definite value for each curve C 


XOtt/O 


through (.To, yo), 1 is a, function of the curves C through 

(a:o, yo). But we can say even more than this. 

In formula (A'), the coefficients fx(xo, yo) and /„(xo, yo) are in 
no way related to the curve C, for they are determined entirely 
by the function / and the point (xo, yo). Hence, for a given 
function f and a given point (xo, yo), the only variable in (A') is 

a, that is, the value of - (^o, Vo) depends only on a. This 

fact is of such fundamental importance that we shall elaborate 
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upoa it. Let C and C be any two curves in the ly-plane through 
the point (so, Vo) and ha^dng there the common angle of inclina- 
tion a, and let s and s represent the arc lengths along C and C. 

Formula (A') show.=; that j equals — 


where (x, y) move.s along C in — and along C in 


(is 

y) 


In 



ds ^ dS 

other words, the value at (xo, j/c) of tlie rate 
of change of /(x, y) with respect to arc 
length is the same for all cun’es having 
thesame direction at (xc. Uc). This common 

y) 


X vahtc of 


ds 


for all curves C with 


direction a at (xc, j/o) is called the space rate 
of change of / at (xo, i/o) in the direction a, or. in more technical 
language, the directional derivative of / at (xp. j/o) in the direction 
o. To determine the directional derivative of f at (xc, t/p) in any 

dfix. 
ds 


(liven direction a, it is necessary merely to find 
formula (.•!') for the proper value of a. 


-] 

Jrfcir* 




Since, for a given function f, the value of — ^4’. «t the fi.ved 


point (xn. yts) depends onlv' on a, 


d/(x, y) 
ds 


ds 


is a function of the 


one variable a and may be denoted by /„(a), the .subscript So 
indicating that / hru= been dilTercntiated with respect to s and the 
derivative evaluated at (xc, yo). We know from elementary 
calculus that fifa) has a maximum at a = cm if oo is a solution 

of the equation -f-/. (a) = 0 s-uch that (a) < 0. Bv 

fta • da- ' a, 

formula (A'), 

?/o) sin a + /„(xo. y,.) co^ a. (1) 


The various solutions ao of the equation (a) = 0 are evi- 

da ’ 

dently given by the formula 

, _At>o.yo) 
tan OO — 

Mxo. yo) 


( 2 ) 
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the case where ao is an odd multiple of 7r/2 being treated in the 
usual formal way. Furthermore, 




da^ 


-Mcc) 


- [/x(a:o, yo) cos ao + J/o) sin ao]. (3) 


If this expression has a negative value, ao maximizes /,^(a) ; if this 
expression has a positive value, ao minimizes /.^(a). The case 
where (3) has the value zero is taken up in Ex. 5 below. 

Equation (2) always has exactly two solutions ao and ai 
between 0 and 2ir rad., and a^ = ao ± ir. Since 


and 


cos aj = cos (ao ± x) = —cos ao 
sin a'a = sin (ao i x) = —sin ao, 


the values of (3) for ao and aj are mimericall}’- equal but of 
opposite sign. Hence either ao or aj, say ao, is a value of a 
for which /s/a) has a maximum and the other, aj, is a value of a 
for which /s^(a) has a minimum [unless (3) has the value zero 
for both ao and ao). /»/«) has no other maximum or minimum 
value for a between 0 and 2x. 

Definition 22.1. Let ao denote the unique direction at (xo, i/o) 


in 


as 


is a maximum, let C he any curve in the 


xy-plane through (xo, yo) with slope tan ao there, and let n, instead 
of s, denote the arc-length of such a curve C. Then the symbol 

^f(x 7/') 

— V — indicates by the letter n that the point (x, y) moves along 

CtTl 


is called 


some curve C having slope tan ao at (xo, yo)', — 

dn 

the normal derivative of f at (xo, yo)- 
Since ao maximizes — — , it follows that 

Jxc»t /0 dfl 

df(cc 'i/l ~l 

the maximum value of ~ - J - -■ . The reason for calling 


Jxo,|/o 


d/ (x, y) 
dn 

which will be proved in Ex. 7 below. 


the “normal ” derivative lies in the follovdng theorem 



146 


HIGHER MATHEMATICS 


[Chap. 1 


Theorem 22.1. If f{x, y) is a given funclion, if (xo, yo) is a 
given point, and if ao is determined by equation (2), then a line with 
direction angle ao is normal to the curve f(x, y) — where 

k = /(xo, yo). 

In successive columns of the following table are shown the 
various possible combinations of signs of/j(xo, yo) andfy(xo, yo). 
'nhen these two quantities are both po.sitive (second column), it 


/»(xo, yc) 1 

+ 


- 

- 

A(xc, Vo) 

4“ 

- 

- 

+ 

ao 

I 

II 

Ill 

IV 


follows by (2) that tan ao is positive, and hence that ao is in the 
first or third quadrant. By the above definition, ao ma.ximizes 
f,fa). Hence (3) represents a negative number, that is, 

f.(xo, yo) cos ao + fvixo, yo) sin ao 

is a positive number. Since /i(xo. yo) and/„(xo, yo) were supposed 
positive, the .signs of cos ao and .«in ao sliow that ao cannot be in 
tlie third quadrant. Therefore ao must be in the first quadrant 
as indicated in the table. It is left to the student in Ex. 4 below 
to carry through this argument for the remaining columns of the 
taljle. 

It follows from the table that sin ao and cos ao alwaj’’s have the 
same sign as /„(xo, yo) and fx(xo, yo), respectively. From this 
fact and (2) it follows that the formulas 


cos ao = 
sin ao = 


/r(xo, yo) 

Vlfx(xo, yo)}' + I/v(xo, yo)}- 
/«(xo, yo) 

Vlfx{xo, yo)]- + [/..(aro, yo)]- 


(4) 


determine cos ao and sin ao in sign and magnitude. Substitution 
of these formulas in (A') leads to the result that 


<y(x, y) 
dn 




= V[/r(Xo, J/o)]= + [/o(Xo. yo)]-. 


( 5 ) 
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It is seen from (2) and (5) that — - - is represented in 

direction and magnitude by the vector whose x- and y-compo- 
nents aref^ixo, yo) and f^ixo, yo). In vector analysis, this vector 
is denoted by grad / and is called the gradient of /. 

EXERCISES XXm 

df (ic y ) 

1. (a) Find ~ — when f(x, y) — — 3xy and the point (x, y) 

ds Ji ,2 

moves along the curve C with equation y = x- — x 2. 

Suggestion. To evaluate cos a = dx/ds arid sin ce — dy/ds, find 
tan o£ = dy/dx from the equation of C. 

(b) Repeat (a) when the equation of C is y = 3 — (!/»); when the 
equation of C is y = 2 + log x; when it is known of C merely that its slope 
at (1, 2) is 1. 

2. Find the direction ao of the normal derivative of /(i, y) = a:* — 3xy 

at (1, 2), and find — v both bj' (5) and (A'), 
an Ji ,2 

3. Find the directional derivative of f(x, y) — •%/* — y at the point 
(2, —2) in the direction a = 150°. Find the direction of the normal deriva- 
tive of this function at (2, —2) and find — 

an Js ,— 2 

4. Show that the signs of/i(xo, yo) and/v(xo, yo) determine the quadrant 
in which ao lies as indicated in the above table. 

5. Show that (1) and (3) can both have the value zero only when 


/x(io, yo) =/»(xo, yo) = 0. (*) 

[Set (3) equal to zero and eliminate ao from the resulting equation and (2)]. 

df(sc 7 /^ 

In case (1) and (3) are both zero, so that (*) holds, ■ = pin 

ds _ zo.yo 

everj" direction, and ao is indeterminate. The full significance of condition 
(*) is discussed in Sec. 25. 

6. If in formula (2) we think of (x„, yo) as an arbitrary point, then we 
may omit the subscripts and the formula 


tan ao = 


Mx, y) 

Mx, y) 


determines ao at each point (x, y). In this formula, x and y are independent. 
But suppose we determine y as such a function of x that the graph of y 
is a curve 0 whose slope at each point (x, y) on it is tan ao. Two things are 
evident; (1) y must be such a function of x that 


^ _ /v(s:, y) 
dx fx{x, y) 


( 6 ) 
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since dy/dx represents the slope of C and since tan ao = y)/Sii?:, y). 

Conversely, everj'-* solution y of Eq. (0) has for a graph a curve with slope 
equal to tan ao at each point on it. It therefore follows that the set S of all 
solutions of (6) defines exnctl 3 ' the set of all cun'cs with slope fan ore at each 
point on them. (2) At each point (i, y) on any particular cun’o C of the set 
S the directional derivative of / is a maximum in (he direction of C since 
the slope of C at (x, y) is tan ao. Hence n ma 5 ' be used to denote the arc 
length of C and d/(x, y)/dn is the normal derivative of /at each point of C. 
[Kote that this last assertion was true in Definition 22.1 for onl 3 ' the par- 
ticular point (xo, yo) on C.\ Thus the cura-es of the set S comprise all the 
loci that mn 3 ' be traced out by a point P moving so that the value of / at E 
is alw.ays changing at the maximum possible rate. 

Methods for integrating Eq. (G) trill be given in Chap. III. How- 
ever, there is one parficulnrl 3 ' simple case where the integration ma 3 ' bo 
effected at once. If dy/dx = v(x)/</>(y), write this relation in the form 
'{'(y) dy = v(x) dx and integratof both sides. Integrate Eq. (6) b 3 ' this 
method in the following cases and state the significance of the solutions; 

(1) fix, y) = xy. [Tile solution of (6) in this case is x^ — y- = c, where 
c is an arbitral^’ constant. For each value of c this equation defines a curve 


C such that, at any point P of 


C, 


df(x, y) 
ds _ i> 


is a maximum in the direction 


of C.l 

(2) /(X, !/) = x‘ + j/’. 

Solulion. log 1 / = log X + log c, where the constant of integration is 
written as log c. This solution reduces to p = ex. 

(3) /(x, y) = (X- + y>)-^K 

(4) /(x, y) = log (x - !/). 

Chock the interpretation of part (1) in the following manner: Let c = 3. 
Find the slope of i* — j/’ = 3 at (2. 1), find tan ao at (2, 1) by formula (2) 

of Sec. 22, and compare results. Find by (5) of Sec. 22, find 

dn J2,i 

by (A') when (x, y) moves along the cun-e i* — = 3, and 

compare results. 


d/(x, y) 
ds 


7. (a) Find a formula for the direction a, in which 


d/(x, y) 
ds 


= 0. 


Show that tan o, is the slope of the curve /(x, y) = k at thq point (xo, yo). 
Show' that the directions ao and ai are at right angles. Prove Theorem 22.1. 

(b) Check Theorem 22.1 b 3 ’ plotting on the same axes a few of the curves 
C of Ex. C and a few of the cun'cs/(i, y) = kin the case whcro/(x, y) is the 
function of part (1) of the preceding exercise. Repeat this check by taking 
/(x, y) as the functions of parts (2) and (4) of the preceding exercise. [To 


* It will be shown in Chap. Ill that Eq. (0) has a one-parameter family 
of solutions. 

t Sec Chap. II, Part A. 



Sec. 22] 


DIFFERENTIAL CALCULUS 


149 


plot log {x — y) = k, write this equation in the form x — y = = k', and 

choose various values of A;'.] 

(c) Why does the equation (as® + = k represent the same set of 

curves as the equation a;* + = fc? (Note the last sentence of part (b).] 

Why are the solutions of parts (2) and (3) the same in Ex. 6? What would 
have been the solution to part (4) of Ex. 6 if fix, y) had been sin {x - y)t 
■\/x — yl <pix — y), where <p is an arbitrary function? State a general 
theorem wliich is exemplified by the answers to the preceding questions. 

8. In Exs. 6 and 7 it was shown that at any point (x, y) the direction 
along which a function fix, y) changes most rapidly is always orthogonal 
to the direction along which/ is constant. This result has many important 
physical applications, a few of which we now state. At any point in a mate- 
rial substance the flow of heat is always in the direction along which the 
temperature changes most rapidly; hence the flow of heat in a thin flat sheet 
of material substance is always along the set of curves orthogonal to the set 
of cun^es of constant temperature (isothermals). At any point of an electric 
field the force acting on a charged particle is always in the direction along 
which the potential of the field changes most 
rapidly; hence in a plane electric field the force 
acting on a charged particle is alwaj's orthogonal 
to the curves of constant potential (equipotential 
curves). If something of variable concentration 
is diffusing through space, such as a solid as it 
dissolves in a liquid which is not being stirred, the 
flow at any point is always in the direction along 
which the density changes most rapidly; hence the patlis of diffusion in a 
thin flat layer of material are orthogonal to the cur^’es of constant density. 

Suppose the functions fix, y) of Ex. 6 represent temperature, potential, 
and concentration in connection with physical situations of the sort just now 
described. Give the physical interpretations of the cun>-es plotted in Ex. 7b. 

9. Show that ^ 3^ ) cos where is the angle between the 

“Vio.Vii dn/ a:„,yo 

directions along which df/ds and df/dn are taken. (If df/ds is taken in the 
direction a, then ^ = at, — a. Expand cos f and evaluate df/dn, cos ao, 
and sin ao by formulas (4) and (5) of Sec. 22.) 

Note that if >/■ = 90°, we obtain the result found in Ex. 7a. Also note 
that df/ds is a ma.ximum when vl' = 0. 

Check the above formula by means of the results of Exs. I, 2, 3 above. 

The above formula may be “derived” geometrically by drawing the 
paphs Cl and Cj of the equations /(x, y) = ki, fix, y) = fcj, where k^ - ki 
is numerically small, taking PQ orthogonal to Ci, noting that (see Fig. 52) 



approximately, ^ ass^ing the sector PQQ' to be approximately a right 
triangle so that PQ = PQ' cos 



Fig. 52. 
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10. SboTT b.v the preceding exercise that the sum of the sqtisns of the 
directional derivatives of /(r, y) at a point P along any tvo perpendicular 
directions is alvays the square of the normal derivative of /(a, y) at P. 

11 . rind the directional derirmtive of J(x, y) along the curve x = p'ui. 
y = g(u), ■svhore u pS r. 

12. Find a formula for the normal derivative in polar coordinates. fSre 

df(r, 5) 5/ I 

Ex. XIX, 32.) Shosv that — = — cos v' -r - ~ sin C, where is the 

at ar r t>5 

angle between the direction in which of, dt is tahen and the direction S. 

13. If T represents a temperature distribution over a plane area, then 
dT /dn is called the lemperefure yraditn!. Find the temperature gradient at 
( 1 , x/4) when T(r, 6) = (sin 2 f)/r’. In what direction is it taken? 

14. Derive the formula 


dfix.y.z)'] 

j = Afxr. y;, z, 


) cos a —fj.x,. V:, :■) cos 3 

-f /rtx;. r/t- Cl) cos 7 , 17) 


where x — p(e). y = g's). r = r(*) are the parametric equations c: a curve 
in space with arc length s, and where tt, are the direction angles of this 

curve at the point (a-, y:, z-). Show that — I may be regarded 

as determining a directional derivative in space. 


13. Find the direction along which 


d/t 


r. y. if 

dt 


is a maximum and 


find tilts maximum value. 

Sdulwn. It wiU be shown in Sec. 25 that the coordinates er-, S-. of a point 
where a function ff(a, 3 > has a maximum an? determined as a solution of 
the pair of equations pn(w. S) = 0 . yj(a. — 0 . (We omit all reference to 
second derivatives for the sake of simplicity.) Let us apply this result to 
(7i, regarding 7 a' a function of or and 0 determined by the relation 


cos* a -b cos- 5 u- cos- 7 = 1 , 


( 8 ) 


Difierentiation of (7) gives 



s= —fz{xi. y,. zj sin a — fz[x,. yi. zz) sin 7 
= -f,fer, y:- r:> sin - JziXi. y-;, z-j s-m 7 


£7 

as' 


m 


Refore w e set these expressions equal to zero, let us simplify them. DiEer- 
entiation of (8) with respect to a and 3 gives 


07 

—2 cos ct sin o: — 2 cos 7 sin 7 — = 0 , 

acr 

—2 cos 8 sin 3—2 cos 7 sin 7 — = C 

03 
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If we solve these identities for sin y(_dy/da) and sin y(,0y/d^), substitute in 
(9), and then set (9) equal to zero, letting (ao, Po, To) denote a solution of 
the equations so obtained, we find that 


cos ao 


fxi^O) VOj 2o) 
Mxo, Vo, Zo) 


cos To, 


cos /3o = 


f IfO) ^o) 
/*(^0, Z/o, Zo) 


COS To. 


These formulas, when substituted in (8), show that 

fx{xo, 2/0, Zo) „ fvixo, 2/0, zo) 

Vri+fi+f: Vfi+n+fx . 

Mxo, yo, Zo) 


cos To = 


Vfi +ri+fx 


where {zo, 2 /o, zo) has been omitted from the denominators for brevity. 
Formulas (10) determine by means of the direction angles ao, Po> To the 


df 

direction in which — 
as 


is a maximum. If we substitute (10) in (7), 


we find that the normal derivative is given by the formula 

= 'VUxixo, yo, Zo)P + Ifviz^o, Vo, Zo)]' + t/«(»i), 2 / 0 , Zo)]*, ( 11 ) 


dn 


jxo.yo.io 


where 


if 

dn 


is the maximum value of 


xo.yo.zo 


ds 


and where n has the same 




significance as in Definition 22.1. 

Compare these results with those obtained above for a function of two 
variables. Define grad /. 

16. By reasoning as in Ex. 6, derive and interpret the systems of equations 


^ _ fx(x, y, z) ^ 

Vfl +fl +f’ 

and 


fyjx, y, z) 
V^/i +/y +/? 


dz 

ds 


Mx, y, g) 

vffi +fl +Jl 


dy _ /o(x, y, z) dz Mx, y, z) 

dx fx{x, y, z)’ dx f^{x, y, z) 

What is meant by a solution of the system (12)7 How does such a solution 
define a curve in space? What is the significance of the curves determined 
by (12)7 

Methods for integrating (12) will be given in Chap. III. Show that 
y = ax, z = bx, where a and h are constants, is a solution of (12) when 
fix, y, z) =x^ + y= + zK 

cos ff, where is the angle between 

xo,yotZo 

the directions along which df/ds and df/dn are taken. Extend the result 
of Ex. 10. 


17. Show that 


ds 


M 

dn 
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Suggestion. Recall that cos ^ = cos a cos trj + cos 0 cos 0s -h cos y cos ys. 
See E:c. 9. 

IS. Sho-n- by Ex. 17 that the surfaces /{-, t/, r) = /: are orthogonal to every 
cun-c represented by a solution of (12). Xotc that the numerical example 
of E-x. 10 illustrates this result. Extend the dl'cmssion of Ex. 8 to ph.t-sical 
situations in space. 

19. Illustrate all the results of Exs. 14 to IS by means of the function 
/(a. t/, r) = x- 1 /:. In Evs. 14 and 15, take (z;, x/t, zs) as the point (1, 2, 3); in 
Exs. 14 and 17 take a — 0 = -z-jA. y = r/2. Integrate equations (12), 
using Ex. C, (1) as a clue to guess the solutions. 

20. Find a formula for the normal derivative of a function defined over 
three-dimensional space in polar coordinates. (See Ex. XIX. 32.) 

21. Find a formula for the normal derivative of a function defined in 
cylindrical coordinates (r, <>. cl, where i = r cos <;>, p = r sin <;>, r = z. 

22. Extend all the above re.'ults to functions of n variables. 

23. Point Functions. Invariance of Directional Derivative. 
In this section tve shall show that the directional derivative is an 
invariant. However, before considering this matter we must 
first distingui.sh between a point function and a function of 
several variable.'. 

If a physical situation determines at each point of space the 
value of some phy.«ical quantity Q, such as temperature, density, 
potential, stres.'. acceleration, • • • , then we may indicate the 
direct connection between the values of Q and the actual points 
P of space by repre.'enting the value of (? at P bj- Q(P). The 
notation Q{P) stresses the fact that the values of Q are correlated 
directly with points P quite independently of anj’ coordinate 
sj'stem which may be used to locate P, and without the aid of 
an 3 ' formula. 

Defixttion' 23.1. If, by any means, the values of some quanlily 
f arc dclerinincd at, and correlated directly with, the actual points of 
some portion of space, then f is called a point function. 

The following examples illustrate this idea; (1) If at each point 
P near a certain magnet the field has a definite strength F 
measured in some sj'stcm of units, then P is a point function and 
we denote the value of F at P by F(P). (2) Let C be a familj' 

of curves in space such that exactlj* one cun'e of the family 
passes through each point of space, and such that each curve has 
a definite cun'atnre K at each point P on it. Then K(P) is a 
point function defined b\^ this famil 5 ' of curves. The value of K 
is quite independent of any coordinate sj'stem used to locate P. 
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We should note that the concept point function is quite in 
contrast to that of a function / of three variables (such as a 
formula) where the value of the quantity / is determined for 
each set of values of the three variables. Thus, the value of / 
for the values a, 6, c of three variables is denoted by /(a, 6, c). 
This symbol in no way implies that a, 6, and c are the coordinates 
of a point with reference to any coordinate system; or if a, b, c 
are the coordinates of a point, the symbol in no way indicates 
the particular coordinate system in mind. The actual symbols 
used for the three variables under consideration are irrelevant; 
for whether we write f(x, y, z), or/(«, v, iv), or /(^, y, f) is immate- 
rial, since these symbols all denote the same number when 
(x, y, z), {u, V, w), and (f, ij, f) denote the same set of numbers. 

Now suppose that/(P) is a given point function and suppose 
that we introduce a rectangular coordinate system (x, y, z), a 
polar system (r, <f), 6), and some other system (X, y, v) for repre- 
senting points P, where now, in contrast with the preceding 
paragraph, we use a definite set of letters to refer to a definite 
coordinate system. If /r is the function of three variables 
(formula) such that/(P) = /r(x, y, z) when P and (x, y, z) denote 
the same point, then St is said to represent the point function / 
in the (x, y, z) coordinate system. Similar!}’-, if /p and fc are the 
functions of three variables such that /(P) = /p(r, 8) and 

/(P) = /c(X, y, I’) when P and (r, <^, 8) or P and (X, y, v) denote 
the same point, then /p and Jc represent / in the (r, 0, 8) and 
(X, y, p) systems. It is evident that fr, fp, and fc are all different 
and that none of these functions can be identified ■\^’ith /itself; for 
example, if fr represents the temperature at P, no formula for 
the temperature of a certain substance can be identified with the 
temperature itself. Furthermore, fp can be determined from fr 
by the equations relating x, y, and z with r, (#>, and 8; fc may be 
obtained in a similar manner from either fr or fp. However, it 
is inconvenient to retain the various subscripts on the letter / 
and it is customary to omit them. But then we have the 
paradoxical situation that ‘ 

f(.P) = y, z) = fir, 4>, 8) = /(X, y, p) (1) 

in which (x, y, z), (r, <j>, 8), and (X, y, p), while representing the 
same point, do not represent the same set of numbers (see the 
preceding paragraph) and in which the letter / denotes four 
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4. In a certain coordinate system the coordinates (u, c, tc) of each point 
P arc related to the rectanpilar coordinates (i, y, z) of P b}' the equations 


K = 2 (x + !/), e = (x -f y){x + z), IP = x{x + z). 


Do the functions if — — - ) and represent the same point function? 

\ir V.J X 

5. Given a point function /defined in space and a cun'c C in space repre- 
sented in two different ways by parametric equations involving two different 
parameters u and u'. Cktmparc /(ti) and/(ii'). 

C. Given the surface 5 whose parametric equations in a rectangular 
coordinate system arc x — vi(«. e), y = vifii, r), and z = vifu, v). Let / 
bo a point function. Discuss fully the notations /(«. r) and/(u', r'), where 
u' and r' provide a second representation of S. 

7. Prove formula (2) in Sec. 23. 

Hi.vt. N’otc that/A-(Pc) = . hui f{X, Y, Z) fix, y, z) 

dX Jr, 


when (.Y, Y, Z) and (x, y. z) reprc.'ent the same point since / is a point 
Sfj X', Y, Zj 
dA" Jr, 


function. Hence 


Mix, ;/. :) ] 

OA' J;.,- 


This Last derivative 


may be evaluated by formula (B). The quantities /p (Pc) and /z (Pc) are 
treated similarly. The combined coefficient of /i(Pc) reduces to cos a by 
(IS) of E.\. XIX, 30. 

S. Show that the normal derivative and the direction in which it is taken 
are invariants with respect to rectangular coordinate systems based on the 
same unit of length. 

Hint. To show the invariance of the normal derivative, note Ex. XIX, 
30. To show the invariance of the direction of the norm.al derivative, 
exprc.=s cos do, cos Bt, and cos Co in the (A', T, Z) system, evaluate cos at. 
cos 00 , and cos 7 c in terms of Ac. Be, Cc, and the direction .angles of the 
(x, y, z) a.\es with reference to the (A', Z) system, and show that the 
results reduce to the usual formulas for cos ac. cos 0 c, and cos 70 in 
the (x. y, z) system. 

9. If / is a point function, if C is a curve in space, and if 11 is a parameter 
determining the position of the point P on C, show that rf/(P)/du is an 
mvari.ant when calculated in any coordinate system. 


24. Differentials. Let /(x, t/, • • • ) be a function of a finite 
number of independent variables x, y, ■ ■ ■ . Since each of the 
variables x, y, is independent, Ax, Ay, ■ • • may be 
assigned arbitrary values; that is. Ax, Ay, ■ • ■ are independent 
variables.* 


* We do not assume that Ax, Ay, • • • are small or are approaching zero. 
In certain applications it is necessarj' to assume that these variables are 
arbitrarih’ large. 
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We define the differential dj of / by the relation 

dS = y, ■ ■ ■ ) Ax At fy{x, y, ■■') Ay Ar ■ ( 1 ) 

(cf. Sec. 8). It should be noted that the value of dJ depends, 
not only upon the values of Ax, Ay, ■ • • , but also upon the 
values of x, y, • • • at which the partial derivatives of / are 
evaluated. Thus, the value of df at the point (xo, yo, •••) is 
df = Mxo, yo, • ' ' ) Ax + f,j(xo, yo, ••') Ay . 

If fi^t 2/) • • • ) is merely the quantity x, then it follows by (1) 
that dx = Ax. Similarly, dy = Ay, • • • . Thus the differ- 
ential of an independent variable is the same as its increment. 
Hence we may write (1) in the form 


df = Mx, y, • • • ) dx At fv{x, y, • • ■ ) dy Ar ■ ■ • , (2) 


where x, y, ■ ■ • are independent variables. Now suppose that 
X, y, • - • are not independent but functions of a finite niunber 
of independent •variables u, v, • • • . It follows directly from 
(2) that, f{x, y, • • • ) being regarded as a function of the 
independent variables u, v, ■ • • . 

''■f ■ ■ 


But the coefficients of du, dv, • • ■ , may be evaluated by 
formula (B). Hence 


df 


dx die dy du 




J du 

, I ^ ^ ^ ^ , 

[dx du dy dv'^ 


dv A- 


£teVa« '*” + £* + 






+ f-[T-d^t + ~dvA- 
dy\du dv 




It follows by another direct application of (2) that 


dx = ~ du A- ^ dv A- 
du dv 




( 3 ) 
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It is endent that (3) reduces to (2) by ^-irtue of these relations. 
This proves 

Theorem 24.1. If f(.x, y, - • - ) is a differentiable funcHon of 
a finite number of variables x,y, • • - , then, whether x, y. ■ ■ ■ are 
independent or not, 

df = /r(x, y, • • ■ )dx+ /»(x, y, ■ ■ ■ ) dy + ■ • ' . 

Higher Differentials. For certain tj'jies of work, some people 
prefer to use differential. IVe .^hall let d-f, cTf, ■ ■ ■ , df 
denote differentials of / of the second, third, • • • , and nth 
order, re-^pectivclj', where 

d-f = d(dO, d-f = d{df), = did’^-'f). 

If / is an independent variable, we define 

d-f = 0, rfy = 0, - • • . df = 0. 


Consider a differentiable function / of the two variables x and 
y. Then 


d^f = didf) 


'^(1) + I ^ ^(1) + I 


(4) 

(5) 


Since 




d-f 


dx 


d-f 
dy dx 


dx- 

dx di/ dy- 


dy, 

dy. 


(0) 


Eq. (5) may be Miittcn in the form 


= g m-- + * 1, + 9 + 1 + 1 

Similar expressions may be found for (Tf, • • • , df. If x is an 
independent variable d-x = 0; likewise if y is independent, 
d-y = 0. 


EXERCISES XXV 

1. If fix, y) = X- — Zxy, find dj when x = 2, y = 3, Ax — 0.05, and 
Ay = —0.02. Also find Af, where Af — fix + Ax, y + Ay) — fix. y). 
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2. If 6 == — a, and if A, B, and a are measured to be 30°, 45°, and 250, 

sin A 

respectiveb', find the error db in the calculated value of b due to errors 
dA = 0.002 rad., dB = —0.003 rad., and da = —0.005. 

3. (a) If o = "X/b- + c- — 26c cos A, and if 6, c, and A are measured to 
be 12, 15, and 30°, respective!}', find da when db = 0.1, dc = —0.2, and 
dA = 0.04 rad. [These measured values of 6, c, and A are to be used in 
parts (b) and (c) of this problem.] 

(b) Find the maximum value of da when db = ±0.1, dc = ±0.2, and 
dA = ±0.04 rad. by selecting the signs properly. 

(c) What is the largest value dA may have in order that da may not be 
greater than 0.01 when db = dc = 0.001? 

(d) Find dA when 6 = 12 + 0.002T^, c = 15 - 0.05^, and a = 20, 
where T represents temperature in degrees centigrade, given that T is 
originally 0 and that dT = 10. (First compute da, db, and dc.) 

4. If s = *” — y\ where .-s = it + o, i/ = 2u t>, find dz when n = 1, 
V = —2, dll = 0.1, and dv = 0.05 by two methods: (o) by computing dz in 
terms of dz and dy, and (b) by substitution of x and y directly in the formula 
for z. 

5. Let us consider equation (2) when there are only two variables x and y. 
On the graph of /(®, y) show the geometric representation of fv{xo, j/o) dy, 

yo) dx, and fzixo, i/o + dy) dx. (Remember that, in the notation of 
Ex. XVII, 4, }i{xo, yo) = tan <p and /^(xo, yo) = tan What quantities 
are approximated by 

fv(xo, yo) dy, /x(xo, yo + dy) dx. and /„(xo, yo) dy + f„{xo, yo + dy) dx 

when dx and dy are small? (See Sec. 8.) How does df differ from this 
last quantity? What three sources of error are involved in the use of df as 
an appro.ximation of the quantity f{xo + dx, yo + dy) — /(xo, i/o)? Show 
that the point (xo + dx, yo + dy, /(xo, yo) + df) lies in the plane tangent 
to the graph of / at [xo, yo, /(xo, i/o)]. 

6. If /is a point function, is the differential df a point function? Is it a 
function of six variables? If it is neither of these things, what is it? Can 
df be described in any sense as an invariant? If so, prove. 

Hint. Consider df as being evaluated at a poinl pair (F; P'), where P is 
in the space (u, v, w) and P/ is in the space (du, dv, dw). What are the equa- 
tions for the change of coordinates in the two spaces? 

7. Prove: If df is known to be equal to 

df ~ Xi dxi Xo dxi -b • • • -]- Xn dx„, 
where Xi, ■ • • , X„ are functions of xi, • • • , x,., then df/dxi = Xi, where 

the partial derivative is taken holding aU the x’s fixed but X,- (f = 1, • • • ,n). 

S. Let X = r cos 0, y = r sin 6. Calculate dx, dy, d% dhj for; (a) the 
case when r and 6 are independent variables; and (b) the case when r = e^‘ 
and e = log (4s + 31), where s and i are independent variables. 

9. Develop an expression for tP/ in case /.is a function of two variables 
X and y; for d"/. 
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over some neighborhood N of (a, b), and the sign of the last term 
of (3) is the sign of h). Tliis proves 

Theorem 25.1. If f (x, y) has continuous second derivatives, 
>f (^) f has a relative 

minimum at (a, b) if f^zia, b) > 0, and f has a relative maximum 

at (a, b) if fzzifl, b) < 0. 

EXERCISES XXVI 

1. Exp.iiid by Macbiurin’s theorem; 

(a) sin (ly). (b) c* cos y. (c) \/ x — y. (d) log (x + y). 

2. Derive Taylor’s theorem for a function of x, y, and r. 

3. Examine for maxima and minima: 

fa) x-y 4- xy’ — x. (b) x’ + y’ + x + y. (c) x’ + 3x- — 2xy 4- Sy* — 4jr. 

4. Find the shortest distance between the lines 


J/ = X 4- 1 
2 = 2x 


and 


l!/ = 2 - X 
ix = 2 4-1 


5, Apply Theorem 25.1 to Ex. XXIII, 15. 

6. If u = /(i, y, z), where x. y. z are connected by the relation 


<^>(r, y, z) = 0. 


show that, to determine the ma.xima and minima of /, the relations 



may be replaced by the relations 


<^(x, If, z) = 0, 





"-Uo, 


(6) 


Suggctlion. Evaluate 


) and—') 
/v ^V/t 


by formula (B), and in the results 


substitute for 


— 

Ox 


-') and—') 
x/y Oy/- 


thc values of these quantities found by means 


of the relation <;>(i, y, r) = 0. 

7. Show that equations (C) are obtained when one seeks the m.a.xima and 
minima of 17 = /(x, y, i) 4- y, z), where X is a constant to be deter- 
mined by the relation dU /dz = 0. 

The doxdce of finding the maxima and minima of u in Ex. C by introducing 
the function U and the constant X is called the method of Lagrange’s 
muUipHers. 

8. Extend the results of E.xs. 6 and 7 to the case where u = /(x, y, z, v) 
u4th <i>(x, y, z, v) = 0, \t(x, y, z, ir) = 0. 

9. Find the “stationary'” values of u when u = xyz tvith x -f y -b x = 1. 
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INTEGRAL CALCULUS 
PART A. INDEFINITE INTEGRALS 

1. Introduction. In tliis chapter we shall first briefly review 
some of the elementary methods for finding indefinite integrals, 
and then we shall give an introduction to line, surface, and 
volume integrals. Following this we shall develop the theory 
of Riemann integration. Finally we shall take up the question 
of evaluating improper integrals. In Part B of this chapter we 
shall place particular emphasis upon' the physical applications 
of definite integrals. 

2. The Indefinite Integral of a Function f(x). We say that a 
function* F{x) is an integral of a function /(x) if DxF{x) = /(.x). 
Thus, 3^ + 7, X®, and x® — 2 are integrals of 
3x^ since I>*(x® + 7), D^x?, and Dx(x? — 2) 
are each equal to Sx^. Again, log x and 
log 5x are integrals of 1/x since Dx log x and 
Dx log 5x are each equal to 1/x. 

An integral of/(.x) is sometimes defined to 
be a function F{x) such that dF{x) = /(x) 
dx. In this sense, x^ is an integral of 
3x^ since d{x^) = 3x^ dx. This definition of an integral is 
evidently equivalent to the one given above. 

If F(x) is an integral of j{x) and if Co is any real number, then 
F(x) + Co is also an integral of /(x). Thus, if /(x) has an 
integral F {x) , then fix) has infinitely many integrals. However, it 
is not generally the case that all integrals of /(x) are obtained 
by giving C all real values in the formula F(.x) + C. For 
example, if /(x) = — .x/v^l — x^, this function being defined 
only over the interval — 1 < x < 1, then one integral of /(x) is 

* In this section we consider only real single-valued functions of a real 
variable. 
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the function F{x) = Vl — 2 ', where — 1 < z < 1. Another 
integral of f(x) is the function G{x) such that (see Fig. 53) 

{ ■\/l — X- when —1 < x < 1, 

X when x is rational ^^ith |x' a 1. 

0 for all other x, 

since Dj3(x} — f(x) in the interval —1 < x < 1 and since G(x) 
is discontinuous, and hence nondiffcrentiable, outside this 
interval. (Cf, Chap. I. Theorem 5.1.) In fact, G(x) could have 
been defined as any nondiffcrentiable function out.side the intcr%'al 
— 1 < X < 1. It is evident that G(x) is not representable as 
F(x) -f C for any value of C. But for our present purposes the 
nondiffcrentiable part of G(x) is of little interest and we shall 
consider only those integrals F{x) of a function /(x) which 
have the same* domain of definition as /(x). Thus, we shall 
consider integrals of — x/v^l — x" like \/l — x" -r Co, but 
not like G(x). 

Dcn.vinox 2.1. TFc denote an arbitrary integral of f(x) 
[having the same domain of dcfir.ition as /(x)] by I-f{x); vc call 
I: fix) the indefinite integral of fix). 

If fix) has at least one integral, then fix) is called integrable. 
Theorem 2.1. Let fix) be an integrable function of x whose 
domain of definition is a single interval I, finite or infinite in length. 
If Fix) is any integral of fix), then 

I J(x) = Fix) + C, (1) 

where (1) is to be interpreted as asserting that any integral whatever 
of fix) is representable as F(x) -f- C proper choice of the number 
C, ii.e., that every integral of fix) may be obtained by giving C all 
real values in the formula Fix) + C). 

* This restriction, while .'.ntisfactorj- for those functions ordinarily met 
with in practice, v.-ould be unsuitable in a technical treatment of this subject. 
Thus, let F(z) be the function such that E(t) >= x' when x is rational and 
F(x) = 0 when x is irration.al; let /(x) = DrF{z). Then f{x) = 0 v.hen 
X = 0 and /(x) is defined nowhere else. (Cf. Chap. I, Ex. II. Ij .and 11.) 
While fix) has at least one integral, e.g., F(x). it is seen that f(x) has no 
integral G(i) with the same domain of definition as /(x), for the domain of 
definition of /(x) is the single point x = 0 and no function G{i) defined 
onlj' at X = 0 can have a derivative. Hence the above restriction removes 
from eonsiderarion all integrals of/(x). 
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Let Gix) be an arbitrary integral of f{x). It is readily seen by 
Theorem 10.3 and Ex. XI, 5 of Chap. I that G(x) — F(x) = Co, 
so that G(x) = F(x) + Co. Hence G(x) is obtained by giving C 
the value Co in the formula Fix) + C. Since C(a:) is an arbitrary 
instance of Ixfix), (1) holds. 

The fact that Fix) was an arbitrary integral of fix) in Theorem 
2.1 implies that, if Gix) is any integral of fix) other than Fix), 
then Ixfix) = Gix) + C. Likewise, since log C takes on all real 
values when C takes on all positive values, Ixfix) = Fix) + log C. 
It is e\’ident that infinitely many other formulas for representing 
Ixfix) may be constructed. No inconsistency arises when we 
write 

hfix) = Fix) + C, Ixfix) = Gix) + C, hfix) = Fix) + log C, 
etc., if we do not regard Ixfix) as being or denoting any of the 
formulas Fix) + C, etc., and if instead we interpret each of 
these relations as indicated in Theorem 2.1. To obtain any 
particular integral of fix), different values of Cmust, of course, be 
used in the various formulas Fix) + C, Fix) + log C, etc. 

Example 1. If f(x) = then f{x) is defined over the single 

interval —1 < x < I and, by Theorem 2.1, 

lx {x/y/l - x-^) = - Vl + C 

since — vrr X- is an integral of f{x). 

Example 2. If /(x) = cos 2x, then f{x) is defined over the entire x-axis 
and Ix cos 2x = ^ sin 2x -}- C. 

We give three examples to illustrate the fact that Theorem 2.1 is false 
whenever the domain of definition of f(x) is not a single inter\’al (see Ex I, 
3). 

Example 3. If /(x) - —1/x^, then f(x) is defined for all x except x = 0, 
and the domain of definition of /(x) is not a single interval. One integral 
of fix) is the function Fix) = 1/x, and another integral of /(x) is the function 
Gix) such that 

- when X > 0, 

X 

- + 2 when x < 0, 

X 

or more generally, 

S - + (7i when x > 0, 

X ’ 

1 

- + Cz when x < 0, 

X 
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where Ci 9 ^ Ci. There exists no single number Co such that 
G{x) = F{x) + Cc. 

Hence G{x) is not among the functions rcprc'cntotl In- tlie fonnula F{x) + C 
and it is no! the case that I, ( — 1/z-) = (l/i) + C. 

Example 4. If/(i) = C9C--x, then /{x) is undefined for integer values of x. 
While an integral of /(x) is — (1/x) ctn xx, it is not the case that 

/, csc= xx = — - ctn XX + C, 

for an integral of /(x) not represented by this formula is the function 
G(x) = — (1/r) ctn -X T- [i], where [x] denotes the greatest integer not larger 
than X. 

Example 6. If /(i) = {2/x')i~''’', then /(r) is undefined at x = 0 and 
an integral of/(x) not represented by the fonnula + C is the function 

G(x) such that C(x) = «hcn x > 0 and C(x) = j ^vhen 

X < 0. This example illustrates the fact that Theorem 2.1 may fail even 
whcn/(i) does not become infinite and h:is a limit at every point x = a. 

To integrate f(x) is fo find a representation of In the 

symbol f{x) is called the integrand. When integrating 

f(x) by Tlieorem 2.1, the constant of integration C should always 
be included, for it is by evaluating C properly that wc obtain 
an integral which has a specified value for a given value of x. 
(This vill apjiear later to be of great importance in the applica- 
tions of integrals.) For c.xample, to find the integral of Zx- 
which has the value 5 when x = 2, we first find 1. Zx- = x’ -f C, 
and then we determine C from the equation 2’ C = 0 . The 
function x^ — 3 is the de.^ired integral. 

3. Properties of Indefinite Integrals. In this section we shall 
list a few of the elementarj' properties of indefinite integrals. 

I. If fix) is an intcgrahic function of x, then D.[/./(x)] = /(x). 

This follows immediately from the concept of an integral and 

Definition 2.1. 

II. If fix) and gix) are intcgrablc and have for their domain of 
definition the single interval I, then the function c(x) = fix) + p(x) 
is intcgrahic and* 

* Since the integrals in (1) are indefinite, .a constant C should be added 
to the right member of (1). But it is customary to omit this constant 
and to interpret the symbol = as meaning “differs by only a constant 
from.” This comment also applies to other equations invoK-ing integrals, 
such as (4), (5), (S), and (11) below. 
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I^[/(a:) + £/(a:)] = I^/(^) + W 

Let F{x) and G(x) be integrals of f(x) and (j{x). By Theorem 
2.1, hJix) = F{x) + Cl and g(x) = G{x) + Co. Hence 

I m + I = F{x) + Gix) + Cs, (2) 

•*-X 

where Cs = Ci + Cz. But 

H.[F(.r) + G(x)] = D^Fix) + DJ}{x) = f{x) + g(x). 

Hence [F{x) + C(a:)] is an integral of [/(x) + fif(x)] and, by 
Theorem 2.1, 

I [/W + gix)] = Fix) + G(.t) + C4. (3) 

Since the right members of (2) and (3) differ by only a constant, 
(1) holds. 

III. If fix) is an integrahle function whose domain of definition 
is a single interval and if k is any constant, then kfix) is integrahle 
and 

I Jfc/W] = (4) 

This property may be proved in the same manner as the 
preceding property. 

Example 1. By (1) and (4) it follows that 

I (4a:® + 5 cos 3a:) = I 4x® + I 5 cos 3a: = 4 j a:® + 5 T cos 3a: 

•^X X '•'X 

4a:’' 5 . 

= — + - sin 3a: + C. 

7 o 

As indicated above, Iug(u) denotes an arbitrary integral of g(u) when u 
is independent. But if u is a function of x, say w = h(x), then we regard 
lu g{u) as denoting any function of x that maj' be obtained by integrating 
g(u) with respect to u and substituting u = h(x) in the result. Thus, if 
lu g{u) = G{u) + C when u is independent, then li p(m) = ff[/i(a:)] + G 
when u = h{x). 

In the following three properties we shall assume that all of 
the functions involved meet the conditions of Theorem 2.1. 

IVa. If fix) can be written^ in the form fix) = giu) ■ D^u by 
properly choosing u as a differentiable function of x, say u = hix), 
and if giu) is integrahle, then fix) is integrahle and 
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Not only can G{x) be any integral of g{x) in (11), but it is 
often possible to choose G{x) so that the last integration in (11) 
is simplified. This is brought out in 

Example D. Find I, Ior (x + 3). Unless we happen to know an integral 
of log (x + 3), we should not take ff(x) as log (x + 3). Hence we choose 

g(x) = 1, /i(ic) = log (x + 3), 

so that 

G(x) = X + /;, DMx) = —i—. 

a: H" 3 

where /: is some number to be determined. By (11), 

J log (x + 3) = (x + /.-) log (x + 3) - J 

If we choose k = 3, the integration of the last term is simple, and we find 
that 

T log (x -f* 3) = (x + 3) log (i + 3) — X d* C, 

4. Elementary Integration. Since ^ it follows 

that* 

I.«- - .fri + 

Again, since D: ^ ^ - = (//(x)}" • DJt{x), it follows that 

!lMx)]" • DMx}] = + c. (« ^ -1) (2) 

When (1) and (2) are compared, it would seem that (2) is more 
general than (1). Hence in constructing a table of integrals it 
would seem that we should include (2) rather than (1). But it is 
sufficient to include (1) because (2) maj' be derived from (1) 
in the follondng way: Let w = h{x). Then by (5) of property 
IVa, 


I {[hix)]" ■ DMx)] = I w" = + C 

X U T1 -f 1 


71 + 1 


* In this section and in Table II wc leave it to the student to modify 
integral formulas wherever nccessarj' in the light of Examples 3, 4, 5 of 
Sec. 2 and Ex. I, 3. 
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This de\’ice is ver 5 ’’ important, and the student should become so 
fanuliar ndth it that he performs it automatically. For example, 


1 cos u = sin tt -f C 

ti 


becomes 


T [cos h(x) ■ DJt(x)] — sin ?i(x) -f C, 

(3) 

and in general, 


=G(«) + C' 

(4) 

becomes 


I {g[h(x)]-DJiix)] =G[h(x)] + C. 

(5) 


The student should unite out Table II below in terms of h{x). 


Examples. By (2), 

I (cos- ax sin 5a;) = — J I [(cos 5x)-(— 5 sin 5a:)] = cos’ 5aT -f- C, 
where 

h(x) — cos 5a:. 


The coefficient —5 is introduced into the second factor of the integrand in 
order that this factor may be represented as Dih{x). By property III, this 
coefficient is compensated for by introducing the coefficient — J before Ii. 
As another example, we have bj' (3), 




(cos \/s) 


2\/xJ 


= 2 sin + C, 


where 

hix) = '\/x. 


By (4), (5), and formula (3) of Table II, 

I (3e’“'** sin x cos a:) = 3 I [c””'* (2 sin x cos s)] = -I- C, 

where 

h (x) = sin’ X. 

These examples show that, when the integral formulas are w'litten in 
terms of h(x), it is unnecessary to apply property IVa in each individual 
problem. 
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(7) 

(S) 

(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 

( 1 ^) 

(15) 

( 10 ) 

(17) 

(IS) 

( 20 ) 

( 21 ) 

( 22 ) 

(23) 

(25) 

(26) 


+ .»)*• 

Jr':^ + =fi^+=.(..+7)«1d.. 


(Dil-idc out tho first fraction.) 


1 sin (xl^) 

3\/x -f 1 ' . 


(In the first fraction let x = «-.) 


J" (x COS X- -i- X cos X- sin x') dx. 

^ (x*\/2r' — 1 4- see* 3x) dx. 

^ (esc 29 4- sin* 30 4- tan 70) dO. 

I ( tan* ^ 4- sec 50 4- -r^„ ] do. 
j V 2 sin Ao) 

^ (tan 3r 4- ctn 3i)* dx. (19) J ^cos* 3x 4- i 

r/i’- 4- c*-- . _ _ \ ^ 

I I — 4- sm IX cos ix jdx. 

J \^x= 4- 2x 4- 7 v^i _ 9x.y 

J ' f ^ ^ 

^ (5c'“ ** see* 7x — 7**) dx. (24) ^ (e~*-=’ ** sin fir - c*) d 

r/ 2r 2r\ 3 

I 1 ctn* IX 4- tan* — see — ) dx. 


(5c'“ ** see* 7x — 7**) dx. (24) 


** sin fir - £*) dr 


ctn* 7x 4- tan* ■ 


[cw-s 3i cos 2r 4- (cos 3i) sin 3x] dx. 
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(27) i (ctn= 39 + CSC’ 59 ctn 


(29) I , — + tan* x 

I Vv^ + a; - 


5.) M. (28) J 

1 * dx. 


+ sin’ X cos’ X 


I f ^ - — + sin’ X cos’ a: j dx. 

J \xV4:x"- - 9 / 

J I 1 L cog 3 4x ) dx. 

J \2x^ + 62: + 25 ^ j 

j ( . + X SCC* x’ ) dx. 

J \xV9x’ + 12z + 2 / 

I I sin’ 3x cos’ 3z H .. . ) dx. 

j V 4x - 4x7 

(( i +22l^V*- 

J \^x'- + 12 x + 5 sm- 5x j 

J(,.„.,s=c..+.Vrn5)8.. 

— ‘ y — r .. . + Ctn’ 2x J dx. 

V5 — 4x — 4x’ / 

/ (cos’ 2x + sin’ 2x) dx. (40) ( ( — 7 = — ■— - • + cos* 5x ) dx. 

J \ V 2ax - X’ / 

f/"— i— +^V- 

J V 1 — cos 2x cos* 2 x j 

I 1 ■; )- cos’ 3x sin* 3x | dx. 

J \ 1 + cos X ) 


(43) f (sec’ X tan x + cos’ Sxa/ sin 5x) dx. 


, 1 + x’ 


|3I 4 . 710671 =^ ix. 


3. Generalize Theorem 2.1 in the light of Examples 3, 4, 5 of Sec. 2. 


6. H3T)erbolic Functions. In the previous section we encoun- 
tered hyperbolic functions. Since these functions appear very 
frequently m the scientific literature and are quite useful, we 
shall devote a short section to them. We define the hyperbolic 
cosine, sme, tangent, secant, cosecant, and cotangent as follows: 
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cosh u = 
sinh tt = 
tanhn = 


c“ + c-“ 
2 

c« _ e-“ 


6 “ + e-“ 


sech u = 
csch u = 
ctnh u = 


+ c-“ 
2 

c“ — c”’*" 

gu -f e-u 
c“ — C"'*' 


( 1 ) 


The following elemcntarj' identities result immediately from 
the definitions of the h 3 ’pcrbolic functions: 

cosh- u — sinh- u = 1. 
sech- u + tanh= u = 1. 
ctnh= u — csch- u = 1. 

cosh (-!/ + v) = cosh u cosh v ± sinh u sinh v. 
sinh (u + v) — sinh u cosh t/ ± cosh n sinh r. 

tanh (u ± e) = ± " 


1 ± tanh M tanh v 
cosh 2i/ = cosh- u -f sinh- w = 2 cosh- n 
sinh 2u = 2 cosh u sinh u. 

2 tanh u 


tanh 2u = 


1 -1- tanh^ 74 


, 14 /cosh 74 + 1 
cosh ^ = J 5 


u 

2 




^ fcos 


cosh 74 — 1 


. , 74 /cosh 74 — 1 

tanh = = — 

2 \COsh 74 + 1 


cosh 14 — 1 
sinh 74 


1=2 sinh- 74 + 1. 


sinh 74 


( 2 ) 


cosh 74 + 1 


cosh 74 + cosh r = 2 cosh ^ — ^ cosh ^ 

cosh 74 — cosh V — 2 sinh 

sinh 74 + sinh t’ = 2 sinh ^ cosh 

Hi cosh 74 = sinh 74 D~u. 

Dx sinh 74 = cosh w D~u. 

Dx tanh 74 = sech- 74 D-xi. 

Dx sech 14 = — sech 74 tanh 74 D.u. 
Dx csch u — — csch u ctnh 74 DxU. 
Dx ctnh 74 = — csch- u DxU. 


( 3 ) 
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If = cosh X, then x is a function of u denoted by x = cosh“^ u 
and X is called the inverse hyperbolic cosine of it; if it = sinh x, 
then X = sinh~^ it; the other inverse hyperbolic functions are 
defined in a similar manner. 

-f* C’^ 

If X = cosh”i It, then u = cosh x = Hence 

/'^ x ')2 - 1 - 1 

It = — > e® = It + — 1, and x = log (it + s/v?- — 1). 

Thus cosh~^ It = log (it + -sj xtr — 1), where it ^ 1. Similar 
computations with the other inverse hyperbolic functions lead 
to the following results; 


cosh“^ It = log (it ± a/ it^ — 1), where it ^ 1. 
sinh"i It = log (it + -\/it- + 1). 

tanh“^it = ~ log ] where it^ < 1, 

sech”^ It = log Q — 1^, where 0 < it ^ 1. 

osoh- U - log (1 + + l) 

1 It + 1 

ctnh~^ XI — rr log r) wlicre it^ > 1. 

2 * It — 1 


( 4 ) 


The student will better understand the significance of the inverse 
hyperbolic functions if he -ndll compute cosh [log (it + Vit* — 1)], 

( 1 1 + ii\ 

2 directly by (1). (Cf. Exs. I, 5 and 6, of 

Chap. I.) 

The folloudng formulas result directly from (4) ; 

cosh~i It = — ■ J - r - HjU. 

- 1 

H. sinh-i It = — ■- - ^ = - ■ Hjit. 

VP^TT 

Hi sech-i It = — ■■ Hilt. (5) 

It VI — XI- 

Hi CSch“^ It = >== . Hilt. 

itVTTV 

Hi tanh~r it = — 5 Hilt = Hi ctnh"^ u. 

1 — If' 
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EXERCISES n 

1. Prove formulas IG, 19 to 22 of Tabic II. 

2. UsinE definitions (1 ) in See. 5, prove each of the identities (2). 

3. Graph the functions in (1) and by means of these graphs sketch the 
graphs of the functions in (4). 

4. Prove formulas (3), (4), and (5). 

5. Construct a table of integrals for the hiTicrbolic functions to corre- 
spond to formulas 5 to 14 in Table II. 

G. In Table II express each integral involving an inverse hyperbolic 
function in tenns of the equivalent logarithm given in (4). 

7. Show that 

c“ = cosh u -r sinh ti, c~“ — cosh ii — sinh «. 

Evaluate: 

S. f . ...L = . dx. 0. f — ;==i=== dx. 

J V 5z’ -f- 3 J Vi* — 4x -f 1 

10. I ==L==dx. 11. |- T-.dx. 

J iVOx* - ISi -f 14 J 2 - lox - 9r- 

12. The circular trigonometric functions may be defined as follows: 


cos 6 

4. 

sec 8 

2 

2 

" r*^ -t- 

sin 0 



2: 

2t 

CSC 8 

- c'f - e“'^ 

tan 0 


ctn 8 

j(f - + f®) 

- 4. 

_ j-,p 


Assuming that formulas (6) hold for any complex number 8, show that 

cosh (ix) = cos X, cos (ix) = cosh x, 

sinh (ii) = i sin x, sin (ii) = i sinh x. (7) 

tanh (ix) = t tan x, tan (ix) = f tanh x. 

Show by (7) that the well-known trigonometric identities result when ti = ix, 
r = ij/ arc substituted in (2). Show that 

c'f = cos 0 -f 1 sin 0. e~'- = cos 6 — r sin 6 

Relation between Circular and Hyperbolic Geometry. The locus defined 
bj* the parametric equations 


X — a cos B, 

y = a sin 6, ' 

is the circle x’ -}- p’ = o’. If 6=0, then xo = o and po = 0; if 6 = 5i. 
then xi = a cos 0i and p> = a sin 6i. Let A and B be the points (a, 0) and 
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(si, 2/i). The area K of the circular sector AOB is K = (61/2) a% where 0i is 
measured in radians. Since 61 = cos~* {xi/a), it follows that 


01 




= cos"* 


El. 

a 


Hence, r/ « = 1, the parameter 0 in (8) is tteice the area of the circular sector 
AOB. 

The locus defined by the parametric equations 

X = a cosh M, , . 

y — a sinh u, ^ ' 

is one branch of the hj’-perbola x- — y"^ = a\ If u = 0, then Xo = a and 
yo = 0; if w = ui, then xi = a cosh 7<i and yi = a sinh 7/j. Let A and B' be 



Fig. 54. Fig. 55. 


the pomts (a, 0) and (xi, yO. The area K of the hyperbolic sector AOB' can 
be shown bj^ the methods of Sec. 13 below to be 



Since ui = cosh"* — > it follows that 
a 

2K u 1 ®* 
t(i = — = cosh"* — 
a- a 

Hence, if a = 1, the parameter u in (9) is twice the area of the hyperbolic 
sector AOB'. 

The hyperbola x- — y- = o* may be represented parametrically as 

X = a sec 0, 
y = a tan 0, 

where 0 is the same angle as in (8). By (9) and (10) it follows that 
cosh u = sec (9, sinh w = tan (?, 


( 10 ) 
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•n'here —r/2 < S < -/2. From these relations and (1) it is seen that 

sech u = cos e, csch u = ctn e, 

lanh V = sin e, ctnh u = esc S. 

* 3 

The relation sinh u <= tan S determines S as a function of u, i.e., 
e = Tan"‘ sinh u. This function is called the gudcrrrjannuin of u and is 
denoted by 6 — gdv. 

6. Integration by Parts. Formula (11) of Sec. 3 is called the 
formula for inkgration by parts. While we have already given 
an e.xample to show the signiOcance of this formula, wc shall 
give another example to show how (11) may be repeatedly used 
to evaluate a given integral. 


Example. To find /, let p{i) = c-, h(z) = z-. Then 


G{x) = Ic--, DM^) = 2x, 


and J[ (rV-') = (fc'-). To evaluate this latter integral, let 

g{z} = (A’, F,(z} = z. second application of (II) shows that 


I 


(x=f^) 


it 2x 2 

— f’' - — e*-' -i- — e“' 4- C. 
3 9 27 


EXERCISES in 


Integrate: 


^ X cos 2r dz. 

2. ^ log (3r -r 1) dr. 

3. dx. 

4. J' e'- sin 3r dr. 

r 

r 

5. I — yr:- — : dx. 

6. 1 r sin z cos z dz. 

J \/4x- -i-O 

J 

7. 1 x-e’"' dr. 

8- j'x log 2z dz. 

9. ^ xc’ sin (c') dr. 

10. J'z' sin fr dr. 

II. ^ z tan”' 3r dr. 

12. I see' r dr. 

13. 1 cos”' or dx. 

- te- 

J 



V 
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7. Integration of Rational Fractions. In this section we shall 
develop a procedure for finding the integral of a rational fraction 
f(x)/g{x), where /(*) and gix) are polynomials in x with g(x) 0. 
Since this method depends on certain'tproperties of polynomials 
and fractions, we shall begin with a rdsumd of those properties. 

A polynomial of degree n in x is a function P{x) of the form 

P{x) = Oo + aix + cox- + • • • + a„x’', (1) 

where n is a nonnegative integer, Oo, ai, • • • , a„ are complex 
numbers,* and a„ ?^.0. For example, x‘‘ — 3x + 2, —5x, and 7 
are polynomials of degree 4, 1, and 0, respectively. We shall 
regard 0 as a polynomial of degree 0. A polynomial P(x) is 
said to vajiish identically [P(a:) s 0] if it has the value 0 for 
all complex values of x. Two polynomials Px{x) and Pz{x) are 
said to be identically equal [Piix) = P 2 (a:)] if their values are 
equal for all complex values of x. It is evident that the sum, dif- 
ference, and product of two polynomials are again polynomials. 

A value r of x for which the value of P{x) is 0 is called a'^ero of 
P{x) or a solution of the equation P{x) = 0. Thus, 3 is a zero 
of x'^ — 5x + 6. 

Theorem 7.1 (Factor Theorem). Let P(x) he a polynomial 
tto + aix • • • -|- a^x" of degree n > 0. If r is a zero of 
P(x), so that P(r) — 0, then x — r is a factor of P(x), that is, 

P{x) = (x - r)Q(x), (2) 

where Q(x) is a polynomial of degree n — 

Since P(r) = 0, 

Pix) = P(x) - P(r) 

= ai(.T - r) -f a 2 (x 2 - -f • • • -)- a„(a;" - r"), (3) 

where a„ 9 ^ 0. Each term of the right member of (3) has x — r 
as a factor. [Cf. Chap. I, Sec. 5, formula (3).] Hence a: — r is a 
factor of P(x), and P(x) may be written in the form (2). Since 
the term of highest degree in Q{x) is with a„ 0, Q(x) 

is of degree n — 1 . 

As an illustration of this theorem, we know that a: — 3 is a 
factor of a:- — 5a: -f 6 because 3 is a zero of this polynomial. 

* By a complex number we mean a number of the form a + hi, where 
a and h are real numbers and = —1. ’ 
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The converse of this theorem is also true, for if a: — r is a factor 
of P(x), then P(,x) may be expressed in the form (2) and it is 
immediately evident that r is a zero of P(x). 

Theokem 7.2 {Fundamental Theorem of Algebra). Every 
■polynomial P(x) of degree n > 0 has at least one zero. 

The proof of this theorem udll be given in Chap. V. 

Theorem 7.3. If P{x) is a polynomial 

Oo + CiX + • • • + OnX” 

of degree n > 0, then there exists exactly one set of n complex num- 
bers, Ti, P", • • • , r„ such that 

P(x) s a„(x — ri)(i — r;) • • ■ (x — r„). (4) 

By Theorem 7.2, P(x) has at least one zero r,, and by Theorem 
7.1, P{x) ^ (x — ri)Q{x). Repeated applications of Theorems 
7.2 and 7.1 to Q{x) lead to the rc.sult (4). Moreover, P(x) 
cannot be factored in es.sentially anj' other way, fox the right 
member of (4) shows that the only zeros of P(x) .ire the numbers 
xi, • • • , r„, and x — r ean be a factor of P(x) only when r is a 
zero of P(x) (converse of Theorem 7.1). 

The numbers Xj, • • • , r„ of the preceding tiieorem need not 
all be distinct, as is illustrated by the poljmomial x- — 4x -h 4. 

As an immediate consequence of Theorem 7.3 we have 

Theorem 7.4. A polynomial of degree n > 0 cannot hare 
more than n distinct zeros. 

It follows from this theorem that if a jmlAmomial P(x) has the 
value 0 for all values of x, then this poljmomial cannot be of 
positive degree, i.e., it must be merely a constant. This constant 
must e%ddentl3" be 0. Hence we maj"- state 

Theorem 7.5. A polynomial P(x) imiishes identically when and 
only when all of its coefficients arc zero. 

If two poljmomials 

ao + aiar + • • ■ + Or-.x” and 5o + 5ix + • • ■ + bnX” 

are identicallj' equal, then their difference vanishes identicallj'. 
Bj" Theorem 7.5, all the coefficients no — ho, Oi — bi, • ■ • in 
their difference are zero. Hence, corresponding coefficients of 
the two poljmomials are equal. This proves 

Theorem 7.6. Two polynomials a<j + Oix + • • • + amX” 
and bo + hix + ■ • • + bnX” are identically equal when and only 
when m = n and oo = bo, Oj = bi, ' • • , a„ = b„. 
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The two follovsing theorems wall be particularly useful: 
Theorem 7.7. Let P(x) be a polynomial of degree n > 0 with 
real coefficients. If j'l = a + /3i is a zero of P(x), where a and 13 
are real mmbers, then r 2 = a — Pi is a zero of P{x). 

In Eq. (1) set X = a + /3f. We may express the result in 
the form 

P(a: -}- /3i) = Ria, + iS{ot, 0), (5) 

where R(a, /3) denotes the real part of P{a + pi) and where 
S{a, /3) denotes the collected coefficient of i in P{a + /3f) after 
P(a + pi) has been multiplied out and simplified. Since the 
coefficients of P(x) are real, Rfa, p) contains no odd powers of P 
and S{a, P) contains no even powers of p. Hence 

P(q: - pi) = Ria, p) - iS{oc, P). (6) 

If X = a + is a zero of P(x), then P(a -f- Pi) = 0. By (5), 
Ria, p) — Sia, P) = 0. By (6), P(a — Pi) = 0, so that a — Pi is 
a zero of P(x). 

Theorem 7.8. If P(x) is a polynomial of degree 7i > 0 with real 
coefficients, then P(x) can be written as the product of linear and 
quadratic factors, where each factor has real coefficients and where 
no quadratic factor is factorable into linear factors with real coeffi- 
cients, i.e., 

Pix) s a„ix — ri)ix — ro) • • • (x — rf)ix- + cix + df) 

(x- + C 2 X + da) * • • (x- + cjx + dj), (7) 

where k + 21 — n. 

To each real zero ri, • • • , r^ of P(x) corresponds a real factor 
(x - ri), • . . , (x - Tk) of P(x) in (4). If « + pi is a zero 
of P(x) nith P 9=^ 0, then by Theorem 7.7, « - pi is another 
zero of Pix), and the product 

[x - (a + j3i)][x — (a — Pi)] = x= — 2ax + a^ '+ p- 

has real coefficients. Thus all factors in (4) having complex 
r’s combine in pairs to give real quadratic factors of P(x), and 
P(x) reduces to the form (7) . 

We are now ready to take up the integration of rational 
fractions. A function of x is called a rational fraction if it is 
expressible as the ratio /(x)/g(x) of two polynomials /(x) and gix) 
with 5 f(x) 0. If the degree of fix) is less than the degree of 
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g(x), then the fraction f(T)fg(x} i= caUtd ■proper; oiherrrb-e tbo 
fraction is called improper. For exampie, 

3z- -i-7x -hi 
ox- — 9 


is a proper fraction, and 


x'-f X 
3x= - 1 


and 


x= 



1 


-a A 


arc improper fractions. If fix) and gix) Lave no common 
factor (other tlian a con.=tant}, then the fraction fix)/g{x) i= 
said to be in loved Urm^i. 

It is veil knov.-n tiiat b;.- the process of long division ever.- 
rational fraction F{x)/gix) can be expressc-d in the form 


Ffx) 

OiF'j 


rzPix) 



where P(z) i' a polvmoinbl and where fix)jgix) is proper, 
[P{x) rs 0 if F{x')!g(x) is already proper.] Hence, io ftaluaie 

dx when the integrand is a rational fraction, rr/iucc the 

integrand to Uiwv-.l terms, arvi if the integrand is improper, expresjs 
the integral in llw form 


where Ptxj is a polynomial and where f(x)/g(z) is proper. 

We .-liall no-.v .show how the third integral in iSj may be 
evaluaU'd by breaking up the fraction fix^lgix) into a .•^zm of 
simpler fraetion.s called partial fractions. 

Theokem 7.9. Let fix)lg{x) he a proper fraction. If gtx) 
contains the factor z — r exactly m limes, to that 


g(x) sx tx — r)’-Q(x). 

where m ^ 1 and Qir) jA 0, them fiz)lg(T) may he represented 
in the form 

/fa) _ A j. Adx) 
gix) (x - r)- ■ (x - rr-^Qtx)’ 


where A is a constant, h{x) is a polynomial, and the last fraction 
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Moreover. A and h{x) can he determined in 


( 10 ) 


in (9) is proper, 
exactly one way. 

Consider the identity 

/(.-c) ^ A , Six) - AQ{x) ^ 
g{x) (a: — r)™ (x — r)”'Q{x) 

where A is a constant to be determined. By Theorem 7.1 and 
its converse, the numerator /(x) — AQ(.x) has (x — r) as a factor 
if and only if fir) - AQir) = 0. Since Qir) 0, the preceding 
relation holds when and only when we take A = fir) /Qir). 
Hence, when A is determined in this way, but in no other way, 
the factor (x — r) may be dimded out of the last fraction in (10) 
and (9) results. [Note that if fix) also has the factor x — r, 
then fir) — 0 and A = 0. Thus the operation (9) merely 
removes the common factor x — r from fix) and < 7 (x).] 

It follows that if the operation (9) is performed on the fraction 
hix) 


(x — r)”“^Q(x)’ 


the result is that 


hix) 


_B ^ kjx) 

- r)"’~^ (x — r)”'~^Rix) 


(x — r)”*~iQ(x) (x 

Hence, if the operation (9) is repeatedly performed, we find 
that 


/(^) _ All A 12 _L . . . _L -^1)”* 

fif(x) (x — ri)”i (x — ri)”‘“^ X — ?’i 


+ 


A 21 


(x - 7 - 2 )' 


+ 


A 2 , T7I 


+ 


A,. 


kl 


(x - rfc)*"* 


+ . . . +^+m ( 11 ) 

X - rh giix) 


where gi(x) contains no real linear factor. Since the successive 
coefficients A,-,- are uniquely determined, /(x)/(/(x) has only 
one expression of this sort. Moreover, the order in which 
^i, r 2 , • • • , Vk are chosen is immaterial. For example, suppose 
r 2 had been taken first. If we add all the fractions in the right 
member of (11) except A 2 i/(x - rf)”"-, we find that 


M s A21 hix) 

gix) ix - rf)'^^ (x - r 2 )”‘»-'Qi(x)' 

Since this result is of the form (9), A 21 must be the number given 
by (9). 
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Example 1. Resolve 
By (10), 


into partial fractions. 


(X - 2)Hx + 3) 

X A . I — (i -J- 3) 


+ ■ 


(x - 2)=(i +3) (x - 2)-- (i - 2)»(x + 3) 


where /(x) ■= i 


f(2) 2 

and 0(x) =1+3. But .-I = Tr^rr = -■ Hence 

yes) o 




Ut - 2) 


(X - 2)=(x +3) (X - 2y- (x - 2)-(x + 3) 
2 ^3 1 


5(i - 2)* 5 (x - 2)(x + 3) 

Another application of this procedure shows that 
1 


(I - 2)(x + 3) 


lY 

l\x -2 T + 3/ 


Hence 


^ ^ 2 __3 3_ 

(i - 2)’(x + 3) r.(i - 2)5 25(x - 2) 25tx + 3)’ 

Theorem 7.10. Let f{x)/r,{x) be a -proper fraetwn. If g(x) 
contains the factor x- + ex + cl exactly m times, so that 

g{x) s (x= + cx + rf)”0(x), 

where x- + cx + rf docs not have equal zeros, m S 1, and Q{r) 0 
when r is cither zero of x- + ex + d, then f{x)/g{x) may be repre- 
sented in the form 

/W _ Ax + B /Kx) 

g(x) (x= + cx + d)” (x= + cx + d)'-'-'Q(x)’ ^ ' 

where A and B arc constants, and the last fraction in (12) is proper. 
Moreover, A, B, and h(x) can be determined in exactly one way. 
Consider the identity 

M ^ Ax + B fix) - {Ax + B) Q(x) 

{t(x) (x- + cx + d)" (x= + cx + d)” Q(x) ’ ^ ' 

where A and B are constants to be determined. Let ri and • 
be the distinct zeros of x- + cx + d. By Theorem 7.1, the 
numerator /(x) — {Ax + B) Q{x) has x= + cx + d as a factor 
if and only if 
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fin) - iAn + B) Qin) = 0, 
fin) — iAn + B) Qin) = 0. 

The only solution of these equations is 

_ fjri) Qjr^) - fin) Qin) ^ ^ nQin)fir 2 ) - nQin)fin) 
in " rf) Qin) Qiri) ’ in - n) Qin) Qin) 

s where the denominators of A and B are 0 because Q(ri) 0, 
Qirf) 5 =^ 0, and ?-i ra. Hence, when A and B are determined 
in this way, the factor x- + cx + d may be divided out of the 
last fraction in (13) and (12) results. 

It should be noted that a:- + caj + d has distinct zeros when it 
is one of the factors in (7), for 

+ cx + d s [.-c — (ad- /3t)][.x — (a — /?f)] 
with ^ F^ 0. Moreover, A and B are real, for let 

/(ri) = Riia, /3) + iSiia, 0), Qin) = R 2 ia, p) + iS^ia, P), 
where ri = a + pi. Then 


fin) = fiot - pi) = Riia, P) — iSiia, P) 
and Qin) = R2iot, P) — iS2ia, p). Since 


('•i n)A 


n-oA _ B,\ d- iS\ _ R\ — iS\ _ 2^'(fl2<Sl 
^ R2 d- iS 2 R2 - iSi RI d- SI 


R1S2) 


Since i divides out, and Ri, Si, R2, S2, and P are real with P ^ 0 , 
A is real. It ma 3 ’- be shown in a similar manner that B is real. 

By Theorem 7.8, giix) in (11) may be broken up into quadratic 
factors as in (7). Hence the operation (12) may be repeatedly 
applied to /i(x)/f 7 i(x) in (11) with the result that 


fi^) _ .dll _j A 12 [_ . . . I 

gix) ~ (x — ri)’"i (x — ri)”*!'^ x — ri 

4- ... 4. 4. . . . j_ 4. .Siix d- Cii 

(x - ri)”'i ^ ^ X - r* (x2 d- cix -f di)”. 

4 _ B12X + C12 I ... I + Ci.», 

(x^ d- CiX -f di)" X- d" Cix d- di 

Biix d~ Cji ■ ■ Bi,n,x d~ Ci.Tti 

(x^ d- Cix -f di)"j x^ d- Cix d- di 


d" • ■ ' d~ 


(14) 
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This representation o(f(z)/g(x) is cvidentlj' the only possible one. 

The coefficients An, Bn, and C,-/ in (14) may be determined 
in three ways: (1) By the method indicated in the proofs of 
Theorems 7.9 and 7.10. (2) Bj' clearing (14) of fractions, equat- 

ing the coefficients of like powers of x (bj'- virtue of Theorem 7.6), 
and solving the resulting equations. (3) By clearing (14) of 
fractions, substituting for x as man}’- different values as there are 
unknown coefficients, and sohnng the resulting equations. 

be found as the sum of the integrals of the separate fractions 
in the right member of (14). All of these integrals may be 
evaluated by the metliods discussed in the preceding sections 
together with the formulas 


.:\fter the coefficients in (14) are determined, J dx may 


/ 

/ 


1 


(jax- A- bx + c)"+‘ 


dx 


2ax -(- b 


ti(4ac — b")(ax- + 6x4- c)" 
2(2n - l)n r 1 


+ 


- 1)« r 

- b=)J ( 


(ax’ + 6x + c)""*"’ 


dx = 


n(4ac — b-)J (ax + bx 
-(2c + 6x) 


c)" 


dx. 


n(4ac — 6’) (ax’ + 6x 
6(2n - 1) f 

- h=)J ( 


c)" 

1 


dx. 


n(4ac — b-)J (ax’ + 6x + c)" 

Examination of the results of these integrations leads us to 
Theorem 7.11. Every rational fraction f(x)/g(x) leith real 
coefficients may be integrated and the integral consists of the sum 
of only rational fractions, logarithms of rational fractions, and 
inverse tangents of rational fractions. 


Example 2. Find 




2x 


■ dx. 


Since x’ — 2r = x(x — 2), ire may write 


B 


2x 


A 

— .J • 

X ' X —2 


Clearing of fractions, we find that 

2 = A(x - 2) + Bx. 


(15) 


To determine A and B by equating coefficients, we first collect like powers 
of X, obtaining 


2 ^ (A +B)x - 2A, 
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and then we set 

A + 5 = 0, -2A = 2. 

It follows that 1 = -1, B = 1. Or we may determine A and B by sub- 
stituting two different values of s in (15), the values 2 and 0 being the most 
convenient since they make one or the other of the coefficients of A and B 
equal to 0. We find that 

2 = 2B, 2 = -2A, 

and as before, A = —1, B = 1. Hence 

f d® = r — - dx + r dx 

J -2x J X J X ~2 

= - log a: -f log (x ~ 2) + log C = log 

J 2x- + Sx - 4 
x^(.x - 


C(x - 2) 


Example 3. Find 
We may write 


2 ) 


dx. 


Hence 


and 


2x"- -f 8a; - 4 ^AB C 
x-{x — 2) X X ~ 2 


2i= -f 8® - 4 s A(x - 2) Bxix - 2) + Cx'^ 
s (B + C)x"- + (A - 2B)x - 2A, 


(16) 


B + C = 2, A - 2B = 8, -2A = -4, 

so that A = 2, B = —3, C — 5. Thus 


J 


2 x"- -f- 8a: - 4 

x\x - 2) 


dx 




dx 


3 log a: -h 5 log (a: — 2) -t- (7 

X 

h log 1- C. 

X x' 


We might have determined A, B, and C in (16) by setting x equal to 2, 0, 
and some other value, say 1. 


Example 4. Find 
We may write 


/ 


X* - 2x» + - 2z + 1 

xix^ + ly 


dx. 


X* - 2x^ + - 2x + 1 _ A Bx + C Dx + E 

x(x^ -i- 1)^ " X (x2 4- 1)2 x2 + 1 ■ 
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Hence 

i< - 2x5 + 3** - 2i + 1 nr ..l(x’ + 1)’ + x(Bx +C) + x{x' + +.^). 


We leave it to the student to show that A = B = 1,C = D— 0. E - —2. 
It follows that 




- 21^ + 3i’ - 2i + 


r(x= + 1)' 




dx 


= log X - 


2(x* + 1) 


- 2 Tan-' x + C. 


EXERCISES IV 


Evaluate: 
dx 


x^ +S 

( 2x' 4- X + 3) 
(i= + 1)' 
r* + 1 


x(x — 1)’ 


' ■ J e' 4- r 
=■/ 

■■•J 

A 


dx. 


dx. 


dx. 


15 


2(x - 6) 

(x - p)‘ + q 
4 -8x-- 
{4x'- - 4x 4- 2)5 
i' 4- 3i 4- 3 


dx. 


m g 1. 


2x5 4- 5x5 - 3x 
dx 

o) 

(Ex + C) dx 
4- px 4" ?)” 


dx. 


2 . 

J a'- - 65x5 

J x' 4- "lx 

f 

J (X - 1)(X5 

" J(? 


2x 

D’ 

5x5 - 1 


dx. 


+ 3)(x^ -2x -^5) 
dx. 


dx. 


f 5»+3 

J x5 4- 1' - 2. 

12. f dx. 

J x' - 5x5 4- 4 
J(9x5-1G)5'^- 

,0. f -^ 

J I- 4- px 4 


dx, p’ — 4q < 0. 


m > 1, p5 — 4g < 0. 


8. Integration by Substitution. To integrate by substitution 
we change the variable of integration by means of formula (S) 
in Sec. 3 (see Example 4 following this formula). While there 
is no general rule for determining x = in (S), we list below 
a few substitutions which are effective in certain cases. 

Let R{a, )3) be a rational fraction in a and p (i.e., the ratio of 
two poljmomials in a and /3). Then, for e.xample. f?(cos- x, sin x) 



INTEGRAL CALCULUS 


191 


Sec. 8] 

denotes the result of substituting a = cos^x, ^ = sins in 
R{a, 0). In particular, if R{a, 0) = ~~20^’ 

> COS'* X — sin X 
R(cos- X, sin x) = 2 sin^ 

To integrate; 

1. J cos X R{cos- X, sin x) dx; let sin x = z, obtaining 

^ R{1 — Z-, z) dz. 

2. J' sin X jB(sin2 x, cos x) dx; let cos x — z, obtaining 


-J 


jR(l — z) dz. 


3. J ii:(sin X, cos x) dx; let tan g = 2 , obtaining 

Wrfi-TO) 


1+2** 


4. ^ i?(tan x) dx; let tan x = z, obtaining J' dz. 

5. J R{x, 's/^“ X**) dx; let x = a sin z, obtaining 


/ 


E(a sin z, o cos z) a cos z dz. 


5. J' i2(x, 


+ X-) dx; let X = a tan z, obtaining 


^ R{a tan z, a sec z) a sec^ z dz. 

7- J' a^) dx; let x = o sec z, obtaining 


J 


i?(a sec 2 , a tan z) a sec 2 tan 2 dz. 
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Thus the number F(t)]S is the same for every integral F{x) of 

m. 

Definition 10.1. If f{x) meets the conditions of Theorem 
2.1, then ice define the symbol by the relation 

/-/(x)]' = F(t)]' = Fib) - F{a), (2) 

where F(x) is any integral of fix). 

In view of the relation between the symbol /r/(x)]a and the 
definite integral oifix) defined in Sec. 13, page 207 it is customarj’ 
to use the notation /‘/(x) dx instead of /r/(x)]J. 

1*1^ c4 1 

Example. J z-di=— J Die preceding discussion 

is illustrated by the fact tlmt we may also write 



X- dx 



= 21 . 


If X = ^^in), where n = a when x = a and u = 0 when x = b, 
then it follows by (S) of Sec. 3 that 


j]V(x) dx = J'J [fix) Dux] du = Iflii^OlDui^iii)} du. (3) 


EXERCISES VI 


Evaluate: 


cos’ X dx. 
dx 


+ if 

X cos zx dx. 


7. ■fVliy arc the symbols J' ^ x~'^ dx and sec’ x dx meaningless? 


■x 

r- dx 

J -a «’ + i’' 


11. The Indefinite Integrals of a Function of Several Variables. 
The concept of an indefinite integral ma 3 ’ be extended to func- 
tions of several ‘variables. We sav* that a real single-valued 
function Fix, y) is an integral with respect to x of a function fix, y) 

— = /(x, y). An integral of fix, y) with respect to y 
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is defined in a similar^manner. We say tliat f{x, y) is integrahle 
with respect to x (or y) if S{x, y) has at least one integral with 
respect to x (or y). 

If /(x, y) — x/Vl — X- — y‘, this function being defined only 
when X- + y- < 1, i.e., only inside the circle x- + y- - 1, 
then an integral of f(x, y) ndth respect to x is the function 

F{x, y) = -Vl - X- - y- + cos y + 3 since = fix, y). 

Other integrals of fix, y) may be constructed by extending i^(x, y) 
in a nondifferentiable manner as in Sec. 2. However, we shall 
consider only those integrals of a function fix, y) which have the 
same domain of definition as /(a:, y). 

Definition 11.1. We denote an arbitrary integral of fix, y) 
with respect to x [having the satne domain of definition as fix, y)] 
by ffix, y) dx, and lue call f fix, y) dx the indefinite integral of 
fix, y) with respect to x. 

The indefinite integral of fix, y) with respect to y is similarly 
defined. 

Before we state the fundamental formula for representing 
indefinite integrals, we must introduce a concept which will be 
used again in Part B of this chapter. 



Fig. 50. 


An x-axial region B of the xy-plane is a portion of the a;y-plane 
such that, if Z is any line meeting R and parallel to the a;-axis, 
the part of Z in Z2 consists of a single interval, finite or infinite in 
length. The term y-axial is similarly defined. If R is both 
x-axial and y-axial, then R is called axial. Thus, in Fig. 56, 
A, B, C, and D are axial, but E and F are not axial, though E 
is x-axial and F is y-axial. 

Theorem 11.1. Let fix, y) be a function integrable luith respect 
to X whose domain of definition is an x-axial region D. If Fix, y) 
is any integral with respect to x of fix, y), then 
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//fr, y)'dx = F{x, y) + ‘piv), (1) 

where tpiy) is an arbitrary function of y defined over D, and where 
(1) is to he interpreted as asserting that any integral whatever of 
f(x, t/l with respect to x is representable as Fix, y) + ipiy) by a 
proper choice of <piy). 

It is seen that all the functions represented b}’ the formula 
Fix, y) + <piy) are integrals of fix, y), for = fix, y) and 

= 0 rvhatover <piy) mar be. To show that the formula 
dz 

Fix, y) + <piy) represents all integrals of /(x, y) [ha\'ing the same 
domain of definition as fix, y)], let (?(r, y) be anj^ integral of 
fix, y) and let i/ = i/o be the equation of any line I meeting D 
and parallel to the x-axis. Since D is x-a.xial, the part of I in 
D consists of a single inter\‘al 1. Since 

D.F(x, 7/o) rs D/^ix, yo) 

in I, it follows by Theorem 10.3 and Ex. XI, 5 of Chap. I that 
Oix, yc) = Fix, yo) -r C. Since this result holds for each h'ne 
y = Vof C has a definite value for each value ijo of y. Hence C is 
a function of y, say C = Hiy), and we may write 

G(x, j/o) = Fix, yo) + Ilivo). 

It follows that Gix, y) s Fix, y) + //(y), where Hiy) is a par- 
ticular instance of tpiy). Since Gix, y) is an arbitrary integral 
of fix, y), (1) holds. 

A similar theorem holds for / fix, y) dy. Thus, 



These integrals are computed by formula 1 of Table II while 
treating y or x a.s numerical constants. In general, / fix, y) dx 
and S fix, y) dy are evaluated bj' regarding x and y as independent; 
the methods of the preceding sections apply since the integrand 
is treated as a function of only one variable. 

The discussion in Sec. 2 regarding different representations 
of /=/(x) may be extended to the present situation. 
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The following example illustrates the fact that Theorem 11.1 
is false when the region D is not x-axial. ^ Let D be the non-a:- 
axial region consisting of the two squares shown in Fig. 57 and 
let /(a;, ?/) = 0 at every point in D. One integral of f{x, y) with 
respect to x is the function F(x, y) such that F{x, y) = 1 at every 
point in D, F{x, y) being defined nowhere else. Another integral 
is the function G{x, y) such that 


v _ / 3 at every point {x, y) in D for which a: < 0, 

’ 1 2 / every point {x, y) in D for which a; > 0. 

It is impossible to determine a function <p{y) such that, for the 
entire region D, G{x, y) = F{x, y) + <p{y). Hence it is not the 
case that J/(a:, y) dx = F{x, y) + <p{y). 

Properties I to V in Sec. 3 may be readily 
extended to functions of two variables. 

In contrast with the symbol //(x, y) dx, 
we introduce the symbol //(x, y) dx in 
Definition 11 . 2 . If y is a function of x, say 
y = q{x),ihen ffix,y) dxisdefinedby the relation Fig. 67. 


.n 


Jfix, y) dx = j'flx, g(x)] dx, 

provided this latter integral has meaning. 

Symbols like f f{x, y) dy, f f(x, y) du, and f fix, y, z) dx are 
similarly defined. In every case where an integral is written' 
with d, rather than with d, the integrand must be expressed as 
a function of only the variable of integration before the integral 
can be evaluated. Thus, if y = ■\/x + 1, then 


j xy” dx = jx{x + 1) dx = ^ + ^ + C. 


It is evident that ff(x, y) dx and }f{x, y) dy are entireb' different functions. 
For example, if y- = x, then /(x + y^) dx = x^ + C, whereas 

J* (a; + 2 /*) dy = ^ + C. 

Moreover, the functions + C and (2yV3) + C are not reducible to one 
another by means of the relation y- — x. However, we may change the 
variable of integration by means of 
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Theorem 11. 2. If x and y arc divcrcniialAc fnndions of each 
other, fay ~ — *^(y) and y — c^x). then 

ff{^- y) = f Lffe y) dx. (2) 

Wc leave tbc proof of tliis tbeoncm to tbe reader. 

K r(x. y) is an integral of f(x, y) vrith respect to x. then 
y) dr is the function o: y given br ‘.he formula 

y) oz = F(X, y]-- Hpwr y]- (3) 


Since S^p,f(z, y) or is a function of y. it may (tinder snitable 
conditions) be integrated trith respect to y: tre denote xMs 
integration bt* Pi flpflx, y) bxdy. TLis st-mbol is interpreted 
as tbotigb it Mere v.-ritten fl /fr, y^vx\dy. the mner 

integration and substitutions being penomte-d first. The 
saunboi f IK] fix. •/) ax dy is referred to variously as a repeated, 
ilcraU.d. or double inUyral. Thus. 

(g — y) dx dy — J — ry j dy 



Other integral', such a' Jl JSi fix, y; dy dx and 
r;’^) rvs.-.y . . . , 

I . , I , . J-~‘ y- -) oy dx. 
are computed in a similar m3nn'’'r. 




ESEPXISES 'vTI 

f 


J 5ia~' f= -z- 1‘x. 

2. Shorr last if f!z. ■/. is defeed ovc-r an r-:eda3 repoa and is sarii that 
lA.x, ~j) — 0. thea/is a fanctioa o: yaloae. (See Ex. X^TI. 33. o; Caap. I.) 

3. Find j f'.z. y) dx vlien fa) /{r, y) = xv and y = a-; QEjSix, y) = — - — 
and y — 2z- — 1. Find f/(r. y'j dy ~hxa /fru y) = xy and y = sin r. 
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4. Find f fix, y) dMtvhen (a)/(x, y) = x- - xy and a; = l/n, y = 2u + 1; 
(b) fix, y) = X- - xy and x = sin u, y = cos u; (c) f(x, tj) = x sin y and 
X = U-, y = 2 m . 

5. lifix, y) = 1/(1/ — 2 :)=, then the functions 


Fix, y) = — Gix, y) 
y ~ X 


are integrals of fix, y) with respect to x, but there exists no function (piy) 
such that Gix, y) Fix, y) + <?(!/). Explain. Find representations for 
ffix, y) ax and //(x, y) dy. 

6. Find ffix, y) dx and ffix, y) dy when 

(a) /(s> y) = !/(»' — y-)- (Consider the four parts into which the 
sy-plane is divided by the lines x = ±y.) 

di) /(®i y) — !/(*' + !/')• (For / fix, y) dx consider the cases y 0 and 

y = 0 ). 

(c) fi^, y) = a:/V X- - y- - 1. 

(d) fix, y) is the function discussed in connection with Fig. 57. 

(e) Show how / fix, y) dx may be represented by properly breaking up 
the domain of definition of fix, y) into x-axial regions. Show that Theorem 
11.1 is never valid when the region D is not x-axial. 

7. Define ffix, y, s) dx. Define an i-axial region in 3-dimensional 
space. State and prove Theorem 11.1 for a function fix, y, z). 

S. Prove Theorem 11.2 bj’' means of property IVb in See. 3. Verify 
this result when fix, y) = ye"^ and y = ‘\/x. 

9. (a) Under what conditions is it true that 

J fix, y) du = J [fix, y) Dxk] dx = Ifix, y) dy? (4) 


y — X 
1 

y - X 


-f 1 when X > y, 


-t- y when x < y, 


Verify this result when fix, y) = x- — xy and x = 1/u, y = 2u -h 1. 

(b) When is it tnie that ffix, y. z) dx = f [/(x, y, z) D-x] dzl Interpret 
and illustrate. 

10. (a) Define and illustrate integrals of more complicated types, such as 
ffix, V, 2 ) dx, where x and y are independent but z = vix, y). 


(b) 


Show that J fix, y, z)^ dy = J fix, y, z) dz, where in both 


integrals x is constant but where z = <9(x, y) in the first integral and 
y = ^ix, z) in the second. 

11. Show that the value of fpf^fix, y) dx is independent of the integral 
Fix, y) chosen in (3). State all the conditions that must be met by/(x, y), y, ' 
and the “limits of integration” p(y) and g(y) in order that this result may 
be valid. 
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12. Evaluate: 


(a) 1 \ 2y5y dx. 

Jo Jo 

r23 rn' 

(b) 1 3x dy. 

Jo Jo 

ri ri rv-z 

(cl I 1 1 X Ox 3x do. 

Jo J-.-- Jo 


Pt/ 2 pcoi P 

(e) 1 1 psin 0 vp dB. 

Jo Jo 

(f) f r f ydzSydx. 

Jo J -Vo^' Jo 

ri2 /'r/2 rcos « 

(g) j 1 1 p‘ sin 0 Bp BO dz 

Jo Jo Jo 


nr/2 ra 

fh) J j 1 r(r cos 0 -f r 

Jo Jo Jo 

sin S -f x) Ox Or dS. 


13. Suppose that /!/(r, p) D,!/] <ir = F(t) -f Ct v.-hen p — v(r). Then 

D,r{z) = /(t, y) Dry, where y = ^(t). (5) 

Again, suppose that / /(x, ;/) dy >= i'{y) + C; when x = OCi/), where B and v 
are both arbitrary and wholly independent of each other. It is c'ddcnt that, 
in general, /'(x) pf 't'Isrfx)] C, for <h varie.s with 6, wliilo F docs not. 
Point out the fallacy in the following argument : After completing the integra- 
tion to determine <?'(!/). let us sot y = y(i)- Then Dz>5'Ip(i)1 = Dt<fdy) Dry, 
where y is independent in jD}‘!>(t/), and where y = sr{x) in Dry. But 
Dfi’iy) = /(x. ;/) u-' in 15)). and in tliLs result we may (.a.® always) 

write y = cfx). Hence 

D.'J’lvfxj) = /(x, ;/) where p = v-(x). (C) 

By (5) and tO), f'^x) and 4>[s.-(i)) have the same x-derivative, and by Theorem 
10.3 of Chap. 1, F{x) s: -flv-tx)) -f C. 

12. Exact Differentials. AMiile //(x, ?/) rfx is mcaningle?.s 
unless 2 / is a function of x. saj' y = v^(x), yet it is sometimes 
possible to represent the quantit}' / /(x, y) dx + J g{x. y) dy bj' a 
formula even when (,r(x) is not explicitly given. We wi.sh to 
see when and how this may be done. 

It was .shovTi in Sec. IS of Chap. I that, if y is a differentiable 
function of x. saj' y = <?(x), (hen 

y) + /„(X, y) Dry. (1) 

Since the two members of (1) denote the same function of x, y 
being given as a function of x, it follows that* 

* Throughout this discussion wc assume that the conditions of Theorems 
2.1 and 11.1 are alwaj-s met. 
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= Jfx(x, ?/) dx + J" [/y(x, y) Dry] dx. (2) 

If the relation y ~ <fl(x) determines x as a function of y, say 
X = ^iy), then the last integral of (2) may be written as 

ffvix, y) dy 

by Aurtue of Theorem 11.2. Since dx = f(x, y) + C, 

it follows that (2) may be written in the form* 

y) dx + J/„(x, y) dy = /(x, y) + C, (3) 

where in both members of (3), y = <p{x) and x = '}'{y)- In no 
event are x and y to be thought of as independent in the right 
member of (3). 

Example 1. If fix, y) = xy, then fiix, y) = y, f^ix, y) = x, and (3) 
becomes 

^ y dx + ^ X dy = xy C. (4) 


To evaluate the left member of (4), x and y must be functions of each other. 
Suppose y = so that x = 's/y. Then the left member of (4) becomes 
(x’/3) + i2y^-/3) + C, If in this formula we substitute y = x^, the result 
is the same as that obtained by substituting y = in fix, y) = xy. If wo 
had taken y = log x, so that x = e'', then the left member of (4) becomes 
ix log X — x) + &> + C. Substitution ol y = log x in this result and in 
fix, y) = xy leads to the same function of x. Thus, no matter how y may 
be represented as a function of z in (3), direct evaluation of the two members 
of (3) always leads to equivalent results. 


As a consequence of (3) we have 

Theorem 12.1. The expression jM{x, y) dx + ^N{x, y) dy 
may he evaluated hy the fornnda 

fM(x, y) dx + JiV(x, y) dy = /(x, y) + C (5) 


if mid only if there exists a function f{x, y) such that 

y) = M{x, y), fy{x, y) = N{x, y). (6) 

* It must be remembered that / /i(x, y) dx fix, y) + C. However. 
ffxix, y) dx- fix. y) + X(y). 
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For example, 

J'(x’ + if) dx + J" {2xy + cos y) dy = ^ + xif + mn y + C, 
for + sin y + = X-’ + if, and 

+ sin y + = 2xy + cos y. 

It is customary to -n-rito /il/(x, y) dx + /iV(x, y) dy merely as 

/jl/(x, y) dx + N{x, y) dy, it being implied that x and y are 

always inverse functions of each other in the two parts of the 

integral. IVe say that Jl/(x, y) dx + K{x, y) dy is an exact 

, -f , I -f dM(x, y) c)A'(x, y) 

differential if and only if 

Tueohem 12 . 2 . A necessary and sufficient condition that there 
exist a function f(x, y) such that 

f M(x, y) dx -h y) dy = /(x, y) + C 

is that M{x, y) dx + Nfx, y) dy be exact. If M dx + N dy is 
exact, the function fix, y) is given by the formula 

fix, y) = f J^^ix, y) dx = mix, y) + <f>iy), 

where mix, y) is any integral of M u'ilh respect to x, and where 

.(») = 

— idm/dy) being independent of x. 

To prove the theorem we seek the conditions under which we 
may determine a function fix, y) such that (6) holds. We 
observe that every function /(x, y), .such that /.(x, y) = Mix, y), 
is represented by 

fix, y) = f ^'^dix, y) dx = mix, y) + ^5(y), (7) 

where m is any integral of M with respect to x, and where it 
remains merely to determine ipiy) so that 

fvix, y) = 4:1”' (ar, y) + >fiy)] = Nix, y). 


( 8 ) 
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d<p(y) _ 

dy~ dy 


We assume that j M{x, y) dx, ^N{x, y) dy, and 
d^n (x, y) 


exist, and that • 


dx dy 


■ exists and is continuous. 
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( 9 ) 

dM(x, y) 

dy 

It is apparent 


that ip{y) can be determined so that (9) liolds when and only 
when N — {dm/dy) is a function of y alone. But N — (dm/dy) 
is a function of y alone if and only if 

dNix, y) d-in(x, y) 


dx 


N(x, y) - 


dinjx, y) 

dy 


dx 


dx dy 


0 . ( 10 ) 


(Cf. Ex. VII, 2.) By Theorem 17.1 of Chap. I, 


dm{x, y) 


dx 


_ dM{x, y)^ Hence (10) holds when 
dy 


( 11 ) 


dhnjx, y) _ 
dx dy ~ dy\^ 
and only when 

dM{x, y) ^ dN{x, y) 
dy dx 

It follows from (9) that <p{y) is determined as stated in the 
theorem. 

Example 2. In the case of / + y-) dx + {2xy + cos y) dy, 
M„ = = 2y, and /(a;, y) = /(a;’ + y^) dx = (a:V4) + xy- + <p(.y), where 

Ay) = J' [(2xy + cos y) — 2xy] dy = j' cos dy = sin y + C. 


Hence 


J 


( 


[(»’ + y'O dx ^ {2xy + cos y) dy] = — + a-y= + sin y + C. 


Example 3. In the case of Jy dx + x"y- dy, 

y) = 1, N^{x, y) s 2xij\ 

My 5 ^ Vi, and Jy dx + x-y- dy cannot be evaluated by (3). 

Definition 12.1. Let (a, h) and (c, d) he two pairs of values of 
X and y with aAc and b A d. If y y(x) a,nd x = p(jj), q and p 
being mutual inverses, and if q is such that 

b = g(a), d = q{c), 


( 12 ) 
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Defino the symbol + <3 Jj/ + R dz, stating the analogue of 

( 12 ). 

State and prove an extension of Theorems 12.3 and 12.4. 

15. Evaluate /J;?;’ (i + 2iz + 2{/r) dx + (2y + 2xz) dy + (i* + 2xy) dz. 
10. Evaluate 

/lioio (^ + 1/ + dx + (a: + 1 / + r)*' dy + (x + 1/ + z)^‘‘ dz. 

17. Evaluate 

/(sin (x + z) + {x + y) cos (x + c)] dx + sin (x + z) dy 

+ (x + !/) cos (i + z) dz. 


v°A+c •* ?<■ Os a 10 


v^yt-c 


,07 *09 


fO] 


^3 


G 8 10 

Fio. 5S. 


PART B. DEFINITE INTEGRALS 

13. Construction and Evaluation of Definite Integrals. To 
construct the definite integral of a function f{x) over an interval 
a g a- ^ 6 tve must first define the limit of a sequence of numbers. 
Letoi, flj, • - • , a„, • • • be a infinite sequence of real numbers. 

We saj' that this sequence has the 
limit A if the successive terms of 
— the sequence become and remain 
~ arbitrarily close to /I. It may be 
shown (cf. property G of Sec. 3, 
— !- Chap. I) that this definition may 
be expressed in the following form: 
Definition 13.1. Let a\, a^, 
• • ■ , (In, ■ ■ • be a sequence of arbitrary real rnimbcrs. If, for 
every positive number t, however small, there exists a positive integer 
no such that 

la„ — /I] < € for all n > no, 
then the sequence Oi, O;, • • • is said to have the limit A. Tl'c 
denote A by lim o„. 

n—* at 

This definition may be interpreted geomefricallj' as indicated 
in Fig. 58. The similarity of this definition with Definition 3.1b 
of Chap. I should be noted. Sec Chap. IV for a detailed discus- 
sion of the properties of sequences. 

Examples. According to Definition 13.1, wc see that: 

1. The sequence 31, 31, 31, 31, • • • , 3 + (1/ti), • • • has the limit 3. 

2. The sequence 2.1, 2.9, 2.01, 2.99, 2.001, 2.999, • ■ • has no limit. 

3. If a is anj' constant angle, then the sequence 1, cos a, 1, cos 1, 


cos -, 1, cos J, 


has the limit 1. 
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4. The sequence 2'>-, 2^ 2^, 2^^ • • • has the limit 1. 

5. The sequence 2», 5, 2^^, 5, 2^, 2>^ 2^, 2l^ 5, 2>«, • • • has 

no limit. 

We may now define a definite integral. 

Definition 13.2. Let f(x) be a real single-valued junction 
dejined over the interval a ^ x ^ h. Perform the following 
operations: 

I. Subdivide the interval from x = a to x = b into an arbitrary 
finite number Ui of nonoverlapping* subiniervals h, !«, • • • , 

of lengths AiX, A 2 a:, ' ' • , An, a; which need not be equal. 

II. In each interval /,• choose an arbitrary number re,-; thus, xi 
is a number in 1\, Xi is a number in /», etc. 

III. Form the sum 

n\ 

Si = '^fixi) AiX 

t = i 

= f(xi) Alt + /(xo) A.^: 4- * • • + f{x„) An X. (1) 

IV. By repeated applications of steps I to III, construct an 
infinite sequence 

ni n* 

A.x, Sz = ^f{Xi) AiX, • • • , 

•=i i=i 

Tlfc 

Sk = '^f{xi) AiX, • ■ • (2) 

t = i 

in any manner such that 

lim 5* = 0, (3) 

CO 

where 5^ is the length of the longest interval in the sum Sk. 

7/ lim Sk exists and has the same value for every possible construe- 

Hon of the sequence (2) meeting condition (3), then this limit is 
denoted by Slf{x) dx, i.e., 

SVW dx = lim Sk. (4) 

We call SJ/(x) dx the definite integral (or Riemann sum) of f(x) 

* It is permissible for two adjoining subintervals to have a common end 
point. An interval /.■ may include both, either, or neither of its end points. 
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m'ih respect to x from x = a to x = b, and we call a and b the limits 
of integration. We say ihatf(x) is summablc from x = aiox ~ b 
if Slf(x) dx exists. 

In step IV it is to be understood that the numbers x,- and A,x 
in any one sum of (2) have no relation to tlie numbers Xf and 
A.x in any other sum of (2); in other words, the sums of (2) are 
constructed independenth’ except for condition (3) on Sl. 

In Part C of this chapter we determine the class of functions 
fix) for which S^f(x)dx exists; ve mention in passing that 




Slf(x)dx exists when fix) is continuous over the inten-al 
a ^ X ^ b, and also in certain otlicr cases. 

Perhaps the simplest interpretation of (1) is obtained nith 
the aid of the graph oi fix). Suppose that the graph of/(x) is a 
continuous cun'c and that the region ABQP bounded by the 
graph of fix), the ordinates at x = a and x — b, and the x-axLs, 
has a finite area K. It is c\'ident that fix,) A,x represents the 
area of a rectangle of height fix,) and base A,x, and that the .cum 
(1) represents an appro.ximation to the area K of ABQP. 

We shall now show that 


§ fix) dx = area K of ABQP. (5) 

Construct the sums 

ni ri 

‘Sl = ^.3:, .^1 = 

T-*I 1=1 

as in Definition 13.2. where in Si each x, is chosen so that/(x,) 
is the maximum value of / in the inten-al AiX, and where in Si 
each x| is chosen so that /(xt) is the minimum value of f in the 
inten-al A,x. Then (see Fig. 60) 

Sl ^ area K of ABQP g S\. 
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Construct in this manner two sequences Si, S 2 , •• • and 
si, S 2 , • • • as instep IV of Definition 13.2. As mentioned above, 
SS/(a;) dx exists because f{x) is continuous. The existence of 
Slf{x) dx implies that lim s*, and lim Sk exist, and that 

lim s* = lim & = S fix) dx. (6) 

X'— CO X-— ► so ° 

On the other hand, Sh ^ area K of ABQP g Sk for each k, and 
lim St S area K of ABQP ^ lim Sk. (7) 

k —* « so 

Equation (5) follows at once from (6) and (7). 

In Sec. 14 we shall give several examples to show how (1) and 
(4) arise in connection with the computation of various physical 
and geometrical quantities. 

Example 1. Find an approximate value of Sj dx. 

Divide the interval from a = 1 to a; = 2 into 10 parts of length 0.1, and 
let xi = 1.0, Xi = 1.1, *3 = 1.2, • • • , a:io = 1.9. Then 

10 

s = A.® = (l.O)KO.l) + (l.lV(O.l) + • • • + (1.9)»(0.1) = 2.185. 

t = l 

If instead we let = 1.1, Xi = 1.2, •••,* 10 = 2.0, then 
10 

S = XjM a.® = (l.l)KO.l) + (1.2)2(0.1) + ■ • • + (2.0)»(0.1) = 2.485. 
1 = 1 

We see from the graph of f(x} = x- and (o) that, because of the way the a;’s 
were chosen in s and S, 

2.185 g g 2.485. (8) 

Theoeem 13.1 iFundamental Theorein of Integral Calculus). 
Let fix) be a real single-valued function defined over the interval 
a ^ X ^b. If* SI fix) dx and f^fix) dx exist, then 

Slfi^) dx = £' fix) dx. ( 9 ) 

Subdivide the interval from x = a to a: = 6 into ni subintervals 
li, 1 2 , ' • • , In^ having a, xi, xo, • • • , b as successive 

endpoints. Let Fix) be an arbitrary integral of fix), so that 

* We mention in passing that this condition is always met \vhen f{x) is 
continuous over the interval o g x ^ 6. 
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DzF(,x) = /(t). Construct the sum (1) by choosing the numbers 
Xi in the follo^-ing way: By Theorem 10.1 of Chap. I, there exists 



that 

F(x^) - Fia) 


F(t,)(xi - a). 


and xi — a = Jui, 

f(xi) Aix = F(xi) — F(a). (10.1) 

With the aid of Theorem 10.1 we 
may determine in a similar manner 
value.s I;, xz, • ■ • ,x„^ within /;, h. 
- • * , such that 


fix,) A,x = Fix,) - Fix,), 

fixz) Azx = Fixz) — Fix,), • • • (lO.i) 

/(x„.) A„ X = Fib) - F(x„,_0. 

If we add all the equations (10.1) and (lO.i), we find that 


«1 

^/(x,) AiX = fin) Aix +/(X 5 ) A:x + • • • + fix^) A„x 

= Fib) - Fia). (11) 

Thus we have const meted the sum (1) in such a way that we have 
been able to evaluate it. If we constmet each sum in the 
sequence (2) in this same manner, alwa\-s detcmiining the points 
Xi bj" the theorem of the mean as indicated above, then a:cry 
sum St in (2) has the value F(6) — Fia) as in (11). Hence 

lim St = Fib) - Fia) = ^ fix) dx. (12) 

J:~* « Jo 

By hj'pothesis, S‘/(x) dx exists. By Definition 13.2, 

SI fix) dx = lira St, 

so that (9) follows from (12). 

It should be noted that the proof of this theorem is purely 
analytic and involves no reference to the graph of fix ) ; in par- 
ticular, no mention is made of the area of any figure. Hence 
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(9) holds no matter n’hat interpretation, physical or geometrical, 
is given to /(x) and S^/(x) dx. However, the various steps of 
the proof may be interpreted geometrically with the aid of Fig. 61 . 

It was pointed out in Sec. 6 of Chap. I that, if f(x) = DxF{x), 
then the slope of the tangent to the graph of F(x) atx = xo is repre- 
sented by the ordinate to the graph of f{x) atx — Xo. It now follows 
by (5) and (9) that the area under the graph of fix) from x — aio 
X — b and above the x-axis is represented by the difference beticecn 
the ordinates to the graph of F(x) atx — a and x = b. This latter 
result pro^ddes a method for constructing the graph of F(x) 
from the graph of fix): erect ordinates at various points between 
z = a and x = b, and estimate the areas ^i, As, • • • of the 




successive strips bounded by these ordinates and the graph of 
fix). Choose the initial ordinate MP at x = c arbitrarily, and 
plot points Pi, Ps, • • • as indicated in Fig. 63 to obtain the 
graph of Fix). 

Theorem 13.1 provides a method for evaluating S^/(x) dx 
in the event that Jlfix) dx exists. However, there e.xist func- 
tions /(x) such that SJ/(x) dx exists while fa fix) dx does not exist 
(see Ex. IX, 7) and in such cases fix) dx must be evaluated by 
special deidces (see Ex. IX, 8). Conversely, there exist functions 
fix) such that /^/(x) dx exists while S^/(x) dx does not exist 
(see Hobson, “Theory of Functions of a Real Variable,” 3d 
edition. Sec. 348). Moreover, the definition of Sa/(x) dx can 
be extended to point functions (see Sec. 15), whereas the defini- 
tion of fix) dx does not admit of such an extension. While 
it is common to denote S^/(.x) dx by f\fix) dx, it is seen that 
Sa/(x) dx and /*/(x) dx are essentially distinct in nature, and one 
should not try to merge them merely because they are sometimes 
equal in value. 
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Example 2. Find the area A bounded bj' the curves V = 10 + 3r — x® 
and y = X + 7. 

These curves intersect at points with abscissas x = — 1 and x = 3. By 
(5), (see Fig. 64) 

A = Y dx - SI, 

We niaj' simplify this computation by (15) of Ex. 3: 

A = SI, (J' -y)dx^ SI, (3 + 2x - X’) dx ■= Y. 


EXERCISES IX 

1. Ah in Example 1, find approximate values of; 

(3 


-1 


-dx. 


-nx 


(0 


s: 


sin X dx. 


(d) Sj° I (e) So*”'*'^^- 

Check your results by (9). Sketch the areas represented by these integrals. 



I 


1 


o c 
Fio. 65. 


2. In Definition 13.2 it was n.'^sumefi that a § b. If a > b, we may 
define Si fix) dx exactly ns in Definition 13.2 if we interpret all the A.x’s ns 
negative (inasmuch as i dccren.^es in going from a to 6). Show that 

SV(x)di = -Sfc/(=^)'*^. (13) 


3. Let /(x) and y(i) be intcgrablc and .summable. Show by (9) that 




S^/(x) dx + ^ 

tc etc 

5^/(x) dx = 0^/(x) dx. 

(14) 



So (((=') ± O^x)] dx 

= S -((^^ - S'" 

►—'a 

(15) 



S^ Wx) dx = fcS /(x) dx, ■u’hcrc h is a constant. 

(16) 

[Sec Sec. 27 below for the case ■where /(x) and y(i) arc not integrablc.) 



4. 

Find the areas bounded by 

the cun’cs: 


(a) 

Y 

= I® and y — 2 — X. 

(b) F = x* and y = x®. 


(0 

Y 

= x’ and y = X. 

(d) y = I® and y = 2i — i®. 


(e) 

xy 

= 3 and i + 2y = 5. 
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(f) 2i= — SI/ 4- 6 =0 and = 15® +79. 

(g) y = Sin-1®, y = _/ 2 , and® =0. (h) i/' - 2i/ + ® = 0 and x 3. 

{Take y as the independent variable in parts (g) and (h).] 

5. Show that the area of the ellipse {x'f a-) + (y'/i') = 1 is ^rab. ^ . 

6. Find bj' a definite integral the area of a segment of a circle of radius o 
and altitude h. Check your result by the methods of elementary geometry. 

7. Show that the function 

i i a g ® < c and when c < ® g h, 

fw ~ 0 when ® = c 

has no integral, and hence that Jtf(x) dx does not exist. Show that 
Sa/(s) dx exists and equals b — a. (See Fig. 65.) 

8. It will be shown in Part C of this chapter that* 

3 /(®) d® = 3 g{x) dx (17) 

if / and g differ in value at only a finite number of points, or if p is defined 
at only a finite number of points where / is undefined. It follows that, if 
we can construct a summable function g differing from f in the manner 
indicated and such that /J g(x) dx exists, then we can evaluate S^/(®) d®by 
(17) and (9). Thus, if in Ex. 7 we let g(x) = 1 for all x in the interval 
o g ® g 6, then 

So f(^) dx = SS g(x) dx = fl 1 dx = b — a. 


When possible, construct a suitable function g(x) and evaluate: 

(a) ^ ® log ® d®. S * 

=-/2 


, , C;"' ■ 1 — cos X 

(c) — 7 -^ dx. (d) 

sin’® 


0 a/i — ® ‘'= 
Q le-^'-’d®, 

— 1 a;* 


dx. 


9. Show that Sj/(x) dx does not exist when 



1 when ® is rational, 

0 when ® is irrational. ' 


10. If /(®) = — log X, show that Sj/(®) dx does not exist. 

Suggestion. Let Ni, IV j, • • • be a sequence of positive numbers such 
that lim A’’*, — ^ + ». Remembering that lim (— log ®) — ♦ + oo and that 

k-* w I— »o 

— log ® ^ 0 when 0 < ® g 1, show that Sk in (2) can be made>iVi: by 
properly choosing ®i. Since lim iVt -* + w , lim & -^ + « and SJ/(®) d® 

eo 

does not exist. However, it will be seen later that the region bounded bj- 
y — — log ®, ® = 0, ® = 1, and y = Q has the finite area 1. This result 
indicates that Definition 13.2 is inadequate when /(®) becomes infinite. 
(We shall discuss this difficulty in Part D of the present chapter.) 

* Definition 13.2 may be extended to the case where /(®) is undefined at a 
finite number of points in the interval a g ® g 6 if it is stipulated that the 
points ®i in (1) and (2) must be taken where /(®) is defined. 
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11. Wc say that/(i) is unbounded in the intcnal a g z g b if there are 
points in this interval at vvhich |/(a:)| > H, however largo N may be Show 
that So /(i) dx as given by Definition 13 2 nev er exists w hcn/(i) is unbounded 
and cverj where positive (or negative). 

Show that, if /(x) is tv erv where positive (or negative), then SJ/(x) dx, 
SL,o/(i) dx, and SiJ/(x) dx never exist m the sen'C of Definition 13 2 
However, integrals of these tjpes arc verj eominon and useful when defined 
ns in See 31 below 

12 Lct/(x) bo given bj- the following graphs In each case, construct 
the graph of the integral /’(x) of /(x) passing through (0, 1) Estimate 
areas by means of small squares 


'95Q9 

\&Sm 



m 


Sl^ 

BTWWig 


s 


MUBhtssnRis 
B89US5&&88JI8I I 




B 




m 


ppHj63B3SI 



1 



SBSi 








a 






IgttiggBgiggg! 

33 



1 






Birili'li 

1^ 

SKI^l 

B 


SKS 






11^ 


3 









(a) (i) (c) (d) (e) 


13 Using Theorem 10 1 of Chap I in the manner indicated in the proof 
of Theorem 13 I, but applied to the entire interval from x = o to x = h, 
prove 

TiiEoniDf 13.2 {Theorem of (he Mean for Integrals) If fix) 
■IS continuous over the interval a g i g li, then there exists a value 
^ of X, a < ^ < b, such (hat 

(b - a)fi^) = 


Illustrate the meaning of this theorem with the aid of a sketch and (5) 

14. Elementary Applications of Definite Integrals. In this 
section v\e give a number of examples 
to show how definite integrals ma}' be 
used to cv-aluate various phj'sical and 
geometrical quantities 



Example 1. Eiiul the area bounded bj 
the continuous cun c r = /(O) and the radius 
vectors at P = a and 0 = 

Subdivide the angle 0 — a into smaller 
angles* AB In each angle AO take values 
B, and o[ so that r, = ){0,) and r[ =1(0',) 
are the maximum and minimum v'aiues of r = f{0) in the itli angle AB 
Draw arcs of circles w itli center 0 and radii r, and r. Then 

* In this example w e take the increments A,B as equal merely for the sake 
of simplicity 
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Area sector OPiQi = Afl = i[/(0i)]® A0, 

Area sector OP'iQ'i = |[/(0,')]^ A0. 

n ^ 

Construct the sums and s„ = A0. Since 

i=l . 

((e) is continuous, l|/(0)]- is continuous, Sa5]/(0)]“ d0 exists, lim Sn and Jim s„ 

J ^ eo n— ^ oc 

exist, and 

lim s„ = lim Sn = 

X Ct 

n--4 « «— ♦ a® 

On the other hand, Sn ^ area sector OAB ^ Sn for each n, and 

lim. s„ g area sector OAB g lim Sn. (2) 

Tl — > cc 71 — * ao 

It foUows by (1) and (2) that 

Area sector OAB = sI/C®)]® <1®- (3) 

To illustrate ; The circle t - 2a cos 0 is traced out when 0 varies from 0 to ir. 
Hence the area of this circle is So 1(20 cos 0)^ d0 = ita". 



Fig. 67. Fia. 68. 


Example 2. A solid S is such that the area of the cross section of it cut 
by any plane a; = a:o is Afso). Find the volume of that part of S between 
the planes x = a and x = h. 

Subdmde the solid S into laminas Lj, • • • , Ln of thickness Ax by planes 
perpendicular to the a:-a.xis. In each interval Az choose x,- and x,' so that 
A(xt) and A(x|) are the maximum and minimum values of A(x) in the fth 
lamina. Suppose S is such that we can construct cylinders (7< and c; of 
height Ax, having for cross sections the sections of S cut by the planes x = x,- 
and X = x'„ and such that L,- contains c,- and is contained in C,-. ' (See 
Figs. 67 and 68. The elements of these cylinders need not be parallel to 
the x-axis.) It follows thet 

Volume g volume Li g volume C,-. (4) 

But if we cannot construct C,- and c, in this manner (see Fig. 69), then (4) 
may not hold and we must compute the volume of S by some other method 
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(see Sec. 17). By Ex. X, 26, below, the volume of any cylinder is the 
product of its base and altitude. Hence (4) may be written ns 

A{x\) iax g volume g A(xi) Ax. (5) 

IVe leave it to the student to show that the volume F of S is 

[Cf. Example 1 and the proof of (5) in Sec. 13.1 

For instance: A solid is such that any section of it perpendicular to the 
I’-axis is a riglit triangle A DC, where A is on the curve i/ = ar* in the zy-planc, 
B is on the line r = i + 1 in the za-plane, and C is on the i-axis. To find 




the volume V of this solid between the planes i = 0 and r = 2, we observe 
that A{x) — + 1). Hence 

= So + 1) = V. 

It is sometimes neccssarj' to find A(x) by integration. Thus, to find the 
volume V of the solid bounded by the surfaces : = cos xy, r = 0, y = 0, 
X = 1, and 1 — 2, wc first compute the area Aixn) of the section cut by the 
plane x = Xo: 

S V# Cr/Zzi 

^ COS {Xofj) dy = cos (x^y) dy, 


where wo express the upper limit of summation yo in terras of Xo in order 
that A may be a function of xo alone. To obtain the formula yo = s-/2xo 
we obsen'o that the point (xo, yo, 0) lies on the surface i = cos xy. Hence 
0 = cos (loVo), xoyo = S-/2, and y, - -r/Zxo. It follows that 


and 


= 51'^ cos xy dy 

V = A(x} dx - cos xy dy dx = log 2. 


If the solid 5 is a volume of revolution, then cylindrical coordinates are 
sometimes useful. Suppose S is bounded by the surfaces z = /(r), x = 0, 
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r = a, and r —b, and suppose /(r) is continuous and nondecreasing from 
r = a to r = 6. Subdivide S' into cylindrical shells Li, • ■ ■ , in, of thick- 
ness Ar, In each interval Ar choose r,- and r'- so that /(r,-) and /(r^) are 
the maximum and minimum values of f(r) in the fth shell, and construct 
cylinders Ci and c,- of heights/(r,) and/(ri) as indicated in Fig. 71. Because 
/(r) is non-decreasing, we may take r,- and r'f as the outer and inner radii of 
the ith shell. It is seen that 

2iTr'j(r;) Ar < volume c,- g volume Li g volume Ci < 2imf{ri)Ar. 

We leave it to the student to show that the volume V of S is 

V = S'* 2’rr/(r) dr. (7) 

The case where /(r) is nonincreasing between r = a and r = h is dealt 
with by considering the volume V' of the solid above z = f(r) and below 
some plane 2 = c. The above argument shows that V' = 2irr [c — /(r)] dr, 
and (7) follows at once from (15) of Sec. 13. It is seen by (14) of Sec. 13 




that (7) can be used for any function /(r) with a finite number of maxima 
and minima between r = a and r = b. 

Thus, the volume V bounded by 2 = r^, 2 = 0, r = 1, and r = 3 is 

F = 2jrr(r=’) dr = 407r. 

If the solid 5 is bounded above by z = /(r) and below by 2 = g(r) then 
by (15) of Sec. 13, 

^ h(r) dr, ' (7') 

where h{r) = f(r) — g{r). 

Example 3. Find the length of the curve y = j{x) from a; = a to a: = 5 
when/'(x) exists and is continuous. 

If C is any continuous arc from P to Q, then the length of C is defined as 
follows; Let Pi, Pi, • • • ,P„,P he any set 0/ n -f- 1 successive points on C 
^i^Pi = P and Pn +i = Q, and let 5„ denote the largest of all the chord lengths 
P 1 P 1 , • • • , P„P„4.i. If 
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lim y P,P.+, = lim (P,P, + P-.Ps + • • - + P„P„..i) (8) 

J.-o 

alrrays exists and has the same value for all choices of the points Pi, then the 
common value of this limit is called the length of C. 

To evaluate the limit (8) when C has the equation y = f{x), we may write 


P.P.-+. = V(A.i)» + (A.y)- = A.i, (9) 

whore the notation is indicated in Fig. 72. 33 - h3'pothesis, f'{x) exists, 

and b 3 ’ Theorem 10.1 of Chap. 1, there exists a point Xi such that 



By (9), 

PiPii-i = Vl + lf'(Ti)P AiX. (10) 

B 3 ' lypothesis, f'(x) is continuous. Hence \/ 1 + LTW!’ is continuous, 
Bo's/ 1 + exists, the limit (8) exists b\' virtue of (10) and Defini- 

tion 13.2. the curve C has a lenjtjih 1. .and 

I = \/l -f If (I)P dx. (11) 

To illustrate; If C is the segment of the line 
y = 2x fro m a- = 0 to i = 3, then the length of C 
is I — SI ■%/ 1 -!- 4 dx = 3\/i- This result checks 
with that obtained ba’ elcmentarx’ methods. 

Example 4. Let C be a curve in space, let s 
denote arc length along C, let .4 and R be two 
points on C, and suppose that s = o at A and s = 6 at P. A point particle 
P moves along C and is acted on ba- a force such tlaat the magnitude of its 
component in the direction of C at any position of P is P(s). Find the 
work done on P b 5 ' the force when P moves from A to E. 

Di\’ide the arc from A to P into .subintcrvals of length , 1 s. In each inter- 
val As choose s, and s' so that P(s,) and F (s.') are the maximum and minimum 
values of P(s) in the rth inten-al As. If IF, is the actual work done by the 
force acting on P in the tth interval, then 

P(S() As g llh S P(s,) .is. 

We leave it to the student to show that, if F is continuous, then the work 
done b>' the force on P in going from A to P is 

IF = S^P(s)<is. (12) 

Thus, suppose an electric charge is carried along an arbitrary path y = /(i) 
from the point (a, 6) to the point (c, d), and suppose an electric field exerts a 
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constant force 'St on the charge in the direction of the positive end of the 
a;-axis. Let s be measured along the path from (o, b). The component of 4> 
tangent to the path is F = $ cos a, where a = tan"’ (dy/dx). Hence the 
work done is (see (8) of Chapter I, Sec. 7) 


IF = 


cos a ds 


C‘ ( r 

I $1 cos a — I as = I 
J a \ dx/ J a 


4> ds = (c — a)<I>. 


It is seen that the work is independent of the path chosen from (a, b) to 
(c, d). 

Example 6. Let B be a region on a plane vertical face of a vessel con- 
taining water. Find the total force of the water on R, the height of the water 
surface being given. 

Subdivide R into strips Si, Sj, • • • , of width Ab by horizontal lines 
at depths bo, bi, • ■ • , bn below the water surface. Let the width across 


Water smrface 



R at depth b be ((b). Suppose R is such that ((b) increases with h, and also 
such that, when we constnict the rectangles r,- and Ri of height Ah with bases 
((b,_i) and ((b,), respectively, Si contains r,- and is contained in R{ [see Fig. 
74 (a)]. Since the unit pressure at depth k is toh, where w is the density of 
water, 

(wht-i) ((bi_i) Ah g Pi g (wb,-) ((b() Ah, 

where Pi is the total force on Si. As in the preceding examples, it is seen 
that, if ((b) is continuous, the total force on R is 

P = wb ((b) dh, (13) 

where a and b are the least and greatest depths of R. If 1(h) decreases as b 
increases [see Fig. 74 (c)], or if it is not the case that Si contains r,- and is 
contained in Ri [see Fig. 74 (b)], then (13) may be obtained by considering 
the total force on a rectangle containing R [cf. the discussion of volumes of 
revolution following (7)], or by breaking up R into smaller regions by vertical 
lines. 

As an illustration of (13), the total force on a gate valve 4 ft. in diameter 
whose center is 50 ft. below the surface of a reservoir is 


^ " S 48 ’'’b2\/4 - (50 - b)= dh = 2wJ’^^(50 - i/)V4 - 7 / dy = 20(hrw. 
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EXERCISES X 

1. Find the areas bounded by the following cun-es: 

(a) r = 2a sin 0. (b) r = 3 — 2 cos 0. (c) r = a sin 28. 

(d) r = a cos 30. (c) r’ = 2a- cos 20. (f) r = n sin* (0/2). 

(g) r = see 0 -r tan 0 from 0 = 0 to 0 = t-/4. 

(h) r* = a'h'Ka- sin* 0 -f 6* cos- 0). 

(i) the area common to r = 3 cos 0 and r = 1 -f cos O. 

(j) the smaller part of the circle r = 1 cut off by r = 0. 

2. If I = v'(0i !/ — '1(0 nfc the parametric equations of a curve C, if 
X' = ^(ti) and zt = fit:), and if the equations x = fit), V = 'r(0 define y 
as a single-valued function of x nhen I varies from t, to /*, shon that the area 
.4 bounded by C, the i-avis, and the ordinates at x = ii and x — x- is 

A = f ’ (!/ I>,x) lit. (14) 

Using (14), find the areas bounded by: 

(a) One arch of the cycloid x = a(0 — sin 0), y = o(l — cos 0) and the 
i-avis. 

(b) The curve x ^ aB, y a{l — cos 0) and the i-axis from 0 = 0 to 
0 = 2r. 

(c) The h.vpocycloid x = a cos* 0, y =- a sin’ 0. 

(d) The loop of the cun'e i’ -b y’ = 3oxy. (Hint: Represent this curve 
by the parametric equations x = ^</(l -b <’), y = 3a/*/(l -b /’). 

3. Fmd the tolumes of the folloning solids, using both the method of 
sections and the method of cylindnaal shells whenever possible: 

(a) The solid obtained by rotating about the x-a\is the area bounded by 
y “ j’, y = 0, and x = 1. [IIi.vt: Use cylindrical shells concentric tvith 
the i-a.vis. Then h{r) = 1 — \/r in (V').l 

(b) The =olid obtained by rotating the area in (a) about the y-axis. 

(c) The solid obtained by rotating about the x-axis the area bounded by 
y — sin X, y = 0, X = 0, and x — -riZ. 

(d) The colid obtained by rotating the area in (c) about the y-axis. 

(c) The solid obtained by rotating about the x-axis the area bounded 
by- x’t 4 - j/** = a’’-. 

({) The solid obtained by rotating about the line y = 4 the area lioundcil 
by y = X* and x = y*. 

(g) The solid obtained by rotating about the line x = —2 the area 
bounded by i = y* and x = 1. 

(h) The torus obtained by rotating the circle x* -f y* = a- about the line 
y = b. (b > a.) 

(i) The Eohd bounded by z = r, z = sin r, and the cylinder r = r/2. 

(j) The solid bounded by (x’/a-) -f {y-Ja') -f- (r*/c*) = 1. (TTrite 
r* = X* -f y-.) 

(k) The solid bounded by i* -F y* -}- z* =5 and x- -F y- — 4r. 

(l) The solid such that any section perpendicular to the i-axis is an 
equilateral triangle whose base is a chord of the circle z* -F y* = o’. 
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(m) The solid to the left of the plane as = 5 such that any section per- 
pendicular to the as-a.-ds is an isosceles triangle of height 10 n-hose base is 
a chord of the parabola x — y-. 

(n) The solid in the first octant to tlie left of the plane a; = 1 such that 
any section perpendicular to the x-axis is a square whose base is a chord 
between the cun’^es y = x- and x — y'. 

(o) The solid between the planes x = 0 and x = 1 such that any section 
perpendicular to the x-axis is a circle with center on the curve y — sin x and 
passing through the x-axis. 

(p) The solid in the first octant to the left of the plane x = 2 such that the 
section cut by the plane x = Xo is bounded by the curve y = Xo — z". 

(q) The solid in the first octant between the planes x = 1 and x = 3 
and bounded by the surface z = x cos (y/x). 

(r) The solid bounded by the surface x^- -]- y^^ + = o}- and the 

coordinate planes. 

4. If the area bounded bj^ the curve r — Jifi) between 0 = a and 5 = (5 
is rotated about the polar axis, show that the volume of the solid obtained is 


„ 27r 

— r’ sm 6 1 


Using (IS), find the volumes obtained by rotating the following areas 
about the polar axis; 

(a) The triangle bounded bj’ 6 = 0, 0 = Tan“‘ [a/h), and r cos B = h. 

(b) The circle r = 2a cos B. (c) The cardioid r.= o(l — cos B). 

5. Find the lengths of the following cur\'es: 

(a) y- = x^ from x = 0 to x = 4. 

(Jo) y — ■%/ a- — X- from x = —a to x = a. 

(c) y = log cos X from x = 0 to x = ir/3. 

(d) The entire hypocycloid x-^ + y-^ = 

(e) y = (x’/3) -b X- + 5 from x = 0 to x = 3. 

6. Show that the length of the curve r = g(6) from 0=ato0=0is 



[Hint: change the variable of integration in (1 1) from x to 0 by means of the 
relations x = r cos 0, y = r sin 0, remembering that r = y(0).] Using (16) 
find the lengths of the following cur\'es: 

(a) The cardioid r = a(l — cos 0). (b) The circle r = 2a cos 0. 

(c) r = a cos’ (6/3). 

(d) The spiral r = 0 from 0 = 0 to 0 = -. 

7. Show that the length of the cunm x = ip(i), y = from t = hto 
t ~ U is 
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Rnd the length of one arch of the cycloid X = a{0 — sin 0), 7/ = a(l — cos fl). 
Show that the length of the ellipse i = a sin v^, y = h cos s? is 


aj^ ^ 1 — c- sin’ v’ Af< 


where c is the ecccntricit3' of the ellipse and h- = a-{I — e') (see Sec. 35 of 
Chap. V). 

8. Show that the length of the space euiwe ;/ = v(i), z = ^{.x) from 
2 = a to X = 6 is 




Find the Icngih of the line x = = —z from (0, 0, 0) to (2, 1, —2), and 

check bj‘ elementaiygcomctiy. Write (IS) with y the independent variable. 

Show that the length of the space cun-c x = vr(/), y = z = Oil) from 
/ = ti to < = /: is 



9. The force F of attraction between two point particles of masses M 
and ni distant r nnits apart is F — k (inM, r’). Find the work done In' F 
when r varies from 2 to 1; from 10 to 1; from 1000 to 1; from “infinity” 
to 1; from 1 to 0.1; from 1 to 0. 

10. The force F c.vcrtcd by a spring is F = kx, where x is the e.\tension 
of the spring beyond its natural length. For a certain spring F = 100 
when X = 5. Find the work done in stretching the spring from x = 2 
to X = 0. 

11. A bod}' falls according to the law s = + kt — 1). If the 

force F of resistance is F = a', where e = dn/dt. find the work done against 
F when the body falls from / = 0 to t = 10. 

12. If an electric current flows around a circular coil of wire of radius a, 
the force F exerted on a sm.all magnet located on the axis of the coil and at 
distance i from the center of the coil is F = kx/{n- + i’)-. Find the work 
done by F when the magnet is brought from z = a/2 to i = 0. 


13. The force F of rejiulsion between two positive electric point charges 
E and E' distant r units apart is F = kiEE'/r-). If E is fixed at the pole 
and if E' is carried along an arbitrary path r = /(O) from the point (a, a) 


to the point (5, fi), show that the work done is independent of the path and 


is equal to kEE'\ 




proA'ided the path does not go through the pole. 
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14. If an electric current flows along a long, straight wire, then a force 
F = k/r is exerted on a small magnet distant r from the wire, the direction 
of F being perpendicular to the wire and to the radius vector r. If the wire 
is perpendicular to the rfl-plane and goes through the pole, and if the magnet 
is carried along an arbitrary path r = f(6) from the point (a, a) to the point 
(b, p), show that the work done is independent of the path and is equal to 
k{fi — a), provided the path is traced out bj"^ the point (r, 0} as 0 varies from 
a to fl. Discuss the determination of a and jS when the path goes around 
the wire more than once. 

15. Show that the Avork done on a particle, Avhen accelerated by a force 
F, is equal to the gain in kinetic energy of the particle. [Hint: Write 


F 


dv do dx 
m— — 7)1— — 
dl dx dl 


dv 
7nv — 
dx 


16. Show by (12) that, if gas expands in an engine cylinder according to 
the law p = /(w), Avhere p is the unit pressure and v the volume of the gas. 


then the work done on the piston bj"^ the gas is 



( 20 ) 


[Edit: If A is the piston area, then F = pA. In (12) let s = v/A.] Evalu- 
ate (20) when pv" = C with pi, Vi, and pi given. 

17. Show that (20) holds when the gas is contained in an e.xpanding 
sphere. 

18. If each particle of material in a volume V is raised (or loAvered) to a 
certain horizontal plane H, shoAv that' the work done is 

iV toll A{h) dh, (21) 


where w is the density of the material, h is the distance from the plane H 
to an arbitrary horizontal section of V, and A (/i) is the area of this section. 
Using (21), find: 

(a) The AVork done on a turbine by the Avater in a hemispherical reservoir 
of 100 ft. radius Avhen the reserA'oir is drained through the turbine, the tur- 
bine being 500 ft. beloAv the original water level. Hoav many 100-Avatt 
electric lights could be supplied by this turbine for 10 hr. if a AAmtt^hour 
equals 2655 ft. -lb, of energy? 

(b) The AA'ork done in building the great pyramid of Gizeh. [This 
pyramid was originally (about) 480 ft. high Avith a square base 750 ft. on a 
side. The stone in this pyramid weighs (about) 200 lb. per cubic foot.) 
If a slaAT did 500,000 ft.-lb. of work in a day, hoAv many slaves would be 
needed to build this pyramid in ten years? 

19. Find the force exerted by the water on a vertical trapezoidal dam 
100 ft. long at the top, 40 ft. long at the bottom, and 30 ft. high, the water 
leATl being at the top of the dam. (w = 62.4 for water.) 

20. A hole is torn in a ship’s side, the hole being roughly an ellipse with 
axes 10 and 2 ft. long, respectively, the long axis horizontal and 8 ft. below 
the water line. Find the force exerted by the water on a patch over this hole. 
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21. The sides of a storage lank arc vertical planes. Find the force 
exerted 1)3- the water on that part of a side bounded b3' the curves y = i*, 
y — Q, and i = 3, the water level being 15 ft. above the line y = 0. 

22. Derive a formula for the force of attraction between a point particle 
of mass .1/ at the pole and a fine wire of mass m per foot, the wire being 
represented b>' the equation r = /(O) and c.\-tcnding from P = a to 0 = 5. 
Derive a formula for this force, using rectangular coordinates. (Use the 
law of attraction in Ex. 9.) 

23. Derive a formula for the weight of the material in a volume V, the 
densitt’ p of the material being. a function of x alone [see (0)]; of r alone 
[sec (7)]. 

24. Derive a formula for the rate of flow of water in a circular pipe, given 
the vclocitt’ of the water as a function /(r) of the distance r from the center 
of the pipe. 

25. Derive a formula for the total amount of light falling from a point 
source S upon a plane area in the form of a circular ring, the source being 
on the line perpendicular to the plane of the ring and passing through the 
center of the ring. (The densitt' of illumin.ation at an3' point P of the ring 
is inverscl3’ proportional to the .square of the distance from P to the source S 
and dircctl5’ proportional to the cosine of the angle SPN, where PN is 
perpendicular to the plane of the ring.) 

26. Show that the volume of anx" c3'lindcr is the product of its base b3’ 
its altitude. 

27. Average ]'ahtes. If /(z) is a real function of x, the average value 
1 of /(i) xrith resjKCt to x over a given interx’nl o S x £ 6 is defined to bo 


Let /(x) =2 for — 1 £ x < 0, fix) = x -f 2 for 0 £ z < 2, and 
/(x) = 4(x — 3)* for 2 £ I £ 3. Find the average value of /(i) over the 
intcn'al ( — 1, 3]; over (2, 3J; over (0, 2]. 

28. Find the average value of each of the following functions for the 
intcrx'al —3 £ x £ 3: i"; cos (3x/2); sinh x; Si*; sin (i/2). 

29. Repeat Ex. 28 for the interval —3 £ x £ 0; for 0 £ x £ 3. 

30. Find the average ox'er —2 £ x £ +2 of the functions 2 cos’ x; 
(cos 2x sin’ x — 2). 

31. Root-mcan-squarc-Valucs. Bx' definition the root-mean-square x'alue 
7 of fix) ox'cr the interx’al o £ x £ 6 is 


7 = r.m.s. / = 




'■dx 

) 


(a) Compute r.m.s. for the function gix-en in Ex. 27. 

(b) Compute r.m.s. for each of the functions in Ex. 28. for —3 £ x £ 3. 

(c) Repeat Ex. 31b for the intcrx'als —3 £ x £ 0 and 0 £ x £ 3. 

(d) Find r.m.s. for sin t over 0 £ i £ -/4; 0 £ < £ ^•/2; 0 £ < £ r; 

0 £ < £ 2r. 
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32. Let /i = sin (wit + si), fi = sin + ss), where si and Sj are real 

constants, and and u>2 are real and rational. Find the average of the 
product /1/2 over a complete period of the product (/1/2). > 

[Atis. Zero, it m\ 7 ^ 102; 2 cos (si — S2) if Wi = W2.] 
What happens when «ii and ■u;2 are not commensurable? 

33 . Find the average of the product of sin t and cos I over a complete 
period of their product. 

34. Prove the follondng: 

Theorem 14.1. La f(x) and g(x) be iwo single-valued functions defined 
and continuous over a ■& x except for possibly a finite number of points. 
If the ratio of the fundions is not eonsianl throughout, then the average value 
of the product off and g is numerically less than the product of their r.m.s. for 
the same interval. If the ratio is constant throughout the interval, the average 
value of the product fg is equal to the produd of their r.m.s. for the same interval. 

■ 35. Prove the following; 

Theohesi 14.2. If g(x) is not a constant, the average value of the function 
g{x) is numerically less than its r.m.s. value for the same interval. If g is 
cotislanl, the average value of g(x) is numerically equal to its r.m.s. for the 
same interval. [Hint: In Ex. 34 set/(a:) =1.) 

36. An even function is one for which 

/(-*) =/(*), 

and an odd function is one for which 

f{-x) = -/(i). 

Prove: (a) The average of an even function over — o g t g a is equal to 
the average over —a g a: g 0 and to the average over 0 g x g +a. 

(b) The average of an odd function over —a g x g a is zero. The 
average of an odd function over —a g x g 0 is the negative of the average 
over 0 g X g +«• 

(c) The r.m.s. for any even (or any odd) function is the same for each 
of the intervals —a gxgO, Ogxgo, —a g x g a. 

37, The electromotive forces for a set of three networks are given bv: 

(a) ei = 1600 sin (SOOiri + 31°) - 30 cos (120n-i - 13°). 

(b) 62 = 110 cos eOTrt + 32 cos (180)r^ + 69°). 

(c) Cs = 100 cos bOirt + 400 sin 60ir< — 20 sin ISOii + 10 cos ISOjrl, 
and the corresponding currents by; 

(a') ii = 12.62 cos (3607rt + 87° 20') + 0.237 sin (120ir< - 34° 30'). 

(b') it = 2.76 sin (607r< - 22°) + 3.45 cos (ISOri + 13°). 

(o') iz = 12 sin 5Qirt + 30 cos 50wt + 8 sin 1507ri — 6 cos ISOjri. 

(i) Find the smallest period for each of the currents and e.m.f. given 
above. 

(ii) Find r.m.s. value of each of the e.m.f’s. and currents for an interval 
large compared with the period. How will these values compare with volt- 
meter and ammeter indications? 

(iii) The instantaneous powers of the networks above are pi = eii,, 
pi = 6212, P 3 = eiiz, respectively. Find the average power of a complete 
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period in each case. How will these values compare with wattmeter 
indications? 

38. The current and c.m.f. for a certain line are expressed in the form 

c — El sin {u't d" + Ei sin (Sivl d* Ei sin (out d~ 

i = h sin (wi -f Oi) d- It sin (3iri -}■ Os) -f Is sin (owl d- Os)- 

Prove that for complete period, (he r.in.s. value of e.m.f. and current are 

lEi + El + El .. in + n+ii 
' = V — i — ’ ’“V — 2 — 

and that Uxg average power is 

_ E\l I cos {0i — sJ'i) + Eifi cos ((?3 — ^a) 4" Eili cos (Os — 

- 

39. Generalize the result in Ex. 38 if 

€C K 

^ Eu-i cos (2k — l)wt d- 2) — 1) trt, 

t-l i-l 

«e ee 

^ /;t.i COS (2k — Die/ d- Htk-i sin (2k — l)trf. 

it-l 

- /E; + I'i + El + F; + • • • 

e = ^1 -- 

— Ell I 'hEi/ft 4* A’s/j + + * • • 

p 

If the impedance of the circuit be denoted by r. then c = n. Show that 
p ^ cl, the equality holdinR when the ratio c f = r i.s a constant, i.e., when 
the impedance is a pure resistance; the ineq\iality holds when r contains 
non-zero reactance. In electrical engineering (cork, p^ is knomi ns the 
power fael or. , 

15. Line Integrals. It is rcadil}' possible to state Definition 
13.2 in more general form so that definite integrals may have 
mueh wider application than has been indicated above. Let us 
think of f as denoting any quantit 3 '- having a definite value at each 
point of some portion of space, i.e., as a point function; for 
e.xample, / maj' be the intcnsit 3 '- of an electric field at any point 
of space, or/ may be the unit pressure at any point in the interior 
of a turbine, or / may be some other physical or geometrical 
quantity; in particular,/ need not be a function of three variables, 
and the value of / at an 3 ’’ point P ma 3 ’- be determined without 
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reference to any coordinate system. We shall denote the value 
of / at P b 3 ’'/(P) (see Sec. 23 of Chap. I.) 

Definition 15.1. Let f denote a real, single-valued function 
defined in some region R of space*, 

and let AB he an arc of finite 
length of a curve C lying in R. 

Perform the following opcratio7is: 

I. Subdivide the arc AB into an 
arbitrary finite number ni of non- 
overlapping suhintervaU h, 

,In, of lengths A\s, Ans, • ■ ■ , 

AnS which need not be equal. II. 

In each interval li choose an 
arbitrary point P,-. III. Form the siim 

ni 

Si = X^(Pi) A,s 

i = X 

= /(Pi) AiS +/(P2) A 2 S + • • • fi- f(Pn) AnS. (1) 

IV. By repeated applications of steps I to III, construct an infinite 
sequence 

ni ns 

A,s, s, = ;g/(p.-) Ais, • • • , 

1 = 1 

n* 

Sk = A,S, • ■ • (2) 

in any manner such that 

lim 6k = 0, (3) 

k—> « 

where 8k is the length of the longest interval in the sum Sk. If 
lim Sk exists and has the same value for every possible construction 

h—y « 

of the sequence (2) meeting condition (3), then this limit is deviated 
byt S!/(P) ds, i.e., 

* It is possible to give a purely algebraic interpretation to the content of 
this section by regarding “space” as the set of all number triples (x, y, s). 
t A and B are not numbers but merely letters denoting the end points of C. 
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S"/(P)rf5 = limS.. (4) 

A 0. 

Tl'e call SS/(P) ds the line integral of / until respect to s along the 

arc AB, and ire say that f is sumtnable along AB if S®/(P)<fs 
exists. 

It should be obsen'ed that Definition 15.1 involves no specific 
reference to anj' coordinate .S 3 'stcin. A physical interpretation 
of ( 1 ) and (4) is given 115 ^ Example 4 of See. 14. We shall now 
give a geometric interpretation of ( 1 ). Suppose f{x, y) is a 

continuous function of x and y, AB is an arc of a cur\-e C Ij’ing 
in tl)e domain of definition of fix, y), S i.s the cylindric .surface 


k’ 



through C with elements parallel to the r*axis, A'B' is the curve 
of intersection of S with the graph of f(x, y), and P,- denote.s 
(x;, y,). Then/(P,) A.s represents the area of a cylindric rectangle 
of height /(P,) and base A,s, and the sum (1) represents an 
approximation to the cj’lindric area ABB' A'. (In Fig. 76 the 
dotted lines ahe, def, • • ■ represent the sections of S cut by 
planes parallel to the 3 -i/-planc through b, c, ■ ■ • It may be 
shown, as in Sec. 13, that Sj/fP) ds represents exactly the area 
ABB’ A' (see Ex. XI. 3). 

Example 1. An approximate value of (x* — yz) ds along the line 

X = 2y = —X is obtained by subdiwding the interval from (0, 0, 0) to 


Sec. 15] 


INTEGRAL CALCULUS 


229 


(2, 1, —2) into five equal parte of length, | and taking P,- for each subinter- 
val as the end point nearest the origin. Then 

Pi = (0, 0, 0), P: = (0.4, 0.2, -0.4), . . . , Ps = (1.6, 0.8, -1.6), 

and (1) we have 

5i = [0= - (0)(0)](i) + 1(0.4)= - (0.2) ( -0.4)] (i) + ■ ■ • 

+ [(1.6)"- - (0.8)(-1.6)](f) = 4.32. 

We leave it to the student to show that Si is a lower bound for the value 
of the given integral, and to find an upper bound for tliis value. 

As in the case of a total derivative [see Chap. I, Sec. 18, 
paragraph (a)], it is implied in the notation S^/(P) ds that / is 
always to be evaluated along that fcurve C whose arc length is 
measured by s. To compute S|/(P) ds it is customary to repre- 
sent /(P) along C by that function f{s) such that /(P) s J{s) 
when P and s denote the same point on C. It is evident that 
S|/(P) ds = Sl^fis) ds, where « = at A and s = Sg at B, and 
by Theorem 13.1 it follows that, if /is integrable, 

Slmds=^ ly is) ds. (5) 

If / is represented b}’- a function /(x, y, z) of the rectangular 
coordinates x, y, and z in space, and if C is represented by the 
parametric equations 

.t = pis), y = qis), z = r(s), (6) 

then/(s) = f[pis), qis), r(s)]. By (5) and the remark following 

Definition 11.2, 

S^/(^) ds == V’ 2) d^ = y> ds, (7) 

W'here in the right member of (7) x, y, and z are determined by 

(6). Formulas similar to (7) may be obtained ■when / and C 
are represented in other coordinate systems. 

Thus, in Example 1, the parametric equations of the path of integration 
are x - Is, y = Is, z = — |s, where s denotes arc length from the origin, 
and. the given integral is equal to js- ds = 6. 

Definition 15.1 may be modified in many ways. For example, 
let AiX denote the length of the projection of the interval /,• on 
the x-axis. If in Definition 15.1 'we replace A<s everywhere by 
AiX, we arrive at the quantity 
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n* 

( 8 ) 

where P moves along C. If the equations of C are 

ij = 9(x). z = r(x). (9) 

then it may be shov n that 

V’ 

where in the right member of (10) y and z are determined bj* (9). 

Eiample 2. Evaluate SJ tj y rfr alone the ncht-hand half of the circle 
i' + !/■ = 2.5. 

To represent y a® a single-valued function of z along the path C of integra- 
tion, -no must break up C info two parts, Ci and C:, extending from (0, — 5j 
to (5, 0) and from (5, 0) to (0, o), rc'pcctnely. Then y — — "v/bo — z- 
along Cl and y = \/ 25 — x- along C*. Hence 




2 ' 


Observe that the limits in the integrals correspond to the direction of motion 



along Cl and C-. 

Example 3. C\ aluatc Sj Lj y dx along the line z = 0. 

The line segment from (0, —5) to (0. 5) has a pro- 
jection on the z-a\is of length 0 (i.e , dz = 0), and the 
value of the given integral is 0 However, if a c trj' to 
evaluate the gnen integral by the method of Example 
2, uc find that ne cannot express y as a function of z 
along the path of integration. This example illustrates 
the common situation in which Sj /fC) dz cannot be 
represented a.s in (10) 


In Definition 15.1 let A,f be the time required for P to pass over 
the interval 7, If A,s i^ cveiyxvhere replaced by A,f, we are led 
to the quantity 


r* 

!/’ ‘) = lim '^fiP,) xt. 


If the equations of C are 

^ = P(0, 


y = g{t), 


z = r(0, 


( 12 ) 
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y> 

Formula (11) may be modified so as to define a Stieltjes integral. 
Let tt be a parameter along C and let <p{ti) be a function defined for 
tiA ^ M ^ wa- If Ui-i and w,- are the values of v at the end points 
of li, if Ai<p = <p(i(i) — (p(ui-i), and if in Definition 15.1, A,s is 
everywhere replaced by Ai<p, then w'e are led to the quantity 

nk 

m d.p{u) = lim Xf(P<) (14) 

" it— ♦ « 

t = 1 

which is called the Stieltjes integral of / with respect to <p along C. 
This integral has manj’- applications in modern mathematics, and 
is of particular interest when ip is discontinuous so that the 
differential d(p{u) does not exist. 

All of the integrals discussed above are referred to generally as 
line integrals. 

EXERCISES XI 


1. Using (1), find approximate values of the following integrals. Choose 
the points P, so as to obtain upper and lower bounds of the values of these 
integrals as in Example 1. Use only a small number of intervals, say 3, 4, 
or 5. Also, evaluate the integrals direct!}' by (7), (10), or the like. 

(a) Sl'j + 2>j) ds, Sj;? (x- + 2tj) dx, and Sj;? (x- + 2ij) dy along the 
line y — X 1. 

(b) Sols (^” — !ry) ds and So;" (r’ — xy) dx + (x;- + xy) dy along the short 
arc of the circle x- + y~ — 25. 

Q9,18 y Q9.18 y- 1 

Oo ,0 ^ 0,0 “lone the cur%'e 

9yx = 4 .^=. 


(d) SlJ'ifio'" (s + yz^) ds and Sl°i|ij’‘’ (x + yz-) dx + xyz dy along the line 
X =2y = -z. 


“nd S''"’’ 

^ 0 , 1,0 + 1 ‘^ 0 , 1,0 


9 yz yz 

+ ~ dz along the 


I* + 1 


X- + 1 


curve y = X- + 1, z = xV3. 


®S 


Bx - y 


'A 2 
X = t - 3. t/ = 


ds. 


and 

’ 2 ‘--'a 2 

2V2.,, 1 


dx along the curve 


g ^ = 2 ^' + b where A is at t =0 and B is at t =4. 


(g) Si log (x= +y- + Z-) ds and Si log (x= + rf + 2 =) dx along the helix 
X = a cos e,y = a sin 8, z = aB, where A is at 6 =0 and B is at 6 = ir. 

2. Evaluate the following integrals: 

(a) SJ;i, y dx along the curve x ='y\ (Two ways.) 

O’) Ssili xy dx along the hj'perbola x* — j/- = 9. (Two ways.) 
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(c) ST:' = cy tlong t ho c-J.rve y = sin r. 

(d) S'- rj- dy, tvbcre C is tie circle r* -f jr = 3. i-r:d rrLerc llic E-Asserirr: 
C indirritCE tliet the ip’t-prJ 3s "to be teker: ill *.be rray iro'jcd tic carve C 
ia the coanttrtloekrrise direction. fStrirt at the point (0. i) and break np 
C into Iv'O parts.] 

I'e) Sc (— • — IrJ dz, vrhtrc- C i? the closed path condstinp o: the lints 
y = 0. r = I. and y = r, 

Ti —^^cfv, rrhert fr the sounn- consstinn of ‘.he lines 

‘-'c -• - 100 • 


r = io. y = —o. 

fp'i Sid ir -r y) dr zdtr vlp-n C :•= the carve y = 2r — r- and also 
t-ben Cii the lint- y = 0. 

fh,- Sc -r yi dz — r cyarryurid vorioa- clvir*’! cirvcs. Vi'hy 3= th-c rcsalt 
alvays 0? 

d.i Sc (- — Vi dz -r z' dy vh^n; C i- the ellipse Idpt ..a o-z _ 2 ^_ 
(2) C con^is^s of the pamt-ola y = r* and the line y 2. ;3i C is the 
square rrith .side? on the line? y = 0, y = 3. r = 0. z = 3. C is the 
closed caret consbtinn of the line r = 1 and the carve = zh <'5) C is 
the clo-v-d carve con-dstir.a of y = z and z = yh 

'Jl Sjd;';' ‘'z- n- ;.t dz — z dy -i- ay dz alone the carve z- = y = i ,'z. 
fl:j Sa~dz — fz — r; dy —'A dz rhe-n: 'V< C := the carve of intersection 
of c — Z‘-ry*nr;dr = 1. C is the carve of intersection cf r — z' -r J* 
and z -f a = 1. '.j- Ci- the carve y = r — 1. a = z- trem '1. 2. 1) to 

( — 1. 0. 3 (41 C y th'"- carve of tnten-eottonof z" — = a- and z’ — r* = 1. 

d . Sc z cz -z 2y dy — z dz aroaad varoa? cle— ‘"d carves in <jir.cc. Why 

}c il^rsvc <3^ 

3. With ri'Scr^'TiCf- to 7o. jhoTr rtpresortt^ tbo sreca 

and ihi* Sj/ir, cr 2 .r.d rcprtr^tr.t th^* s.rf'<L^ oi tie 

proj‘‘'ir’t:or.-- of th*) frrurt* .'i/J/?'.-!' xiport the ^r- f-r*d pr-phnne*'. 
jcf. th<> proof of in Srr. 13^ 

4. Shorr thnt 

3^ j.'P; d; = S j sec adz = S'Jv;/"' /'•'’l ^-^rdz. 

Trb^'TT; CL "If thc' direction c:ncTe5 of tl.e pith C of intoermtion :it anv point 


on C, Gild ’.There* soc 


= |. = V’ - {^) - (S) 

of C are Ln the form y = c'z}, z = riz . sc,-: ;? rz.d se: y ls:r;a crprcsssd 
in s simiiir niancer. .4dso. sh-orr that S^f\P) co- a dr = S^f{P': dz, etc. 
Hvalaate tsh^i -1' dc alone the carve y = Sz. z = z*. 

5. Deh-te the rcanlx)! /j/Juf dz''v). When exs 


dafu) = cV.'v)? 


■:i5i 


Evaluate trr/{u; dc^ai vrheri /isc; — c* and a at is piven bv the fomalas 
afu) = -3 -hen 0 g u < 1 and ciut = 5a rhtn 1 S a g 2. Can this 
integral be erahmted by (15)7 Ar,z. of-d-Sr. 
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16. Applications of Line Integrals. In tins section we shall 
give a few typical applications of line integrals. 

TForfc. Let (7 be a curve in space with arc length s along which 
a point particle is moving, and let a, /3, y be the 
direction angles of C at any point on C. Suppose 
that at each point F on (7 this particle is acted on 
by a force of magnitude F(F) along the line with 
direction angles ap, Pf, yp (which vary Avith F) . Let 
0 be the angle between the direction of the force and the direction 
of C at any point F. Then the component of the force in the 
direction of C is F(F) cos 6, and it may be shovm (as in Example 4. 
of Sec. 14) that the Avork done on the particle by the force in 
going from A to F is 

W = 3^ F(F) cos 0 ds. (1) 

To evaluate this integral let us represent the x, y, and z-com- 
ponents of F by X(x, y, z), Y(x, y, z), and Z(x, y, z). Then 

F(F) cos ap = X{x, y, z), F(P) cos Pf = Y(x, y, z), . 

F(P) cos yp = Z(x, y, z). 

If in (1) we write 



cos 6 = cos ap cos a + COS Pf COS p + cos yp cos y 

, ody , dz 

= cos ap ^ — h cos Ppj — h cos yp-r- 
as as ds 

(see Chap. I, Ex. XIX, 37), it follows by (2) that 




and hence that 


^ + Yix, y, z) dy -f Z{x, y, z) dz, (3) 

where x, y, and z are determined as functions of each other by 
the equations of the path of the moAung particle. We leave it 
to the student to state the requisite hypotheses and restrictions 
in order that this result may be valid. It follows from Ex. VIII, 
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14, that W is independent of the path C. joining A and B when 
and only when X dx Y dy ^ dz is exact. If C lies in the 
a- 7 /-plane, then co.s 7 = 0 , X and Y may be repre.«ented along C 
G as functions of x and y alone, and the work done is 



ir = J". Xix, y) dx + Y{x, y) dy, (3') 
i io. < 9 . ijej„g independent of the path when and onl}' when 
A' dx )' dy 


is exact. 

It is often advantageous to write (1) in vector notation. 

Definition IG.l . // F and G arc lira vectors of lengths F and G, 
then the symbol F • G, called the scalar -product of F and G, is 
defined by the formula 

F ■ G = FG cos 0 ~ length 0 / F X length of G X cos 0, (4) 

where 0 is the angle bcttccen F and G (Fig. 79). 

In constructing the integral (1), we take the limit of the sum 


Sk = F(I\) cos 0i .ii* + F(Pi) cos O2 A-.t -f • • • 

+ /-'(Fn,) cos An^S. (5) 


Let A.r be the vector joining the end-points of the interval /,•, 
let F, be the vector repre.senting the actual force acting at P,-, 
and using the .«amp interval.-^ I, and jioints 
P, as in (5), let us form the sum 

Sk = Fi • AiT -f- F; • A;r -!-••• 

-k F„^ • A„,r. ( 6 ) 

If O', is the angle between F, and A.r, then 
by (4) so. 



F, • A.r = P(P,) cos 0((A,c), (7) 

where A.-c is the length of A.r. Suppose F and C to be such that, 
for any positive number e, we can take all the intervals A,s 
sufiSciently small that* 


* It is insufficient to assume merely tliat lim — = 1 at each point 

a„_oA,s cos 0, 

P,. To illustrate this point, let y = I/a-, so that dy = — (l/i’)Ax. 
Although lim AiHdy = 1 when Aw and dy are computed from any fi.\ed point 

I = ^ 0 , yet A)//dy becomes infinite when computed with the values a: = 1 / 2 ", 
Ax = (1/2*") — (1/2") (n = 1, 2, • ■ • ) even though Ax — > 0. IDthout 
condition (8) «o might be able to choose Pi (for example) for successive 
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, ^ (A.c) cos e; ^ , , , 

1 — € < V. ■ V -IT - - < 1 + e 


( 8 ) 


(A.s) cos 0i 

for every value of i from 1 to n*. and for every position of P.-in /,•. 
Then 

(1 - 6)& <&<(!+ e)S,, (9) 


and as e can be taken arbitrarily small, (5) and (6) have the same 
limit as fc — > =0 . If ve denote the limit of (6) by S^F • dr, then 


W = F • dr = F(P) cos 6 ds 

= X dx+Ydy + !Z dz. 


( 10 ) 


Fluid Flow. Suppose a liquid of unit depth is flowing over 
the horizontal ly-plane in such a manner that the vector velocity 
V of the liquid is everyudiere horizontal and independent of the 
depth of the point at which it is meas- 
ured. Let C be an arbitrary curve in the 
.T?/-plane, let A and B be two points on C, 
and let S be the cylindric surface through 
C unth elements parallel to the z-axis. W e 
msh to compute the volume Q of liquid 
flowing per unit of time across the arc AB 
(i.e., through S between the ordinates at 
A and B). We shall give here only an 
intuitive derivation of Q, and shall post- 
pone to Sec. 20 the rigorous derivation 
of Q. The region occupied by the liquid flowing across a 
short interval of arc As during a sufficiently short interval of 
time At is a cylinder of unit height whose base KLL'K' (see Fig. 
81) is approximately a parallelogram* with edges of lengths 
As and V • At (approximately, V varjdng along the path of flow 
and perhaps also var 3 dng with the time at each point). Hence 
the volume R of this region is approximately 
P = (7 • At) (As) sin d (1), 



values of k so that the ratio of the first terms in (5) and (6) behaved in tliis 
same manner. It will be seen in Part C that (8) involves the idea of uniform 
continuity. 

* Can this be said of the liquid flowing across the interval zS/, or across 
the last interval NB, however small As and At may be? [See Chap. I, Ex. II, 
1(e), (f), for other possible illustrations of the curve A'/CL'ilf' • • ■ .] 
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where 0 is the angle between V and the direction of C. The 
volume of flow per unit of time across As is then R/At = V sin 0 As 
approximately, and an approximate value of the total flow Q is 

n 

^ Vi sin Oi AiS. We shall show in Sec. 20 that 

J " 1 

Q = V sin 6 (is. (11) 

To evaluate this integral let us represent the x- and y-com- 
ponents of V by Fx(a', y) and l'y(x, y). fl'hcn, « and /3 being the 
inclinations of C and V to the x-axis (.see Fig. S2). 

V cos p = Fr(x, y), F sin ^ = l'„(x, ?/), 

and 

.sin 0 = sin 0 cos a — cos /3 sin a = sin — cos /3 ^j (12) 

so that*' 

Q = F,(x, y)^ (is - £ T%(x, y)^ ds. (13) 

Hence 

^ = ff !>) - Ti(x. y) dy. (14) 

where x and y .are determined as functions of each other by the 
fy equiition of C, Q being independent of the 

y/.(} curve C joining A and B when and only 

when Vydx — Fxt/y is exact (see Theorem 
C/^ 12.4). 

It should be obseia’cd that (1) and (11) 

* have not only the physical interpretations 
alrcadj'- given them, but may be used to 
represent the “total amount” of any vector qu.antity along 
or across a cunm C. Thus, (11) represents the total magnetic 
flux across C when V represents the flux density in direction and 
magnitude. Again, (1) represents the “circulation” of a fluid 
along C when F is the vector velocity of the fluid and C is a closed 
curve. It should also be observed in (11) that Q is regarded as 

Throughout this book it must be remembered tliiit we are quoting 
Theorem 13.1 every time we change from S° to /2. 
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negative when 6 is negative; how^c'\'’er, the sign of d is immaterial 
in (1). 

Thermodynamics. It will be sliovm in Ex. XVI, 4, that, if p 
and V are the unit pressure and volume of a certain quantity of 
gas, the (external) work done by the gas when expanding in a 
container of arbitrary'' shape is* 

W = S"' p dv (15) 

when p is expressed as a function of v alone. If p varies with 
V as indicated in Fig. 83, then IF is represented by the shaded 



Fig. 83. Fio. 84. 


area. However, if p is represent!; '^as a function of v and the 
temperature T, i.e., p = p(v, T)p^en the integral in (15) is 
meaningless until T has been determined as a function of v. 
Suppose T is given by the relation T = ip{v) whose graph C is 
shown in Fig. 84. Then successive points on C represent the 
successive states of the gas as v varies from Vi to Vs. It follows 
by (15) that 

T7 = S>(^7’)rfv (16) 

represents the (external) work done by the gas when the function 
p is evaluated along C. 

It is sometimes the case that we may represent the internal 
energy U of the gas as a function of v and T, i.e., U = U(v, T). 
This being the case, we may write 



where A: is a constant, when v and T are related by the equation 
T = (piv). Hence the change in U in going from state 

^1 = (vi, Ti) 

* We assume throughout that all the requisite conditions of thermody- 
namic equilibrium are satisfied. 
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to state iS; = (t>:, T ;) is 




Since the total heat Q that must be added to the gas in going 
from Si to S" is the gain in U plus the c.\tomal work done, it 
follows by (16) and (17) that 

Since dpfST ^ 0, the integral (IS) is not exact, and Q and TT 
depend upon the path C, i.c., upon the succession of states through 
which the gas passes in going from S\ to Si. If we define the 
change in entropy of the gas in going from Si to S; bj’ the formula 

then E is independent of tho path C if and only if 


independent oi tuo patn L ii ana only u 

1 d-U _ 1 f d-K , apl 1 r^L' , 1 

T dv BT ~ TldT dv^ arj Hde ' 


i.e., when 


di- 


ll the gas is such that 

pv = RT, (21) 

where R is a constant, then p = RT/v, dp/dT = R/v, and the 

y left member of (20) reduces to merely 

E —dU/dv. But dU/dv s 0 if and onl}' if 

~ ^ is independent of r. Hence we have 

/o ^ the following result: The change E in the 

a{^ / 1 entropy of a gas due to the change from 

d j slate Si to state Si is independent of the 

^ ^ ^ — ► manner in which this change of state takes 

g. place ichen and only when the internal 

energy U is independent of v. It is found 
experimentally that condition (21) and this latter condition are 
often met (at least approximateh'). 

.4rcas. Suppose an area K in the ary-plane is such that the 
upper and lower parts of its boundarj* C may be represented bj' 
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the equations = fiix) and yi = Jiix) as indicated in Fig. 85, 
and also that the right and left parts of its boundar 3 '’ may be 
represented bj^ the equations x« = giiy) and Xi = gi(y). It is 
evident that 

K = dx — j’\jt dx = — 2/1 da: + 2/2 da: j 

= - fc^ 

where in the last mtegral y = t/i along ADB and y = y% along 
BE A, and where the subscript C has the significance indicated 
in Ex. XI, 2d. Likewise, 

^ fj ^1 dy = X 2 dy + ff ^idy = J^x dy, (23) 

where in the last integral x = X 2 along DBE and x = a:i along 
EAD. If we add (22) and (23), we find that 

K — xdy — y dx. (24) 

EXERCISES XII 

1. If the components of a force F are X = y — s, Y = x + z, Z = y — x, 

find the work done in going from (0, 0, 0) to (1, 2, 3). Docs the result 

depend on the path chosen? 

2. If the components of a force F are X = 5x“, Y ~ yz, Z = x^ — z“ 

find the work done in going from (1, 2, 1) to (3, 4, 9) along the path 

y = X + 1, z = x^. Does the result depend upon the path chosen? 

3. If the components of a force F are X = y^, Y = find the work done 
in going once around the circle x- + j/* = 1 . 

4. According to Newton’s laws, the motion of a body is determined by 
the equations 


d^x 

m— — = X, 
dt^ 


d-y 

wtt = Y, 

dC ’ 


d-z 

VI- =Z, 


where X, Y, and Z are the rectangular components of the force F acting on 
the body. Multiply these equations respectively by dx/dt, dy/dt, dz/dt and 
integrate from to to <i to show that the gain in kinetic energy of the body 
is equal to the work done on it by F. 

5. Fluid of unit depth is flowing over the xy-plane. Find the rate of 

flow over the curve y = x- from x = — 1 to x = 2 if TL = and 

= xy. 

6. Fluid of unit depth is flowing over the xy-plane. Find the rate of flow 
over the circle x^ + y^ = 1 ii = y - x^ and F„ = 2xy - x. 

7. Find the rate of flow of fluid of unit depth across the path x = u^, 
y = 2m + 1 from u = 0 to it = 2 when Fi = xy, F„ = l/(x + y). 
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the sj-mbol //(t, y, r) dA k meaningless; however, Sr.fiz, y. r) dA 
may be evaluated by methods to be given below. 

Definition 17.1 may be varied in mam* ways as was Definition 
15.1. For example, if A;.4' is the area of the projection on the 
a-y-plane of the rc^on i?,-, and if in Definition 17.1 A,.4. is 
cvcrjnvhere replaced by then we arrive at the quantitj" 

Sj:/(P)dA'. The quantities" S..t/(P) d-4" and SKfiP}dA'” 
maj' be simiiarl3- obtained, where " and indicate projection 
on the Tz- and yr-planes. Even though SrfiP) dA and each 
of these latter integrals involves onh* a single limit, they are all 
referred to as dovilc or surface: integrals inasmuch as the integra- 
tion is over a two-dimensional 
region. 

We now take up the problem 
of evaluating double integrals and 
we begin with a verj- simple special 
case. For claritj' of notation, we 
shall alwaj’s denote regions and 
areas in the ry-plane bj* A'' and .4'. 
regions and areas in the rr-plane 
bt* K” and A", and repons and 
areas in the r/r-plane bj* K"' and 

• iff 

THEonim 17.1. Lei K’ he ihe 
poTiion of the xy-planc bounded by 
the curree z = a, x — b. y ~ c, and 
y — ip(x). where a < b, where c ^ •/•(x) for values of x in the inierral 
a ^ X ^ b, and where •4' is conlimtous and single-valued. Iff(x,y) 
is defined, summable, and cetniinuous over A', then 

y) 

Subdivide the region K’ into m strips bj’ the lines s = a. 
X = xi, X = X;, - - - . X = x,-_i, and x — b, where 

a < xi < • - - < x__j < b. 

Let AfX = Xi — Xi-i. Bj' Theorem 13.2, there exists a value 
Xi of X, 2f_3 < Xi < Xi, such that the area of the fth strip is 
I'y-Cxi) — c] Lix. Subdivide the interval c g y g 'H^) along 
the line z = Xi into n,- subintervals having c, yi, y-, • • • , y„ 


i.v 
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^(xi) as successive end points with the restriction that yn.-i 
is not to be greater than the smallest value of ^ in the fth strip. 
Draw the lines • • • , Krasin Fig. 88. LetA,-y = y,- — Vi-i. 
By Theorems 13.2 and 13.1, wherein Six) is to be taken as the 
continuous function of y denoted by/(.T,-, y), there exists a value 
yj of y, yj-i < y, < Vs, such that 

Sixi, y,) Ajy = P' fixi, y) dy. (5) 

•fl/i-i 

Let us now construct the sum (1) taking as the regions Rj the 
small figures • • • , CDEF, • • • , into which K' has been 
di\'ided, and taking as the points P{ the various points (a;,-, y,-). 
Because of the manner in which Xi was determined, the area of 
the region ‘ jSTFC/ is A, a: A„.y. Hence the sum (1) may be written 
in the form 






Aja; 


= Vi) A,-y Aix + 


j = i 


nm 

"b Vi) A,-y An,x, (6) 

1=1 


where each term in the right member represents the sum of all 
the terms f{x, y) AA' for one vertical strip, and where the outer 
summation in the left member represents the addition of totals 
for all the strips. By (5) we may write the fth term of the right 
member of (6) in the form 


' ni 

Xsi^i> Vi) A,y 

j=: 1 

AiX — 

y s_ 1 


H 

/(».', y) ay] A 


AiX 


and (6) may be written as 




i = 1 L J = 1 


m 


It is evident that all of the quantities A, -a: and A,-y may be taken 
arbitrarily small except for the quantities A„.y, i.e., the last 
interval of each strip. (Recall the restriction on y„.-i.) How- 
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the same with reference to both Ri and R';; moreover, if (x.-, t/{, x.) 
is a point in R,-. then (z,-. yO is in R'{, and by (12), 

/(xf, 7ji. :,) A.-.-r = /{x.-. 7ji, r(x,-, y.)] A;.4', 

so that (13) follows at once. But by (10), 

Hence, bj' (13) and (14), 

y- 

where in the right member c = rfx, y), and where ^^fx) and ^(x) 
represent the boundara- of the projection K' of K on the xy-plane. 
If the region K" is such that (11) holds, then 

2 /.- =) = JffX) y- ^y- 

Similar formulas may be deria-ed for Sr/(x, v, r) d.4" and 
S^/(x, y. r) dA'". 

It remains to evaluate S^/fx, y. r) dA. Let .1/ and II be two 
planes intersecting in the line I at an angle 6. Then 6 is also the 




angle between normals to ill and H. Let A be the area of a 
region K in .If, and let An be the area of the projection Ke of 
K upon Tl. Then 

Ab = A cos <?, or /I = sec 5. (17) 

This result is eaddent when ^ is a rectangle with two edges 
parallel to I, for Ke is also a rectangle and (see Fig. 92a) h’ = b, 
d' = d cos 6. It maj’^ be shown that (17) holds for a general 
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region K by approximating K by rectangles in the usual way 
(see Sec. 14 and Fig. 92b). 

In Definition 17.1 let S be represented by (12), and suppose 
that there exists a tangent plane at each point of <S. Let A,-Ar 
be the area of the projection of R,- upon the tangent plane 
Ti at Pi, the operation of projection being parallel to the 2 -axis. 
Suppose S is such that, if e is an arbitrarily small positive number, 
the regions Bi may all be taken sufficiently small that 


1 - e < 


AfAr 

AiA 


< 1 -t- e 


for each value of i. Then [cf. the derivation of (10) in Sec. 16] 
S^m dA = dAr. (18) 


But by (17), 

f(Pi) AiAr = f(Pi) sec 7 ,- AiA', 

where 7 , is the smaller angle made by a normal upon Ti with 
the 2 -axis. Hence 


Sj(P) dAr = sec 7 dA'. (19) 

Since* sec 7 = Vl -f 2 ^ 2 ®, it follows by (18) and (19) that, if 

j{P) = f{x, y, z), then 

Sj{P)dA^^J{P)seeydA' 

= 2 /. 2) vrrirr^ dA', (20) 

where 7 is the smaller direction angle with the 2 -axis of any normal 
to K, where 2 = r{x, y), and where the last integral may be 
evaluated by (15) or (16). [In the last integral it is immaterial 
whether we write K or K' because of (13).] It may be show in a 
similar manner that 


S^/(P) dA = SjiP) sec ^ dA" = sec « dA'", ( 21 ) 

where a and /3 are the smaller direction angles with the x- and 
y-axes of any normal to K. If in (20) and (21) we take /(P) s 1 
and let A denote the area of K, thenf 


* The student should verify this. See Chap. VII, Ex. II, 1, 2. 
t For a further discussion of surface area, see Sec. 15, Chap. VI. 
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.4 = 3^- ~ J* y di/ dz = J ’ sec /3 dz dx 

= J sec a dz dij. (21') 

If in (20) v,-e ■n'ritc g(,P) ~ f{P) sec y, tiicn f{P) = g{P) cos y, 
and (20) assumes tlie form 

g{P) cos ydA^ 3^. giP) dA (22) 

Formulas (21) may be modified in a similar manner. 

"We now give a few e.xamplcs to illustrate the meaning and 
use of surfaee integrals. 

The viomcnt M of a point mass m about a line I is rm, where r is 
the distance from m to 1. If wc consider a plane area K as ha'\'ing 
unit mass per unit of area, then the moment A, -41 of a subregion 
Ri of K about a line I in the plane of K is such that 

r(Ai.4 g A.4/ g r. A,.4, 

where rj and u arc the smallest and largest distances from I to any 
point of Ri. It is seen that the moment Mi of K about I is 

where r is the (directed) distance from I to the point P of K. In 
particular, if K' lies in the ary-plane, the moments of K' about the 
lines y = h and x = h arc 

Sk- (y - S;,- (-^ - A) dA ' 

respcctivelj', thc.se integrals being evaluated by (10) or (11). 
It follows in the same way that, (he moment of incriia I of a 
point mass m about a line I being r-m, the moment of inertia I[ 
about I of an area K on an arbitrarj' surface S is 

/, = 3^,r=rf.4, (24) 

where r is the distance from I to any point (x, y, z) of K. In 
particular, the moment of inertia about the x-axis is 

I-. = 3^ 

and if K' lies in the xy-plane, I- = Sk' y' dA'. If r is the distance 
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from the origin 0 to any point (x, y, z), then the moment of 
inertia of K about the origin is 

7o = dA = (25) 

The integrals in (24) and (25) may be evaluated by (20) or (21). 

We give another example relating to fluid flow. If fluid is 
flowing in such a manner that it has everywhere the same con- 
stant velocity V, then the fluid flowing across (through) a plane 
area A in one unit of time forms a cylinder with base A, slant 
height V, and altitude V cos B, where B is the inclination of V 
to a normal upon A. The volume of this cylin- 
der, AV cos B, is numerically the rate of flow of 
fluid across A. Since V cos 6 is the magnitude 
Vn of the component of V normal to A, the rate 
of flow of fluid across A is AV„. Now suppose 
fluid is flowing in an arbitrary manner across a 
region K of a surface S. Let the velocity of the 
fluid at any point be represented by the vector V, and let 0 be the 
angle between V and the normal to K at any point P of K. 
Then (see Sec. 20) the rate of flow of fluid across K is 

Q = cos 0 d4 = dA, (26) 

where V is the magnitude of V, and F„ is the component of V 
normal to K at any point P of K. (This may be seen intuitively 
by breaking up K into small regions Ail.) It is seen that the 
sign of cos B, and hence the sign of Q, depends upon the choice of B 
as between the two angles from V to the normal. To settle this 
question of sign it is customary to erect a unit vector n, called the 
unit normal, along the normal to K at each point P of K; B is 
then the angle between V and n. The vector n may be taken in 
either direction along the normal at P, and the effect of introduc- 
ing n is essentially that of determining a “positive” and “nega- 
tive” side of K. If we define the vector A,-Ar to be a vector in 
the direction of n and of length AfAr [see paragraph below (17)] 
then by (18) and Definition 16.1, we may write (26) in the form 

Q = S^.V-dA. (27) 

Formulas (26) and (27) may evidently be used in connection 
with any quantity whose value and direction at any point P may 
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be represented by a vector V ; the set of all vectors V correspond- 
ing to the points P of our space is called a vcclor field, and (26) 
and (27) ^ve the flux of this field across K. Thus, if V represents 
the direction and intensity of a magnetic field, then (26) and 
(27) represent the total magnetic flux across K. 

In order that (27) be meaningful, it has been assumed that n 
varies continuously from point to point over the surface S 




Fio. 9G. 


without, for example, sudden changes in sign or direction. It 
is not always possible to determine n in thi.s manner even though 
S has a tangent plane at each point. Thus, consider the Moebius 
strip formed bj’ a long narrow piece of paper one end of which is 
given a half tnist before the two ends are 
brought together. In going once around the 
strip and returning to the starting point, the 
vector n must experience a discontinuous 
change of direction. Again, if a surface is 
creased (like a ciusp), it inaj' be necessary to 
deform the surface slightly by rounding off the 
crease before n may be everj^vhere continu- 
ous. We .say that a surface S is oricniablc 
if (after any nccessarj' “.slight” deformation) it is possible 
to construct a vector n at each point of S .«o that n is continu- 
ous at every point of S. We shall asaume throughout this discus- 
sion that we deal only with oricntable surfaces. 

If <S is a closed surface (e.g., a sphere), and if V is a vector field 
across S (e.g., a magnetic field), then by properly choosing n at 
each point of S (e.g., in the “outward” direction), the sign of 
V • dk determines whether Q is inward or outward at anj’ point 
P of S, and (27) represents the net flow across S, that is, the net 
flow out of, or into, the region bounded by S (sec Fig. 96). 

The process of orienting a surface has other applications. For 
example, 




( 28 ) 
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represents the volume of the region R bounded by the surfaces 
Ki and with equations z = S\{x, y) and z = Si{x, y), where K' 
is the projection of R on the .xy-plane. By (22), 

V = y) cos y dA ~ 2/) '1' 

By taking n “outward,” so that cos y is positive over and 
negative over Ki, we may write 

V — 3 ^ z cos y dA, (30) 

where S is the enth-e surface of R and where 
z is determined as in (29). Formula (30) can 
be extended to more complicated regions. 

With these conventions in mind it is 
possible to express (26) and (27) in a form 
more convenient for computational purposes. Pm. 97. 

Let a, /3, y be the direction angles of n, let ar, /3r, 7 v be the direc- 
tion angles of V, and let X, Y, and Z be the components of V 
parallel to the axes. Then, as indicated in (22) and (15), 

Q = Sr- ^ cos e dA 

= S^ ^ (cos av COS a -h cos Pr cos /3 + cos yy cos y) dA 
= S^ (-^ COS a -j- F cos 13 + Z cos y) dA (31) 

= dA’" S^.„ (±50 dA" + S/ {±Z) dA' (32) 

+ /± {±Z)dydx, (33) 

where in each double sign we take the sign of cos a, cos /3; and 
cos 7 , respectively, as determined at the point where X, Y, Z are 
evaluated. If x, y, or z is multiple-valued on K, then the first, 
second, or third integrals in (32) and (33) must be broken up 
into parts as in (29) and (28). In particular, if if is a convex 
closed surface, and if n is the “ outward ” normal, the last integral 
in (33) is evaluated by integrating +Z over the upper part of K, 
integrating —Z over the lower part of K, and adding the results; 
the other integrals in (33) are evaluated similarly by using over 
the right or front part of K and — over the left or back part of K. 
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It should be observed that (31) to (33) are general formulas for 
any integral Sa- cos 0 dA, where V is any vector with rectangu- 
lar components X, Y, Z. 

We leave it to the student to write out in complete detail the 

definition of a vohnne or triple 
integral: 

S„/(x.i/,z)dF 



= lim V/(a:,-, iji, zi) AJ' 
0 


(34) 


Fig. 9S. 

obtained by changing the order of integrations; 


where 7? is a region in space. IVe 
^ also leave it to him to prove the 
following formula, where rt, r;, tp, 
tp, a, and b have the significance 
indicated in Fig. 9S, and to give 
five other forms of this formula 


S,f(x, y, Z) dV = £ ££ £££ fix, y, z) dz dy dx. (35) 


EXERCISES Xm 

1. Find A, Mx, M^, lx, I„ and /o for the arcait bounded by: 

(a) x- + !/’ = aK 

(b) 7j — x', y ~ 1. Also find I about y = 1. 

(c) 4x- = i — y, x- — I — ij. Also find I about x = 1. 

(d) One arch of the cycloid i = a(0 — sin D), y = a(l — cos 0), and 

y = 0. 

(c) The coordinates S and 5 of the center of gravity of an area in the 
xy-plane are defined by the relations 

Ax — Mp, Ay ~ i\l X' 

Find the center of grarily of the areas in parts (Ij), (c), and (dj. 

2. Find A, Ix, Ip, ft. and h for the following surfaces: 

(a) xja A- y/h + z/c = 1 and in the first octant. 

(b) X = X* cut ofl by ;/ + x => 1 and y = 0. 

(c) X = X- -b 2y- below x = 1. 

3. Let S be the surface of revolution obtained by rotating the cun'c 
y — f(zi) about the line y = k. Derive the formula 

A = r2-iy - fc)Vl + iDx7j)-dx, (36) 

JO , 

using tangent cones instead of tangent planes. Also, derive (36) directly 
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from (21). [jSTote (11) of Sec. 19.] Find the areas of the surfaces obtained 
by rotating the following curves in the manner indicated: 

(a) X- + y- = a- about y - 0. 

(b) y = sin x from a; = 0 to a: = ir about y = 2. 

(c) y^ = a;’ from a: = 0 to a; = 1 about a: = 1. 

(d) One arch of the cycloid x = a(0 — sin 0), y = o(l — cos 6) about 
y = 0. 

4. Evaluate the integral (31) in the following cases, n being the outward 
normal: 

(a) X = x-y-, Y ~ xz, Z - y- — z", K is the entire sphere 
a;*- + y= + 2= = a"-. 

(h) X = X — y, Y = y- + z^, Z = 1, K is the entire cube of edge 2o 
with center at (0, 0, 0) and with faces parallel to the coordinate planes. 

(c) X = Y = Z = X- + y^ — Z-, K is the entire cylindrie surface 
x^ + y- = a-, z = 0, z — 1, including its bases. 

(d) X = a:, F = xy, Z = xyz, K is the surface of the region bounded by 
z = a:® + y- and z = 1. 

5. Find the volume F, the moments Mxvt Mu, My, about the coordinate 
planes, and the moments of inertia h, ly, L, h of the solids bounded by: 

(a) a;® + y^ + 2- = above 2=0. 

^) a:’ + y- = 1 — z above z = 0. 

(c) 2 = 1 — a:’, z = 0, y = 0, a; + y = 1. 

(d) a:= + 2= = a=, y= + 2= = a\ 

(e) z = x^ + z = y-, z = I — y^, z = 0. 

(f ) The coordinates x, y, 2 of the center of gravity of a solid are defined by 
the relations 

Vx = My„ Vy = Mx., Vz = ilf„. 

Find the centers of gravity of the above solids. 

6. Give in complete detail the definition in (34). 

7. Prove (35). 

8. Prove the following theorems of Pappus; 

(a) If a plane area A be rotated about a line I in the plane of A and 
not cutting A, the volume of the solid generated is equal to the product of A 
and the distance traveled by the center of grav- 
ity of A. 

(b) E a plane curve C be rotated about a line 
I in the plane of C and not cutting C, the area of 
the surface generated is equal to the product of 
the length of C and the distance traveled by the 
center of gravity of C. 

18. Green’s Theorem. There exist 
many close relations among line, surface, 
and volume integrals, and in this section we 
shall develop a few of these relations. Let i? be a region in the 
xy-plane of the sort described in Theorem 17.2. (In this section 
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we shall drop our con\'ontion regarding the use of primes.) Let 
M{x, y), N{x, y), My, and jVr be defined and continuous over 
K. By (10) of Sec. 17, we have, in the notation of Theorem 
17.2, 



“ rxr f ■ r{ } * 


X 


M[x, ^(x)] (lx 


-X 


iV[x, s3(x)] dx 


= j1/[x, ^(x)] dx + £ M[x, <=(x)] dx I 

= - M{x, y) dx, (1) 


where C denotes the boundarj’’ of K, where y = <p{x) along the 
lower part of C and y = t^(x) along the upper part of C, and where 
tiie point (x, y) trace.s out C in the ■positive (counterclockwise) 
direction. It follow.s in tiie .«amc manner that 

S, " - XX’ * - XX 


=x 


iY(x, y) dy, 


( 2 ) 


wlierc X = a{y) along the left part of C and x = t(?/) along the 
right part. If wo subtract (2) from (1), we obtain 

Theorem IS.l {Green's Theorem). If K is the region described 
in Theorem 17.2, and if M, N, My, and N~ arc defined and con- 
tinuous over K {including the boundary C),lhcn 

s,(f -S) 

+ N{x, y) dy, (3) 

^ xvhcrc C is traced out by the point (x, y) in the 
^ positive direction. 

Green’s theorem is valid for much more 
general regions than is indicated in the preceding statement of 
it. For example, let K be the region shown in Fig. 100, and let 
K be broken up into a finite number of parts /fi, K^, • • • of the 
sort indicated in the theorem. Then the theorem holds for each 
part. But in computing the line integral along the boundaries C i 
and Cl of Ki and K^, the integral along the common part PQ of 


ly Q 
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these boundaries cancels out because PQ is traced in opposite 
directions in the two cases. Hence 

{My — Nx) dA = M dx + N dy, 

where y is merely the (exterior) boundary of the combined region 
^ 7^2. This process may be extended to the remaining parts 

of K to show that (3) holds for the entire region K. We leave 
it to the student to develop for himself as general a statement as 
possible of Green’s theorem, and, in particular, to consider the 
case where K consists of several disconnected parts as indicated 
by the shading in Fig. 101 (a). [To determine the direction in 




which the various parts of the boundary must be traced out, 
connect the various parts of the boundary as indicated in Fig. 
101 (b), where the connecting lines are regarded as coincident so 
that the integrals along them have the sum zero.] In the applica- 
tions we shall make of Green’s theorem we shall always explicitly 
assume that K denotes a region for which Green’s theorem is 
valid. 

Green’s theorem enables us to compute a double integral by a 
line integral, or conversely, to compute a line integral by a double 
integral. 

Example 1. Evaluate / c — y-) dx — 2xy dy, where C is the entire 

circle x= + = 1. 

Solution. By (3), the given integral is equal to 

+ 2y) dA = 0. 

It must be emphasized that this method for evaluating a line integral is 
available only when (7 is a closed curve, as otherudse C does not bound a 
region K. 

Example 2. E^'aluate S/c (2y - 6x) dA = (2y - 6x) dy dx, 

where K is bounded by the circle x* -J- i/^ = 4. 
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Solution. Let M^ = 2y. Then tve can tal:c .11 - y- s’. Again, 
Ni - Gx, and N = 3(i’ + y'). By (3), tlie given integral is equal to 

— (i’ + y-) <Ix + 3(z’ + y-) dy — — 4 dx + \2 dy — 0, 

where C is the boundary of K. 

Eiample 3. B3' Green’s thcorcin, —ifeydx — xdy — Sk (1) AA — A. 
This result is consistent with (21) of See. 10. 

We list a few corollaries of Green’s theorem: 

ConoLL.\nv IS.ll. 7/ il7„(T, y) = jVi(x, y), and if C is any 
dosed curve in the xy-planc such that M, jV, and N- arc defined 
and continuous over the region K bounded by C, (hen 

M dx + N dy = 0. 

Since M.j s N., the loft member of (3) is 0, and the corollarj' 
is immediate. This corollary is illustrated b\’ E.vamplc 1 above. 


Example 4. If C i-> the entire circle j’ -f p’ = 1, it follows bj* direct 
computation that 


Ic X- + p’ 


dx 


x’ + y- 


dy =■ 2t, 


(4) 


for the differcnti.al is exact, I di 4- -r— — -dy = tan”* - + const., 

J £•- -f p’ I- + p’ T 

and as the point (i, p) movc.s poritiveh' around C once, tan”' (p/i; incrc.ascs 
in value by 2r. We cannot quote Green’s theorem to conclude that the 
given integral is 0 because .11, N, .Ifj, and A’, in tliis 
case arc discontinuous at the point (0, 0) within C. 
This example illu.strntcs once again the fact that the 
hypotheses of a theorem must be fully met or the 
theorem cannot be applied in a given case. It is cn'- 

dent that the given integral is 0 for anj’ closed path 

”1 's C which docs not contain (0, 0). 

Fig. 102 . CoROLLART 18.12. Let M{x, y) and jV(x, ij) 

be given functions, let A and B be two points in the xy-plane, atid let 
C\ and C 2 be any two curves joining A and B such (hat ill, jV, M,,, and 
N. arc defined and continuous over the region K bounded by, and 
including, Ci and Cz. If M„ = N-, then 



f il7 dx + Ndy = f M dx + N dy. 

JCx 


( 5 ) 
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Let C denote the. closed curve from A around to A consisting 
of Cl and C 2 . By Corollary 18.11, 

0 = dx + N dy 

= M dx N dy — M dx + N dy, (6) 

■where /c, and /c. are each taken from A to B, the minus sign 
arising from the fact that the pai't of /c along C 2 . is taken from 
S to A. Equation (5) follows at once from (6). 

"While Corollar 3 ’- 18.12 is merely a restatement of Theorem 12.4, 
the preceding proof gives further insight into this important 
result. 


Example 6. Evaluate /J;? (3z= — y-) dx — 2xy dy along the curve 
sin (Trxy/2) + log {2x — 2 / + 1) =0. 

Sohtiioji. Since the condition ilf„ s Nx is met, along with all continuity 
requirements, we may choose any path we please from (0, 0) to (1, 2) 
instead of the given path. If we take the path y = 2x, then the given 
integral equals 

-x^-dx- fjr-dy -3. 


If we choose the path consisting of the line segment h from (0, 0) to (1, 0) 
and the line segment h from (1, 0) to (1, 2), then we evaluate the given 
integral along h and h separately and add the 
results, where y = 0 and dy = 0 along h. and 
a: = 1 and dx — 0 along Zj; 





Fig. 103. 


Corollary 18.12 is sometimes misstated 
as follows : Let M, N, My, and A’’ibe defined 
and continuous over a region K, and let 
A and B be two points of K. If My = N,,, 
then fcMdx + Ndy has the same value along all curves C join- 
ing A and B and lying in K. That this statement is false is seen 
by taking K as the shaded ring shown in Fig. 103. The curves 
Cl and C 2 lie in K, but the integral in Example 4 has the value 
3ir/2 along Ci and the value — 5r/2 along Cj. While M, N, My 
and Nx, are defined and continuous in K, the difficulty is that Ci 
and Co bound a region L which does not lie in E"; in particular, 
the point (0, 0) is in L, though not in K. The above statement of 
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Corollary' 18.12 is valid if vre restrict K to be "simpl}' connected ” 
in the scn.se that, if C is an}' closed cur\'e in K, the region bounded 
by C is in K. 

It follows from Corollar}' 18.12 that if lY., then 

M(x, y) dx + N(x, y) dy, (7) 

being independent of the curve C along which it is taken, has 
exactly one value for each point (xo, j/o) when (a, h) is fixed. 
Thus the quantity (7) is a function of the point (xo, yc). If we 
denote this function b}'/(x, y), then 

/(a-o, Vo) = Mix, y) dx + A^x, y) dy. (8) 

With this notation in mind we may state 

ConoLL.\nY 18.13. Lcl M, N, M„, be defined and continuous 
over a simply connected region K. If M„ s Ni, and if fix, y) 
is the function defined over K by (S), then df/dx s Mix, y) and 
df/dy s A'(x, y). 

By Definition 16.1 of Chap. I, 




= lim 


1 


rr 


*0 

xj-f Ar.irj 


M dx + N dy 


rsi.u 


Mdx + Ndyl (9) 


]■ 


P' 


*0 

where by Corollarj' 18.12 we may choose the path of integration 
as we please within K. Let Ci be any 
^ arc in K joining (a, h) with (xo, yo), 

(y&o.Xo> ^ straight line y = tjo, and 

let C be the curve consisting of Ci and 

1. Then (9) may be written in the 
Fio. 104. form. 


/ 


fzixo, yo) = lim ^ Mix, yo) dx + A"(x, ijo) dy (10) 

since the path of integration is 1. But dy = 0 along I and 
fiNdy = 0. By Theorem 13.2 there exists a number 0, 
0 < 6 < 1, such that 


Mixo + e- Ax, yo) = il/(x, yo) dx. (11) 
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Since M is continuous, it follon-s by (10) and (11) that 
/x(a:o, yo) = lim M{xq + 6 ■ Ax, tjo) = M(xo, ijo)- 

Ax~»0 

The second part of the theorem is proved in a similar manner. 
As an immediate consequence of Corollary 18.13 'we have 
CoEOLLARY 18.14. If M and N meet the conditions of Corollary 
18.13, and if My s N,,, then fM{x, y) dx + N{x, y) dy exists and 
is given by the formula 

J M(x, y) dx + N{x, y) dy = f{x, y) + C, 

where fix, y) is the function given by (8). 

While Corollarj’- 18.14 is merely a restatement of Theorem 12.2, 
yet the preceding discussion gives further insight into this 
important result. 

EXERCISES XIV 

1. Show that /J ;5 (Zx-y — y") dx + {x^ — 2xy) dy is independent of C. 
Check this result by evaluating this integral along three different paths. 

2. Find /c (a: — y) dx around the circle + y’ = 1. Carry out this 
evaluation by direct substitution and also bj' Green’s theorem. 

3. If Vx = Ac/(x- + y-) and Vy = iy/tx- + y~), find the rate of flow 
of fluid across 

(a) The unit circle with center at (0, 0). 

(b) Any simple closed cun^e not enclosing (0, 0). 

Account for the fact that Green’s theorem is applicable in one case but not 
the other. Wliat physical interpretation may be given to e.xplnin the differ- 
ence between the two resvdts in (a) and (b)? 

4. Evaluate Jc (a;- — y-) dx (xj/) dy around the figure bounded by 
y = 4: — X- and j/ = 0. Use Green’s Theorem and also some other method. 

5. Find the work done on a particle moving along the path y = 1 — x-, 
2 = 2x — 3 from (0, 1, —3) to (2, —3, 1) w'hen 

Z(x, y, z) = xy, F(x, y, z) = z, Z{x, y, z) = x - a. 

6. Using three different paths, find the work done on a particle in going 
from (0, 0) to fl, 2) when X(x, y) = x/V a:= + 7j\ F(x, y) = y/\/ x- + y\ 

7. Solve Exs. XII, 3 and 6 by Green’s theorem. 

8. Find the work done on a particle going from (0, 0, 0) to (1, 2, 3) 
when X(.x, y, z) = 2.x, F(x, y, z) = z, Z(x, y, z) = y. Use three different 
paths. 

9. Prove the converse of Corollarj' 18.11, i.e., that if M, N, My, and Nx are 
defined and continuous over a simply connected region K, and if 

M dx + N dy = Q 

for every closed curve C In K, then ilf„ s Nx. 
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Hint: Suppose at some point (ic, yo) it were the case that 


.II, (rr, !/o) — Hxixt, Vo) > 0. 


Bj- continuity, My — jY, > 0 over some region I? about (xc, ;/<>)■ Thus the 
left member of (3) is not 0 for the region R. 

10. Let /(i, v) and g(x, ;/) have continuous second derivatives. By 
baking .1/ (Off/Sv), N = — /• {fig/Hx) in (3), show that 

and hence that 

( 13 ) 

where ilff = (d‘‘g/Sx-) -f (<)V/«^.V*), * denotes arc length along the I>ound3iy C 
of the region K, and dg/du denotes the directional derivative of g in the 
direction normal to C at any point on C. To what fonn docs (13) reduce 
when 5 = 1? To what fonn docs (12) reduce when fix, y) = gix. y) and 
A/ = 0? 

11. Show that (he area A bounded by the lines 0 = a, 0 = and the 
curve r = /(fl) i.s given by 

A = X dy — y dx ij" r- dO. 

Hixt: I = r cos 5, 1 / = r sin 0. 

12. Using both integrals in E\. 11, find the smaller area bounded b}' 
X* + I/* = 25 and i = 3. 

19. Transformatioii of Double Integrals. In this section we 
shall apply Green's theorem to evaluate a double integral 
S/:/(x, !/) dA ~ //k/(x, y) dy dx by introducing a new (w, v) 
coordinate sj'stem over the region K. [Cf. (3) in Sec. 10.] Let 
N{x, y) be such that/(x, y) = 5iV(x, y)/dx. B 3 ' (2) of See. 18, 

S^/(^. V) dA = = X (1) 

where C is the boundarj' of K. Let C be represented by the 
equations 

a: = v-( 0 , y = m, ( 2 ) 

where I varies from to to U as (x, y) goes around C once from some 
point Po. Then 
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N{x, y) dy = £ N{x, dt. (3) 

Let us introduce a new coordinate system by the relations 

X = pi'll, v), y = qiu, v). (4) 

As the point (u, p) moves along C, n and v are functions of t, and 


X' *'>1 * = X ">(! s + 1 S) * 


X 


- \_N(x,y)^^du + N(.x,,j)^,dv, 


where the last integral is evalu- 
ated by transforming the xy 
equations of C into itv equations 
nith the aid of (2) and (4). By 
Green’s theorem, 


X 


'dv 


IT 


( 5 ) 





Nix, y)^_du + N(x, y)^dv 


X 

Fio. 105 


! I'l 


'du 


'do 




b u 


dv du 


( 6 ) 


where the limits for the double integrals are given by the uv equa- 
tions of C in the usual manner.* It follows by (1), (3), (5), and 


* To see this more clearlj’-, regard n and v as rectangular coordinates in a 
ur-plane. Then the w equations of C represent a closed curve Cue in the 
uy-plane. Since u and v vary in exactly the same manner along C and Cm, 
as do also the values of N, dy/du, and dy/dv (see Fig. 105), 



du + N— dv 
du dv 



N— du + N— dv, 
du dv ’ 


there being no difference whatever between the two integrals except their 
geometric representation. As indicated in (6), 



du dv 


XX 


dNf dx dy 
Km \du dv 


dx dy 
dv du 


) 


dv du, 


(7) 


where Km is the region bounded by Cm, and where the limits for //k„, 
are determined in the usual way. Since the range of variation of xt and t; 
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(6) that 


.a 


/fe y) oy dx 






( 8 ) 


where fl(x, 2/)/3 (m, v) denotes the Jacobian of x and y (see Sec. 20 

of Chap. I), and where S{x, y) is 
U u ’-ti„+du Y expressed ns a function of « and v by 
(4). In the preceding proof we leave it 
to the student to slate explicitly all 
conditions regarding continuity, ranges 
of values, etc., that have been implicitly 
assumed. 

*x If /(a:, j/) = 1 in (8), then the area A 
Fig. 100 . of a region K is given by 



=s, 


(1) dA 


/I 


c)(x, y) 


v) 


dv dit, 


(9) 


where the absolute value is introduced because the Jacobian 
may be negative. To give an intuitive derivation of (9), suppose 
the region K is subdivided into .small curvilinear parallelograms 
Ri as indicated in Fig. 106, where the equations of ST, for exam- 
ple, arc X = p(uo, v), y — q{uo, v), or in uv coordinates, u — «o. 
If u and V represent arc-lengths along the boundaries of R, then 
the area of Ri is approximately du dv sin a, where a is the angle 
between the curves n = i<o and v = t’o. But it was pointed out 
in Sec. 20 of Chap. I that sin a = d{x, y)/d{u, v) when w and v 
represent arc lengths. Hence the area of Ri is approximately 
\d{x, y)/d{u, a)| du dv, and (9) follows by the usual summation 
process. 


Example 1. In polar coordinates (4) assumes the form 


X = r cos 0, y — r sin 0, 


and as d(x. y)/d{T, 0) = r, (8) becomes the formula for volume in polar 
coordinates: 

V~ XJk ~ 

If X = /(r), a function of r alone, and if K is tlio ring bounded by r = a and 
r = 6, then 


is exactly the same over Kw and K, the last integrals in (6) and (7) are 
exactly the same, only the geometric representations being different. 
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S = /:r r/(r; dB dr = J" 2:ir/(r) dr. (11) 

If z s 1, (10) gives the area bounded by a plane curv'e: 




r dr dB. 


( 12 ) 


In particular, the area bounded by r = a(l — cos B' is 
Tad — coa 0) 


= r- r 

Jo Jo 


rdrdB = 


Example 2. In parabolic coordinates (4) assumes 
the form 

X = i(u — v), y = y/uv, 
and as 3(x, 7/)/5(«, a) = J(u + v)/'\/uv, (8) becomes 

j* ^2/ rfa: = 



Fig. 107. 


1 u + t) 

\/m 


du du. (13) 


In particular, the moment about the a-axis of the area bounded by the 
parabolas u = a, u = b, v = c, v = d is 

Q r r !«+«' . iff", 

y = I I y- ;;=• dP dt( = - I I (m + v) dv du. 

Ja Jc 4Jo Je 

In Sec. 15 of Chap. FI ve shall show how (9) ma}^ be used to define the 
area of a warped surface (a concept we have so far taken for granted). 

EXERCISES XV 

Show that 

1- Ss/(a^j y) dA — 2fc /o/(u +v,u — v) dv du when 
X = u — V, y = u -j- V, 
where K is the region bounded by 

y - X = 2a, y —X = 2b, y + x = 2c, y + x = 2d. 

2. JJ Kx, y) dy dx 

’6(«+i) r 

/ 


= 17 . 

77 . 


L2(m 

-a 


V UP 

+ 1)7 +1. 


2(« + 1)» 


dv du 


0 ^■^ 2(w+ l)! 


du dv + 


n 2 

— 1 


(fi) 


2(u + D* 


du du 


when X = ^/(« + 1 ), ^ = «„/(„ + i) (gee Fig. 108). 
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Hrjrr: dravr ths parametric curves u = uj and r = r: by — riting the 
equations of transfonnation in the form « = r = 2r -r snd plotting 
the graphs of these equations for various values of m and r. Determine the 
ur equations of the bounding curve'. Interpret the various integrations as 
a process of ‘‘adding up" little quadrilaterals by rovs in one direc'Jon or the 
other. 

3- Ji./f/i’/fs-. yj oyttir = du dc = fj Cr du v.-hen 

u = p — J-% r = zp, 

vherc Z; is the solution of the equation r’ -r 3x — 1 =0. 

, ri rs~\‘T^ 

’• /t ii/u- .’ri Spdz = J ^ fJ all dz 

= i\ ifiJ Sr de - /; /j'-' V'-I oV dll 
rrhen n = z + p, r = z- — p\ 

20. Green’s Theorem in Space. Theorem 18.1 relate? a 
double integral over a plane area to a lino integral around the 

boundar^v of thi.? area. Thi? theorem 
may be extended Cl) to relate a volume 
integral to a suris.ee integral taken 
over the boundarv* of the volume, and 
{2} iO relate a double integral over a 
warped area to a line integral taken 
arounfl the boundary* of thi? area. In 
this section '.VO take up (1). and in the 
next 'oction tve discus? (2). 

Let R be an a.xial region whose bound- 
ing .«Tinace S can be broken up into 
upper and lower parts iv- and Ki with 
equatioiLS g = r:(x, y) and z = ri(x. y). 
Let Z(x, y, z) and dZ/bz be defined and continuousin R. By (35) 
of Sec. 17, 



= i^Ix. y, r-(x. y)] - Z\x. y, r,(x. p)]j dA' 

= !/r -) <*05 7 d.'l. 


( 1 ) 


where y is the direction angle with the :-axis of the outward 
normal n at any point of S. and where K' is the projection of R 
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on the a;j/-plane. It follows in a similar manner that 

CJ dX{x, ^ _g) ^ Q ^ 

dx ( 2 ) 

Q dY(x ^ g) ^7 = Q Y cos /3 dA, 

^R Sy 

where a and jS are the direction angles of n noth the x- and i/-axes. 
If we add the results in ( 1 ) and (2) we obtain Green’s theorem 
in space: 

= ^ (X cos a + Y cos p + Z cos 7 ) dA, (3) 
s 

where each term may be evaluated as indicated for (1), The 
region R may be generalized in the manner indicated in Sec. 18. 

If X, Y, and Z are the rectangular components of a vector V, we 
define the divergence of V, div V, by the formula 


,. ,, dX , dY , dZ 

-to +sF + *' 


( 4 ) 


By (26), (27), and (31) of Sec. 17, (3) assumes the form 

div V d7 = dA = V . dA. (5) 

It may be sho-wn by (3) that 

JJI f{x, y, z) dz dy dx 


= JJJ. 


/(x, y, g) v / - — % dw dv du. 
r''^ ’ 'd{u, V, w) 


( 6 ) 


A\ 


y] . i, 




dz 


[See (22") of Sec. 20 in Chap. I; also, see Osgood, "Advanced 
Calculus,” p. 271.] 

We shall now give a physical interpreta- 
tion to div V; we shall do this in a simple 
intuitive manner and then in an accurate 
mathematical manner. Consider the fluid 
in a small volume with edges dx, dy, dz. 

Let A and A' be the centers of the faces of 
this volume parallel to the ?/z-plane, and 
let X and X dX be the x-components of the velocity V of the 


A' dy 
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fluid .'ll A and let I', 1' dY, Z, Z + dZ be the other 
components of V at the centers of the other faces. Then 
(dy rfc) (dX) (dt) is the increase in volume V due to dX in time dt, 
and dx dz dV dt and dx dy dZ dt are the increases in V due to dY 
and dZ in time dt. Hence the total rate of increase in I* is 


f = rf!,*rfX 


dx dz dY -f dx dy dZ, 


and the rate of increase of T’ -per unit of volume is 


1 dV dX 
hm = — 

;-_0 V dt dx 


dl , dZ .. 

= div V, 

du dz 


(7) 


where we write, for example, lim dX/dx = dX/dx because y 
and z are constant. 


To give a rigorous derivation of (7), consider an arbitrary particle P 
of fluid flotving in space. If (j, :) is the position of P at time t, then z, y, z 
depend upon i and the position (rc. pt, zt) of P at some fixed instant I-., i.c., 

X = p(it, i!- 0. y = t;., r;, t), z = t/c, r:, t). (S) 

Let Ra be the region occupied by a certain portion of fluid at time It, and 
let R be the region occupied by this .'arne portion of fluid at time t. By 
(S), we may regard (x:. in, zo a? a .'et of p.ammetric coordirtates of R, and 
by (0) vith f(x, j/, r) cr 1, the volume T of R is 


where the sub'cript 0 .'^erves merely to distinguish the variables Xo. Vs. Zs 
from the variables x, y, By a direct avtension of Sec. 33 below, we may 
write 


Kow 


dl 

dt 




(10) 



5 ai 

0X 

dx 


dx 

a dx 


dx 

3r 

a ax] 


3idz, 




ix. 

dl dy. 

arc' 

dx. 

dyo 

dl dzi 


d dy 





d dy 

ap! , 

dy 

dy 

_aap| 


i 

dpo 

dz, 

* 

dX} 

dl dyo 

arc* ■ 

dx. 

dy^ 

at ar.-' 


3 

d: 

dz 


dz 

a dz 

ar| 

dz 

dz 

a arj 


dt dXo 


dze 


dz. 

dldy. 

arc! 

dz. 

dps 

at are! 


for the first determinant represents the result of difi'erentiating the first 
factor of every term in the expansion of J. and the second and third deter- 
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minants arise when all the second factors and then all the third factors are 
differentiated. Now at t = U, x and xo mean the same tiling, i.e., x = Xo; 
likewise, y ^ ye, z ^ zo. Hence 

^ ^ dx dx _ By _ dy _ ^ ^ Bz ^ 

Bye Bzo Bxo Bze Bxo Byo ’ Bxo Byo Bzo 

On the other hand, the components of velocity of a particular particle P 
are 


X = 


3x 

at’ 




( 11 ) 


since Zo, j/o, zo are fixed for any one particle. Hence 


d dx 

d dx 

BX 

a By 

BY 

B Bz BZ 

dl dXn 

dXa dl 

Bxa 

31 Byo 

dyo 

Bi Bzo Bzo 

1 1 

Qj 1 Q, 

X, y, z 

\ 1 

fax 

BY 

BZ'' 
+ ~ 
BZo/ 

) = (div 

^0 

2/Q) Zqj 


\axi) 

Bye 


and by (10) 


JJX. 


( 12 ) 


Since x, y, z are not involved in this result, we may drop all the subscripts. 
By an extension of Theorem 28.1 below, 

m div V dV = {div V]p,(7), 


so that by (12), 


V dl 


= [div Vjp., 


where Pi is some point in R. If we let R shrink to any given point Fo in 
R, then Pi — » Po, and 


1 dV 

* T? ^ 

r-»Po r dl 

as in (7). Because lim {l/V){dV/dl) is invariant for all coordinate systems 
y-*Po 

based on the same unit of length, it follows that div V is also an invariant. 

Because dV/dt represents the rate Q at which fluid is flowing 
across the surface S bounding a region R, it follows by (12) and 
(5) that (26) and (27) of Sec. 17 hold under general conditions. 
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It is seen, moreover, that (13) of Sec. 16 i": merely a special case 
of (26) in Sc-c. 17 <nnre in (13), I'sin 9 = 1',, 

If p is the density of a fluid at any point P, and if M i^ the total 
mass of the fluid in a region R, then M = Sj-odT. and 


d^r 

dl 


Q 


dl*. 


(13) 


But by (26) of Sec. 17 and (5). the rate of inercas" of .If due to 
the fiov of fluid into R aeross its boundary- S is 

-S^ pT*. d.l = -S^ [div CoV}] dr. (14) 

Again, if matter is being created or destroyed (a= b3' radioactive 
proce.sses) at anj* point P at the rate Xp. X bi'ing the “grotvth 
factor.” then the rate of increase of 3f due to these ‘‘sourc-'-s" or 
“sinks” is 


S.xpdr. 


(15) 


Since the sum of (14) and (15) is d.lf/d'. it follon-a bt- (13) that 

Since (16) hold* for cren/ region R. 


of 


-T* div (oV) — Xp =: 0. 


(17) 


for if the integr.and of (16) v.ere (saj*) positive at some point Pc, 
then bt' continuity* considerations the integrand tvould remain 
IKJsitive throughout some region i? about Pc and the left member 
of (16) ■Roidd be positive for this region R. In the function 
p(x, y, r, i) let x, y. z be given by (S). Then the point (x, y. z) 
represents a panicle P as it moves along its path, and dp/di 
repre.scnts the rate of change of density of the fluid at the moting 
particle P. If tve expand dp/d/ and div (pV) completely, then, by 
(17), tve have the cquaiiojt of corJimiity: 

divV = X-l^ (18) 

pat 

where dp/dl is computed at a moving particle P. As a particular 
case, if matter is neither created nor destroj-ed, so that X = 0. 
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and if the material is incompressible, so that dp/ dt = 0, then we 
obtain the equation governing the flow of an incompressible 
liquid: 

■ div V = 0. (19) 

As another particular case, let us regard p as the quantity of 
heat in a substance per unit of A’-olume. Then p = CT, Avhere 
(for normal ranges of temperature T) C is a constant called the 
specific heat of the substance. Again, if V denotes the velocity 
of a “particle” of heat, then pV represents the rate of transfer 
of heat at any point. Moreover, it is known by experiment 
that this rate is —K grad T, Avhere K is the specific conductivity 
of heat for the substance, where the magnitude of grad T is 
dT/dn, and where the components of grad T are X = dT/dx, 
Y = dT/dy, Z = dT/dz (see Sec. 22 of Chap. I). By (4), 

div (,V) = div (-iC grad T) = -Jf(g + 0 + 0). 

Substitution of these results in (17) leads to the heat equation: 

,. d-T,d^-T,d^T „dT 

div grad r - ^ + ^ + - J:xr, (20) 

where c- = C/K, and where X represents sources or sinks of heat. 
In particular, if the flow of heat is steady, so that dT/dt = 0, 
and if X = 0, then (20) assumes the form 


^ dJT 
dx" ^ dxr dz- 


( 21 ) 


EXERCISES XVI 

1. Extend the results of Ex. XIV, 10, to the case where /and g are func- 
tions of X, y, s. 

2. Develop the analogues of Corollaries 18.11 to 18.14 for surface integrals, 
with the condition div V = 0 taking the role played by the condition 

s Nr. 

3. Show that SsFtP) dA = Sk (grad F) dV, where S is the bounding 
surface of R, and dA is a vector of length dA in the direction of the surface 
normal n. 

4. Show that the work done by an expanding gas is TF = Jpdv regardless 
of the shape of the container (cf. Ex. X, 16). 

5. Find the force of attraction between a circular disk having electric 
charge p per unit area and a point charge e on the axis of the disk and 
distant a from the disk. 
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6. Show that the force of attraction between a particle P of mass m and a 
liomopcncous sphere S of mass M and radius o is F = hMm/d-, whore d g a 
and d is the dh-tance from P to the center of S. Show that there is no force 
actinp on a particle inside a homogeneous spherical shell of any finite thick- 
ness. Use thc'C results to dis'cuss the variation in the weight of a body as 
it moves from a point outside the earth to the center of the earth. 

7. (a) A force field Ls sofcnoidaf if the total flux is zero across cverj' closed 
surface S containing no point of discontinuity of the field (i.c., if there is no 
mass, charge, etc., within S). Show that the inverse square law gives a 
s-olenoi(LaI field of force. 

(h) Show that, for a solcnoidal field, the flux across each end of a tube of 
force is the same; also, show that the intensitj" of the field ndthin a (small) 
tube varies inversely with the cro--s-«cctionnl area of the tube. 

(c) Show that the total gravitational flux tlirough a spherical shell of any 
radius with a particle of mass m at the center is —i-m. (The flux density 
at any point is equal to the force acting on a particle of unit mass at that 
point). Extend this result by (a) to an arbitrarj’ shell containing a particle 
of mass m. 

8. Use Green’s theorem to solve Ex. XIII, 4. 


21. Stokes’s Theorem. We now take up the second extension 
of Green’s theorem mentioned in the preceding section. Let <S 
r be a surface which may be repre- 

.sented in both of the forms 



z = r(x, y), (la) 
y = q{x, z), (lb) 

where r and q are continuous 
and single-valued. Let S be 
y oriented by erecting a (continu- 
ous) unit vector n at each point 
of S. Let (7 be a simple closed 
curve on S bounding a region K. 
We say that a point P traces 
out V positively when P moves 
around K in that direction which would cause a right-hand screw 
to progress in the positive direction along any vector n of K. 
Now suppo=e K to be such that its projections K' and K" on 
the xy- and xz-plancs are bounded bj’ the cur\-es C' and C" 
with equations 




y ~ Gi(x), 

X = c;'<x). 


y = Ci(x), 
2 = C;'(x). 


(2a) 

(2b) 
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Since (7 is represented by the pair of equations (la) and (2a), 

Z(a;, y, z) dx = Sp, X[x, y, rix, y)] dx, (3) 

the integral Sc being taken around C in the positive direction 
relative to n. By (1) of Sec. 18, 

Xfo V, <■(*, v)\dx=+ ^ 

where Xy = , z = r(a:, y), and the 

dy /X,2 OZ /x,y 

choice of sign depends on the choice of n. By Ex. VII, 10, 

n Oi' ^ rb pCi" 

for Cl and C'z result by eliminating y from (lb) and (2a). By 
(3), (4), (5), 

- +/;/“ X.^ydx ± X-f;;:'x,S.dx 

— P ~ Xy cos t ) dA, (6) 

where S and y refer to n. It follows in a similar manner that 


S F d?/ = 3 (Fx cos y — F* cos a) dA, 

3p Z dz = 3^ i^v cos a — Zx cos /3) dA. 

Upon adding (6) and (7), we obtain Stokes’s theorem: 

3p X da: + F dy + Z dz = 3^ {{Zy - F^) cos « 

+ {Xc — Zx) cos jS + (Fx — Xy) cos 7] dA. (8) 
As in (10) of Sec. 16, we may write 


S„x<ia,+ r% + z* = S„ V • dr, 

where X, F, and Z are the components of a vector V. If we 
define curl V to be the vector whose components are (Zy — F^), 
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(Xi — Z.), (}% — Xj,), then, as in (31) and (27) of Sec. 17, we 
have as the vector representation of (8), 

S V • dr = S curl V • dA. (9) 

Let (curl V),. denote tiic component of curl V normal to K 
at anj' point of K. By the theorem of the mean, wc may express 
the right member of (9) in the form 

S^. (curl V)„d..l = (curl V)„kA, (10) 

where A is tlio area of K. As in (7) of Sec. 20, wo have by (9) 
and (10), 

(curlV)„lp. = Ihn -i-S V-dr. (11) 

As a con.'equence of (S), Corollaries 18.11 to 18.14 extend at 
once to function.^ of three variables; in particular, we have 
TncoitEM 21.1. If X, )', Z and iheir partial derivatives arc 
defined and continuous over a simply connected region R, and if 
Z^ s Yr, X, s Z„ s X^, then $5 X dx + Y dy + Z dz is 
indcgicndcnt of the path (in It) from A to B. 

Theorem 21.2. If X, Y, Zt and their partial derivatives arc 
defined and continuous over a sirnply connected region R, and if 
Zy s I'j, A', s Z., Y. — Xy, then fX dx + Y dy -jr Z dz exists 
and is given by the formida 

J X dx + Y dy + Z dz - f{x, y, z) + C, 

where f{x, y, c) is the function such that 

f{xo, 2 / 0 , zo) = X dx + Y dy + Z dz, 

and where the. path of integration is arbitrary within R. 

EXERCISES XVII 

1. Prove Theorems 21.1 and 21.2. 

2. (a) Show that Ss curl F • e/A = 0, where 5 is a closed surface. 

Hint: I.K:t C be a closed curve on S dividing S into two parts. Xote that 

the left member of (9) has opposite signs when C is traced out in opposite 
directions. 

(b) Show that Sr div curl F dP = 0 for all regions R, and hence that 
div curl F e3 0. 



Sec. 22] 


INTEGRAL CALCULUS 


273 


3. Rewrite Theorems 21.1 and 21.2 in vector language, making use of the 
curl. 

4. Give examples of functions to show that Theorems 21.1 and 21.2 may 
be false ii X, Y, Z and their derivatives are not continuous everj^where in 
1?, or if E is not simply connected. 

5. Let X, Y, Z be the rectangular components of a force field F, and let 
these components and their derivatives be defined and continuous in a simply 
connected region R. F is said to be conservative if X dx A- Y dy Z dz 
is independent of the path C from A to P (C being in R). We define the 
poieniial U(x, y, s) of a conservative field F relative to the point A by the 
formula U(x, y. z) = /Jf A' dx + Y dy + Z dz, U{x, y, z) being the work 
done by F in going from A to {x, y, z) along any path in R. Show that the 
component of F in any direction is dU /ds taken in that direction, s being arc- 
length. Converselj’, show that if tJierc exists a function ir(x, y, z) such that 
the rectangular components of F are given by X = SW /dx, Y = dW/dy, 
Z — dIX jdz, then F is conservative. Find the potential function for the 
field around a point charge or point mass, using the usual inverse square law 
of attraction. 

6. Let X, r, Z be the rectangular components of the velocity V of a fluid 
at any point P. Interpret i c X dx + Y dy Ar Z dz ns the circulation or 
rotation around a closed curve C. The field V is called irrotational (vortex- 
free) if /c A'd* d- Fdj/ -f- Zds = 0 around aU closed curves C. If V is 
irrotational, show that X dx A- Y dy + Z dz is independent of the path 
from A to P. (Consider the closed curve formed by any two paths from 
A to P.) Define velocity potential for irrotational flow. Discuss analogies 
between quantities in this and the preceding exercise. 

PART C. RIEMANN THEORY OF INTEGRATION 

22. Introduction. The concept of the definite integral of a 
function f(x) as the limit of a sum originated from the idea that 
the function /(x) may be represented by a “curve,” and that this 
limit is the area between the curve, the .x-axis, and the two 
bounding ordinates (see Sec. 13). 

However, the definite integral of a function may exist when the 
function is discontinuous, so that the graph of the function does 
not bound an area. iMoreover, So/(x) dx may exist when 
/a/(^) does not exist. Hence it is necessary to investigate 
the properties of the symbol SJ/(x) dx vithout reference to any 
geometric representation and Avdthout assuming the existence of 
faf{tc) dx (as was done in Ex. IX, 3). The first rigorous arith- 
metical treatment of the definite integral was given by Riemann 
in 1854. We shall adopt Riemann’s definition in the sections 
to follow. It will be seen that f(x) dx, as defined by Riemann, 
exists only when /(x) meets certain conditions. 
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Very recentlj’^, there have been advance(i by Lcbesgue (1916), 
de la Valllie Poussin, W. H. Young, Bliss, Hildebrandt, and 
others, general definitions of the definite integral, in each case 
the purpose of the newer definition being to remove the limita- 
tions placed on the integrand as required in Riemann’s treatment. 
We shall not concern ourselves witii a study of t iiese later theories 
of integration. 

23, S and s. We* shall assume that/(T) is a function bounded 
in the interval [a, h], i.e., the interval a ^ x ^ b. (Sec Ex. IX, 
11, and p. SIS.) Let us form a partition (P of [a, h] bj’- .subdivid- 
ing [a, into n subintcrvals: 

(P: (3-0, 2 -t], [Xi, ar.], • • • . [ar„_i, a-„], 

whore 

a = xo < a-i < T- < • • • < x„_i < Xn - h. 

Let M denote the least upper boundf and wi the greatest lower 
bound of/(x) in [a, h]. Likewise, we use Mr, nir to denote those 
hounds in the interval xj. Let 

n n 

S = - x,_i), 5 = ~ x,_,). 

j-i ;-t 

We leave to the reader the proof of 

TuEonnxi 23.1. To every partition (S’ of {a, h] into snbhitervak, 
there eorresponds a sum S and a sum s, and s ^ S. 

Since s ^ M{b — a) and S m{b — a), s has an upper bound 
and S has a lower bound. We .‘^hall denote the greatest lower 
bound of the sums S hy J and the least upper bound of the sums 
s by I. (The existence of J and I is proved in Chap. IX.) 

We shall now prove 

Theorem 23.2. 1 ^ J. 

Let S and s be the sums corresponding to the partition (P, 
of [a, h]. Subdivide some or all of the subintcrvals of (Pj into 
smaller intervals and denote the resulting partition of [a, 6] 
by (Pi 2 , where the end points of the intciwals of (Pi; are a, yi, t/;, 
• • • , yt_i, Xi, Pi, yt+i, • • • , yi~i, z;, yi, ■ • • , b. We shall 
say that (Pi; is conseetdive to (Pi. 

* Sec Goursat, “ (Dours d’analysc,” Tome I, 3d ed., pp. ITIJT. 

t The least upper bound of /(x) in [n, fc] is the smallest number M such that 
/(x) g M for all x in [a, b]. The existence of M is proved in Chap. IX. Th" 
greatest lower bound is defined in a similar manner. 
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Denote the sums corresponding to S and s for the new parti- 
tion (Pio by S and a. Let • • • be the least 

upper bound and the greatest lower bound of fix) in [o, yi]; 
[yi, J/a]; • • * j respectively. Then that part of S for [a, Xi] is 
equal to 

MS^\yi - a) + - i/i) + • ' • + MiP{xi - yi-i), 

which is not greater than Mi(xi - a), for the numbers M[^\ 

• • ■ , can not exceed Mi. Similarly, we can show 
that the part of S for [xi, Xa] is not greater than M^ix^ — xi), 
and so on. Consequent! jq the sum 2 for [a, b] can not exceed S. 
Likewise, we can show that a for [a, 5] is not less than s. 
Suppose 

(Pj: 0 ., ^1, ^2, • • • , ^n-l, 5, 

with sums S( and and 

(?v- V2, ■ ■ ■ , Vm~l, b, 

with sums /S, and 5„ are any two partitions of [a, b]. If we 
superimpose (P( and (P,, we obtain a third partition (P(+, of [a, 5] 
which is consecutive to (P{ as well as to (P,. 

Let the sums for (P{+, be denoted by S(+, and (r{+,. Since 
is consecutive to (Pf, 

<5$ ^ and ^ sjj 

and since (Pj+, is also consecutive to O’,, 

S„ ^ 2j+, and (r{+, ^ s,. 

From Theorem 23.1, 2{+, ^ <r{+,. Therefore, 

(Sj ^ s, and S„ ^ sj. 

We have now shown that the sum S arising from any 
mode of partition of [a, 5] is not less than the sum s arising from 
the same -partition, or any other partition, of [a, b]. 

Since J is the greatest lower bound of the sums S, and I 
is the least upper bound of the sums s, we can find a sum S as 
close to J as we please, and a sum s as close to I as we please 
(from some mode of partition, though not necessarily the same 
partition). If 7 > J, then there would exist an s and an S for 
which s > S, which contradicts one of the relations proved 
above. Hence I ^ J. 
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24. Darboux’s Theorem. A theorem of lundamenial impor- 
tance is 

TnEOEEM24.1. (Darbouz’s Theorem). If tie any pTcassigmd 
positive number, there eziete a positive number 57 . dependent on t, 
such that the sum S ezeeeds J by less than t. and the sum s is smaller 
than I by less than t. for all partitions <? of [o, 0 ] for rrhich each 
partial inicreal (bounded by comecutivc points ef 6*) is less than 
or equal to y in length. 

Proof. Let € > 0. Since the greatest iower bound of the 
sum S is J, there e.vists a subditision of [a, b], 

a, Oi. a:, ■ • ■ . a.^-.. b. (1) 

\tith sums Si and for tvliich 8% < J -r- (t/2}. Let y be a 
positive number smaller tlian ali the p.artia! intervals in (1). 

Xcat, consider anj' subdivision of [a. 6], 


a ~ xi. xi, • - ■ . 

^ ft— 5 » r. 

= b. 

(2) 

uith sums S; and s:. such that (x, — 

-r-:) = 

1,2, • - 

■ . n. 

The subdivision 




a, Xi. xz. Oj. X:, a-. 

■ ■ ■ , Xv-!. b. 


m 


obtained by superposing (1) and (2) is con.'^ccuiire to f!) and (2) 
nitii sums 5j and s;. 

From Sec. 23, Si ^ S:. Since Si < J -r ie/2b tve have 
Ss < J -r- {e/2). Moreover, 

Sz — Sz — Xr)(x- — z.-i) — aijiat — 

-.1/(01. xA(~r - flc)]. (4) 

where .lf(a, 8) denotes the upper bound of f{x) in the interval 
[or, (S], and where the summation i.s extended to all the intcn*als 
in (2) which have as an interval point one of the points 

O3. C;. - - - . a^i. 

Since each interval in (1) exceeds y, while each interval in (2) is 
less than g, we conclude that no two o's can lie between two con- 
secutive re’s in (2). 

The number of terms in the sum (4) cannot exceed (p — 1). 
Denote by T the upper bound of i/(i)i in la, h]. Consider 

S: — Sz = 2{j3/(x,_2, Xr) — M{x.-i, ai)}(ai — x-_:) 

-f {.1/(xr_i. xh) — MiOi. x,)}(x. — Oi)]. (.5) 
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Each of the two terms in braces in (5) is nonnegative, and neither 
can exceed ‘IT. Hence S 2 - /S 3 g 2!rs(.rr - a^r-i), where the 
summation has at most (p — 1 ) terms, and where (xr — Xr-i) 
never exceeds Consequently, & — /S 3 ^ 2(p — l)Ti), and 
since ;S 3 < d + (6/2), we see that jS 2 < J + ( 6 / 2 ) + 2(p — 1)Tt]. 

6 

Next, further decrease r], if necessary, so that — i j r' 

Then Ss < / + 6 . 

This shows that S exceeds J by less than e for any subdirdsion 
of [a, b] for which the greatest of the partial intervals does not 
exceed a certain positive number p dependent on 6. 

A similar argument may be made relative to s and I. By 
selecting for ij the smaller of the two for S and s, we are led 
to Theorem 24.1. 

25. Definition of the Riemann Definite Integral of a Bounded 
Function. A bounded function /(x), defined in the (finite) 
interval [a, h], is said to be integrable (Riemann) in that interval 
when the greatest lower bound J of the sums S and the least 
upper bound I of the sums s in Sec. 23 are equal. J is frequently 
termed the upper Riemann integral of /(x) over [o, 6], and I the 
lower Riemann integral. We define their common value I — J 
to be the (Riemann) definite integral of /(x) over [a, h], and we 
shall write this definite integral as 

SV(x) dx. 

E^ddently, we have 

Theorem 25.1. s ^ dx ^ S for any partition. 

We shall now prove 

Theorem 25.2. If ^ 1 , ? 2 , • • • , • • • , be any values of x 

{including possibly the end points) in the partial intervals [a, Xi], 
[xi, X 2 ], • • • , [xr-i, Xr], • • • , [x„_i, 6], respectively, and if 
f{x) be integrable over [a, 6], then the sum 

^ =/(^l)(^l “ O) +/(^2)(X2 — Xi) + ■ • • +/(^„)(fe — Xn_i) 

( 1 ) 

has the value of the definite integral Slf{x) dx for its limit when the 
number n of points of division increases indefinitely in such a ..way 
that the leiigths of the partial intervals all tend to zero. 

Evidently, s g Z g R, for ^ /(^,) g Mr in each partial 
interval, r = 1 , • • • , n. From Theorem 24.1, as + oo in 
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such a way that the lengths of each, partial interval tends to 
zero, tlic sums S and s tend toward J and I, respectively. Since 
f{x) is intcgrable, J ~ I = SS/(x)</x. Therefore the sum (1) 
lias tiie .same limit. 

26. Integrability Conditions. In thi.s section we shall be con- 
cenied with necc.ssary and sufficient conditions for the Ricmann 
integrability of a bounded function over the interval [a, h]. 

Theorem 2G.1. A necessary and sufficient condition that a 
bounded real function f(x) be intcgrable* in [a, h] is that for any 
preassigned positive number e, there shall exist a positive number rj 
sueh that S — s < t for every partition of [o, b] in which all the 
partial intervals arc less than or equal to n in length. 

Sufficiency. Suppose that for a given e, as stated in the 
theorem, there exists an g for which S — s < e. Now S ^ J 
and s ^ so that J ~ I < e. Conscqucntlj' I — J. 

A^eccssity. Suppose I = ./. Then bj^ Theorem 24.1, for a 
given positive number « there exists a positive number g such 
that for every partition of [n, i»] in which all the partial inteiwals 
arc less than or equal to g in length, 

S — J < ^ and 7 — s < ~ 

But since I — J, 

S - .s = (S - J) + (7 - s). 

Hence 

5-s<i + i = e. 

Theorem 2G.2. A necessary and sufficient condition that f{x) 
be intcgrable Ricmann is that for any preassigned positive number e, 
there shall exist a partition of [a, h] for which S — s < t. 

We shall leave the proof of this theorem as an exercise for the 
reader. 

Theorem 2G.3. If f{x) is continuous in [a, 6] closed, it is 
intcgrable in [a, b]. 

Since f{x) is continuous in [a, 6] closed, it is bounded in [a, b]. 
(See- Theorem 8.3 of Chap. IX). By Theorem 8.7 of Chap. IX, 
we know that for eveiy preassigned positive number t/Q} — a) 

• In this chapter wlicnevcr we use the term intcgrable, wo shall mean 
intrgrnble Ricmann. 
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there exists a positive number v such that the oscillation* of f(x) 
is less than e/ (6 — a) in all partial intervals less than or equal to 
7? in length. Let O' be a partition of this character. Then the 
sums for this O’ are such that 

S-s<(b- = 6. 

Consequently /(rc) is integrable in [a, b] by Theorem 26.2. 

Theorem 26.4. 7/ f(x) is monotonci; in [a, 6] closed, it is 
integrable in [a, o]. 

Since fix) is monotone in [a, 5] closed, it is bounded. (See 
Ex. Ill, 6, of Chap. IX.). Suppose fix) is a monotonic increasing 
function. Then for a partition O’: a = Xo, Xi, x^, ■ • • , x„-i, 
Xn — b ol [a, b], 

/(a) g fixi) ^ fixf) g g ^ f{h). 

Then 

n 

<3 = '^fixi)ixj - Xj-i), 
j=i 
n 

S = '^fiXi-diXi - Xi-i). 

J = 1 

Let O’ be such that all the partial intervals (.r,- — Xi-f) are less than 
or equal to 77 in length. Then 

n 

S - s = '^[fiXj) - fiXi-i)]iXi - Xj-i) < ri[f iXr,) - fixo)] 

= vlfib) - fia)]. 

Now select 77 < — fia) ' S — s < e. Hence fix) is 

integrable in [a, b]. A similar proof may be given for the case 
when fix) is monotonic decreasing. 

* By the oscillation of a function fix) for any interval 5, we mean ilf — m, 
where M is the least upper bound of /(x) over 5 and m is the greatest lower 
bound over 5. See Chap. IX, Sec. 7 for definitions of closed (and open) 
intervals. 

t A function f{x) is monolonic increasing on [d, b] if f{xi) ^ /(xf) for any 
two numbers x, and X 2 in [a, b] with xi < X 2 ’, fix) is monotonic decreasing 
if /(xi) ^ /(X 2 ) when Xi < xj; fix) is monotone on [a, h] if it is either mono- 
tonic increasing or monotonic decreasing. 
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Theorem 26.5. If f{x) is bounded in [a, b) dosed and if all 
ils -points of discontimiily can be endosed in a finite number {or 
dcnumcrably infinite* nianbcr) of intcrrals, the sum of the lengths 
of idiich is less than any preassigned positive number, then f{x) is 
inlegrablc in [a, b]. 

Suppose the number of discontinuities is finite. Let e be any 
preassigned positive number and let M denote the (finite) lea.st 
upper bound of j/fj")! in [a, li]. Let (? be a partition of [a. 6] 
rvhich includes partial intcn'als 61 which enclose all the points of 
discontinuity of f(x) in a finite number of intervals, the sum of 
the lengths of which is less than e/4^f. Consider the difference 
5 — s for (?. Then the part of 5 — s coming from 61 cannot 
exceed (23/)(e/4.'lf) = t/2. Since /(r) is continuous for the 
closed partial intervals Q of 6' not in 6t. we can partition Q into 
a finite number of partial intervals for which the corresponding 
portion of S — s < If. Thus for &. as a whole, 

5 — s < 5 -b I = f. 

Hence /( t) is integrable in (a, 6). 

A slight revision of this proof can be made to take care of the 
case when the number of discontinuities is denumerabh’ infinite. 
This is left as an exercise for the student. 

In a similar manner a short demonstration jnelds Theorems 
26.6. 26.7, 26.S. 

Theorem 26.6. If fix) is bounded and integrable on the dosed 
intervals (a, Ui], [aj. ui], • • • . b], it is iiitcgrablc in [a, b]. 

Theorem 26.7. If fix) is bounded in [o. b] atid is such that the 
interval [o, b] can be partitioned into a finite number of open partial 
intervals, in each of which f{x) is monoionic or continuous, it is 
integrable in [a, b]. 

Theorem 26.S. If fix) is bounded and integrable in [a, b] 
dosed, then |/(T)j is also integrable in [a, b]. 

EXERCISES XVni 

1. Prove Theorom 25.2 with /(J,), /(SP, - ■ • , /(=,) replaced by any 
values pi. p:, • • • . p, intermediate between (ru, d/o, (rn;, Mi), • • • . 
(nj„ respectively. 

* set of elements is denumerable infmile if if can be put into one-to-one 
correspondence with the set of all positive integers. 
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2. Prove Theorem. 26.2. - . ^ 

3. Complete the proof of Theorem 26.4. 

4. Complete the proof of Theorem 26.5. 

5. Prove Theorem 26.6. 

6. Prove Theorem 26.7. Is the converse of Theorem 26.7 true? 

7. Prove Theorem 26.8. 

8. Construct a function on [0, 1] for which the oscillation is 4 in any 
interval arbitrarily small. 

9. Prove: If f(x) is bounded and integrable on [a, 5], there exists an 
inBnite number of points in any partial interval of [a, b] at which f{x) is 
continuous. 

10. Prove Theorem 26.5 for the case where the number of discontinuities 
is denumerably infinite. . 

27. Properties of the Definite Integral. In this section we 
shall exhibit several properties of the definite integral Saf(x) dx, 
where /(x) is bounded and integrable in [a, h]. 

Theorem 27.1. If f{x) is bounded and integrable in [a, 6], it 
is also integrable in' any subinterval [a, jS] of [a, b]. 

Let e be any arbitrary positive number. Then there exists a 
positive number r) such that S ~ s < e for every partition 
(P of [a, b] in which all the partial intervals are less than or equal 
to y in length. 

Pick a partition (Pi of this type having a and jS as two points of 
division. Let S and <r be the sums for (Pi over [a, /3]. Evidently, 

s g ,7 g S g S. 

Since iS — s<e, OgS — — s<6. Hence f{x) is inte- 

grable in [a, |3]. 

Theorem 27.2. If f{x), a bounded integrable function on 
[a, b], is altered at a finite number of points of [a, b], then -^{x) so 
obtained is integrable on [a, 6] and 

SV(a;) dx = S* Hx) dx. 

The proof of the first part of this theorem is quite similar to 
that of Theorem 26.5, the second to that of Theorem 25.2. The 
details are left to the student. 

Theorem 27.3. If f(x) is integrable in [a, b], so also is C[f{x)], 
where C is any constant. 

This theorem is an immediate consecjuence of the definition of 
the definite integral. 

Theorem 27.4. If f\{x) and f^fx) are integrable on [a, b], then 
their sum ami product are also integrable. 
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Proof for Sum. Let S, s; S', s' be the sums corresponding to 
the partition <P of [a, b] for/i(x) and/;(x), re-specfivelj’. Denote 
by S and a- the corresponding .sum.^ for/iCa') + f:(^) on S’. Then 

2 - X ^ (5 - .9) + (5' - fi'), 

from whicli the theorem follows. 

We .=hall leave the remaining portion of the proof to the 
student. 

We have a.s an immediate consequence of TJieorem 27.4, 

Theoiiem 27.5. ///i(x), /:(x), • - - , f„(x) arc a finilc number 
of funciions iniegrahlc on [n, b], (hen every polynomial in /i(x). 
/j(z), ■ • • , fnfT) is inlrgrablc on [a, 6). 

Tueohem 27.G. If fix) is bounded and integrablc over [a, 6], 
then 

dx = -S°/w 

It was directly a.=sumed in Sec. 25 that a < 6 in [o, 5]. How- 
ever, the definition given in Sec. 25 automatically generalize.s 
for a > b. In this case the new sum S for a > b is the negative 
of tiie old sum S for the case where a < b, provided the partition 
S’ (for a < b) is a. Xu X;. • • • . x„_), b and tiie partition S’' 
(for a > b) is b, Xn_i, x„_;, • • • , Xi, a. repetition of the 
argument given in Sec. 25 leads to Theorem 27.6. 

We shall hereafter use this extension of the definition of the 
definite integral. It is evident tliat the preceding theorems of 
Secs. 25 to 27 still hold with at mo.'^t sliglit modifications. 

Theokem 27.7. If f(x) is bounded and integrablc on [a, 6j and 
if c is any point in [a, 6], then 

Let O' be a sufidh-ision of [a, 6] not having c for a point of 
subdi\*ision. The addition to O’ of c as a point of .subdivision 
does not increase S. Tiie .sum S\ for [a, cj and .Si for [r, b] given 
b 3 ' this subdiAusion arc not le.ss than Slffx) dx and S*/(x) rfx, 
respectively. Hence, every siibdiAd.sion of [a. b] give.s a sum S 
not lass than S'/(x) dx -h SJ/(x) dx. Thus 

SV(x) dx ^ + SV( 2 :) dx. 


( 1 ) 



Sec. 28] 


INTEGRAL CALCULUS 


283 


The superposition of the subdivisions of [a, c] and [c, 6] together 
form a subdivision of [a, h]. Since subdivisions of [a, c] and 
[c, h] can be made so that the sums Si and Si differ from S' fix) dx 
and S^/Gt) dx, respectively, by an arbitrarily small amount, 
it follows that we cannot have the inequality in (1). 

Suppose gix) ^ f{x) on [o, 6]; then 

<l,ix) = gix) - fix) ^ 0. 

If gix) and fix) are integrable on [a, b], then so is <i>ix). 
Eindently all the sums s are ^ 0. Hence S^ ^(x) dx ^ 0. 
Consequently, 

Theorem 27.8. If fix) and gix) are integrable on [a, b] and if 
gix) ^ fix), then S^ gix) dx ^ S^/(x) dx. 

The student should prove the following theorems which are an 
immediate consequence of Theorem 27.8. 

Theorem 27.9. If fix) is integrable on [a, b], then 

Theorem 27.10. If fix) is nonnegative and integrable in [a, b], 
and if fix) is continuous at x = c in [a, b], with fie) > 0, then 

fix) dx > 0. 

Theorem 27.11. If fix) > gix), and fix) and gix) are integrable 
on [c, b], then 

S^/(x) dx > gix) dx. 

28. First Theorem of the Mean. Suppose ’pix) and 'Pix) are 
two bounded functions of x, integrable on [a, b], ivith t^ix) ^ 0 on 
[a, b]. Let M and m denote the least upper bound and greatest 
lower bound of ?5(x) on [a, b]. Then for all x’s in [a, b], 

m ^ <pix) ^ M. 

Since ^ 0 in [o, b], we have 

mf/ix) ^ (pix) \Iix) ^ Mipix). 

From Theorems 27.8 and 27.4, we find that 

Tix) \«'(x) dx ^ if,ix) dx. (1) 
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We have now shown that there exists a number n such that 

3'' ^(x) \p(x) dx = ^(x) dx, m S ^ M. (2) 

A similar argument maj' be given for the case wlien ^(x) g 0 on 

[«, b]. 

From Theorem 8.5 of Chap. IX we know that if (p{x) is con- 
tinuous on [a, 5] clo.sccl, that it take.s the value for some value 
^ of X on [a, 5]. We have now pro^-ed 

TuEonEM 28.1. Let ipix) and ^^(x) he tiro hounded functions, 
hath inlcgrahlc on (a, b] closed. Jf if{x) is continuous and V'(i) 
retains the same sign throughout [a, b], then there exists a definite 
value ^ of X on [a. b], for which 

^j(x) ^t-Cx) dx = <p{i) 3^ ^(x) dx. (3) 

The particular case of Theorem 28.1 where \^(x) = 1 leads to 
the ordinary' theorem of the mean given in Theorem 13.2, 

3' ^(x) dx = (b - a)v'(f), a s J g b. (4) 

EXERCISES XIX 

1. Provo Theorem 27.2. 

2. Prove Theorem 27.3. 

3. Complete the proof of the first part of Theorem 27.4. 

4. Prove the second part of Theorem 27.4. 

5. Prove Tlicorcm 27.5. 

6. Pror'c Tlicorcm 27.5 with the phra.»e “cverj- polimomial” replaced by 
the phrase "any continuou.s function.” 

7. Complete the proof of Theorem 27.G. 

8. Provo Theorem 27.9. (Hint: Use Theorem 20.8 and Theorem 27.8.) 

9. Prove Theorem 27.10. (Hint; Use Ex. XTIII, 9.) 

10. Prove Theorem 27.11. (Hint; Use Theorem 27.10.) 

11. State a theorem similar to Theorem 28.1 for the ca«e where <p(.x) is 
not continuous on la, hj. [Hi.vt: Use Eq. (2),] 

29. The Definite Integral as a Function of Its Upper Limit 
We shall consider the definite integral 

= SI/w (1) 

of a function /(x), where /(x) is bounded and intcgrable on [a, b] 
closed, and where x is any point on [a, b]. 

If (x -k Ax) is in [a, b], then from Theorem 27.7, 
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Fix + Ax) - Fix) = - Sl/(«) 

= dt. (2) 

Hence if M and m are the upper and lower bounds of fix) on 
[x, X + Ax], there is a number n such that 

Fix + Ax) — Fix) = m(Ax), m g At = M. (3) 

From (3), we have 

Theorem 29.1. The definite integral (1) of a function fix), 
hounded and integrable on [a, 5] closed, is a continuous function 
of X on [a, b]. 

If fix) is continuous on [a, b], then from (4) of Sec. 28, 

Fix + Ax) — Fix) = Ax •/({), X 0 ^ I X + Ax. (4) 

Since lim /(^) = fix), we have 

ax->0 


^^ F(x + Ax) - F(x) 
Ax — *0 Ax 


= /(tc). 


( 5 ) 


This proves 

Theorem 29.2. If fix) is continuous on [a, b] closed, and x is 
any point on [a, b], the7i 

sS>(0*=/w- 

30. Second Theorem of the Mean. AVe shall now state a very 
useful theorem, whose proof we leave to the reader. 

Theorem 30.1. If, in [a, b] closed, <pix) is monotonic, fiix) 
is bounded and integrable, and does not change signs more than a 
finite number of times in [a, b], then: 

Sq 'pQc)fiix) dx = v’(a)S^' Hx) dx + ^(b)^*^ fiix) dx, (I) 
for some definite value of x on [o, b] closed. 


<pix)fiix) dx 

= <pia + 0)S*' fiix) dx + <A>(b - 0)S^^i^(x) dx, (II) 
for so7}ie definite value of x on [a, b] closed. 

<pix)fiix) dx = ipix) dx + fiix) dx, (III) 
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for some definite value of x on (a, 6] clorcd, where A S c(a -r 0) 
and B & ipfb — 0) if <r(x) j-5 monolonic increasing, and where 
A S c{a -1-0), B c(b — 0) if c(x) is inonotnnie d^rreasing. 

§ c(x);I(x) dx ~ 'fix) dx, f^IV} 

for some definite value of x, a ■& In h. when wix) & 0 and is 
monotonic increasing in [o, 

3^ c:{x)Tf{x) dx = c?(a)3^‘ v! (x) dx, (Y) 

for some definite value fs of x, a ^ Iz ^ h, when cfx) ^ 0 and is 
monotonic decreasing in [a, h].* 

PART B. IMPROPER IHTEGRAES 
31. Interval Infinite but Integrand Bounded. There is a verj- 
close correspondence between the theorj- of improper integral? 
and the thcorj' of infinite fcrie? whose term? are function? of one 
variable. A development of the Ihoorj- of improper integrals 
would thus follow the theorj- given in Part D of Chap. IV, It 
is suggested that Chap. IV be studied before commencing the 
present .section. Because of this do.'e analogv- we .rijall c-onSne 
ourselves to only a few typical instances of this theoiy. In this 
section we shall extend the definition of a definite integral to 
include ca=es in which the interval is not finite and in which the 
integral has a finite number (or denumerable infinity) of 

discontinuitic.?. 

We shall as.sume that f(x) is bounded and integrable in evc-r^- 
finite inten'al [a, tj, where a is fi.wd and f S a. Let 

B(t) = J]*/W 

We define ft' fCx) dx by the relation 

7 = f fix) dx = lim F{t) = lira f'flx) dx. 

when this limit exists, and we .speak of fix) dx as an improper 
or infinite integral. If lim F(f) exists, we say that I converges: 

if lim F(f) does not exist, we say that I diverges: if lim F(t) — > -j- = 

* 

* Here <pla -r 0) denotes the right-hand limit of a? x — • o; — 0) 

denotes the left-hand limit of as x — • 6. 
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(or — 00 ), we say that I definitely diverges to (or — w); if 
F(t) neither converges nor definitely diverges to + oo or — <» , we 
say that the integral is indefinitely divergent. 


Example 1. Since /f” e~^ dx — lim c * da; = lim (1 — e ') = !> the 
integral is convergent to the value 1. 


Example 2. 



dx 

■\/x 


r 


dx 

Vi 


= + 00 , 


that is, the integral 


definitely diverges to + » . 

Example 3. log (1/a;) dx definitely diverges to — 
Example 4. /f " sin x dx is indefinitely divergent. 


In a similar manner, we define /l„/(a:) dx to be lim Pi fix) dx, 

00 

when this limit exists. We define / fi^) dx to be 

l'^'°fi^)dx 

when both of the latter integrals converge. Here a is any real 
value of X. It is readily seen that the value of J±^f(x) dx, if it 
exists, is independent of the value a of a: selected. 


EXERCISES XX 

Evaluate: 

1. 17" x~^- dx. Am. 2. 5. cos x dx. 

2. /7r”° * sin X dx. (Ind. div.) 6. /!„ x sin 2x dx. (Ind. div.) 

3. 17" da-. (Def. div. to +».) 7. /i„ sinh a; da;. (Div. to — oo.) 

4. dx. 8. p_„ dx. 

. We shall now develop necessary and sufficient conditions for 
the convergence of /+” fix) dx. 

Consider /S’ (0 = p^fix) dx, where /(a;) is assumed to be bounded 
and integrable on [a, t] for all t ^ a. The infinite integral 
/+” fix) dx converges if and only if the function Fit) has a limit 
as ( — 4- “ • From the definition of a limit, we have 
Theorem 31.1. If for every -positive number e there exists a 
positive number to so that, for all t ^ to, \I — pa fix) dx\ < e, 
then the integral J+"/(a;) dx converges to the value I. 

As an analogue of Theorem 8.1 of Chap. IV, we have 
Theorem 31.2. A necessary and sufficient condition for the 
convergence of /+" fix) dx is that, for any preassigned positive 
number e, there exist a positive number to such that |Jf//(a:) dx\ < e 
for all values t’ and t" for which t" > t' ^ to. 
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Similar theorems can be stated for the infinite integral 

PL^mdx. 

If /W § 0 for all X > a, then the function F(t) = Jl,f(x} dx 
is a monotonic increasing function of t. Hence we have 

TuroitEM 31.3. If fix) ^ 0 for every x > a, if 

Fit) = ^‘fix) dx, 

and if there exist!! a positive number A such that Fit) < A for 
every t > a, that fz” f{x) dx converges to a value £A. 

The following theorem is quite useful as a comparison test for 
the convergence of integrals who.-e integrands are podtivc. 

TiiEonEsi 31.4. Lei f(x) and g(x) he two positive, hounded, 
and inlegrahle functions of x in the interval \a, t]for all i a: 

(1) If g(x) g fix) when a- § a, and if fz'' fi^) is comerg'^nt, 

then /j"” g{x) dx is convergent and g{x) dx ^ f(^) 

(2) If gix) ^ fix) for r ^ a, and if fix) dx diverges to A-x,, 
then so docs ff” gix) dx. 

By Theorem 27.S, /i gix) dx g fifix) dx fort > a. Therefore 
/' gix) dx < fZ' fix) dx. So fZ‘ gM dx S /g" fix) dx. The 
proof of (2) is left to the reader. 


Example 6. t>nrnui<’ 
It IS evident that 




for convergence, o > 0. 


If n > I, 

If 7! S 1, h’m 


f‘dj I , ^ 

I — = il'~" — a'“") if n sS 1, 

Ja X-' 1 -Tt 

dx 

I — = log { — log a if n = 1. 

Jo X' 

dx r dx a'~" 

Iim I — rz \ — = 

(-.+ ejo X" Ja S' n — 1 


„r 


dx 


+ «, eo that 


r 


dx 


■ diverges. 


The results of thi': example arc quite useful, in conjunction vuth Theorem 
31.4, when examining certain types of integral' for convergence. 

dx 

. for convergence, a > 0. 


Example 6. Examine 


X 


X - "v/ 1 + X® 


Since < X: for X g a > 0, and since 


rVl +xJ 


dx. 

i 


IS convergent. 
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C+’° dx 

it follows from Theorem 31.4 that I — . — converges. 

Ja ®V 1 + a;’ 

f + ” dx 

Example 7. E.xamine I — for convergence. 

Jg -2 

1 1 . . 

This integral is divergent since — . - > - for a; g 3. 

Vx- - 2 a: 

The integral /+« f(x) dx is said to be absolutely convergent if 
f{x) is bounded and integrable in every interval [a, t] for t a, 
and if J+® [/(a:)| dx is convergent. 

Theorem 31.5. If Jt" |/(.'c)| dx converges, then so does 
Jj"/(a:) dx. 

From Theorem 27.9 


|£7(x) dx\ g x: ‘|/(x)| dx for xa > Xi ^ a. 

By Theorem 31.2, if /t“ |/(a:)| dx converges, then so does 
/f“/(x) dx. 

The converse of this theorem is not true, that is, an infinite 
integral of the type under consideration may converge, and yet 
may not converge absolutely. A well-knomi example of this is 

given by the integral I ^ dx tvhich is equal to but which 

Jo X 2 

is not absolutely convergent since I — dx diverges. 

Jo ^ 

The following theorems are often useful in testing for the con- 
vergence of infinite integrals. 

Theorem 31.6. Let /(x) he hounded and integrable in every 
interval [a, t], where a > 0 and t a. 

1. If there exists a number j' > 1 siich that x''f{x) is hounded 
when X ^ a, then ft’°f(x) dx converges absolutely. 

2. If there exists a number v ^ T such that x” f{x) has a positive 
lower hound when x ^ a, then /+» /(x) dx diverges definitely to 
-{- 00 . 

3. If there exists a numha- r ^ 1 such that x^fix) has a negative 
upper hound when x ^ a, then /+<» /(x) dx diverges definitely to 

— CO . 

Proof of (1). By hypothesis there exists a positive number A 
such that lx7(x)| < A, and hence |/(x)| < (A/x*'), for x ^ a. 
Since J+“ (dx/x") converges w^hen j' > 1, it follows that 
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/+“ |/(x)| dx converges. From Theorem 31.5 rve conclude that 
/+”/(a:) dx is convergent. 

Proof of (2). As before, x’fix) S A > 0, so that (A/x’) g f{x), 
for x ^ a. Since /+" {dx/x’) diverges definitely to + cc when 
p g 1, it follows that f{x) dx diverges to + k. 

The proof of part (3) of this theorem is left to the reader. 

Lcl/(x) bo bounded fora- ^ a. If lim [x’ f{x)] exists, it follows 

X— ♦*4- « 

that x" f{x) i.s bounded in [a, +«]. If this limit is positive, 
x" f{x) will have a po.sitivc lower bound, while if this limit is 
negative, x'f{x) will have a negative upper bound when a is 
sufficiently large. 

We then conclude from Theorem 31. G 

TuEOiiKM 31.7. Ld fix) be hounded and intcgrahlc in every 
interval [a, /], udicrc I ^ a > 0. 

1. If there exists a number p > 1 for which lim [a-'/(x)] exists, 
then ft” f(^} dx con verges; 

2. If there exists a number p g 1 for which lim [x'/(x)] exists 

-*-*+ * 

and is not zero, then ft” fi^) dx diverges. 

3. If there exists a number r g 1 for which x'f(x) diverges 
definitely as x —* + « , then ft” fix) dx diverges. 

The os.<ential tiling in tlicsc last two theorems is that we are 
comparing the integral ft” fix) dx with the integral ft” idx/x'), 
and determining tiie convergence or divergence of tlie first inte- 
gral from that of the second. 


Example 8. Ex.'imine 


Since lim x-| 

X— ♦+ ‘ 


(9+1' 


. r 

jnc I 

Jo 


^ — — dx for coiiverficnco. 
follow.s from Tiicorem 31.7 that 


• + « 


X- 


Example 9. Examine 


Jo (9 + x-r- 

4x’ 


Js {X- - 


— dx converge.'!. 

dx for conveigence. 


Since lim i[4iV(x- — 9)®] = 4, we know from Theorem 31.7 that 


L 




4x’ 

diverges. 
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Theorem 31.8. If (p(x) is bounded and integrahle in every 
interval [a, f] for i ^ a, and if /+" yj/ix) dx converges absolutely, 
then /+” <p(x)r}'(x) dx is absolutely convergent. 

Since (p{x) is bounded, there exists a positive number A such 
that l99(a;)[ < A for x ^ a. E\udenfly, for x^ > Xi > a, 

P'kCa:)! ■ I'.f'Ca:)! dx < A p' l\A(x)| dx. 

JXl 

By hj'-pothesis, the right-hand integral converges as xn — ^ , 

and the theorem follows immediately. 

Theorem 31.9. Lei (p{x) be monotone and bounded for x ^ o, 
and suppose that ^(x) is bourided and integrable in every interval 
[a, i] for t a, and not changing sign more than a finite number of 
times for x > a. 

1. If /+* ^(x) dz converges, so docs <p(x)\j/ix) dx. 

2. If lim <p(x) = 0, and if fi yp{x) dx is bounded for i > a, 

X— *+ « 

then /J® <p{x)4'(x) dx is convergent. 

Proof of (1). By the second theorem of the mean, for 
a < xi ^ ^ xn, 


<p{x)^ix) dx = Hx) dx + (1) 

By hypothesis, there exists a positive number A such that 
ls5(.xi)! < A and |<p(x 2 )j < A. Also, for ever 3 ^ positive number e, 
there exists an x sufficiently large, say X, such that when 

X ^ Xi < Xi, 




Hence, 


and 



< 


6 


2A* 


f*XZ 

I <p{x)\l/(x) dx 

,/Xl 


< e 


for 


X g Xi < X2 


so that the given integral converges. 

Proof of (2). Since /*„ fix) dx is bounded, there exists a 
positive number A such that j/l f{x) dx\ < A. Returning to 
(1), we have 



< 


fix) dx + j fix) dxj < 2A 
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and 

iit ' ^ ■ 

Since litn <^(x) = 0, if « is anj- fwsitive number, there exists a 

JT — »-*- « 

positive number A", such that for x ^ A', 

iv'Wi < 

From (1), wo then conclude that for X g Xi < x-, 

jj)'’ dx| < e. 

Hence if{x)'ii{x) dx converges. 

EXERCISES XXI 

r~“rin'3r 

1. Ex.iinmo | ;; — ttrfor< 

sin- 


■ corn'crpencc. a > 0. (Htxr: Compare 


in- 3^ . , I \ 

-Ti 

2 . ErcnmincJ^ 2^, 1 35 dx for 

3. Prove; If n and c arc positive, | dx and I 

Ja X"* Ja 

:W. 

if o > 0. JT‘ r' 
r ' cos mx 

Ja n-~x- 


convergence. .Ini. Divergent. 

sin X 


dx 


converge absolutely. 

4. Show that if o > 0. /T* c~'' cos fcr dx converges absolutely. 


5. Show that 

6. Show that 
(a) 


. dx converges absolutely. 


(b) 


r 

r 


sin X , 

f“- Jx converges. 


cos X , 

(1 — c^) <jjr converges. 


7. Show that, if n and a are positive. 
• dx converges. 


(a) 


(b) 

jc 

r “ cos X 

Jo X" 


dx converges. 


S. Show that 


X Tf 7 =“ 


sin X dx converges. 


9. Prove the first theorem of the mean for infinite integrals: 
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xj/{x) dx, 

where wr ^ M Be sure to st&te nil the hypotheses needed. 

10. Prove the second theorem of the mean for infinite integrals: 

I " fifxWx) dx = p(a + 0) I </'(x) dx + lim ¥>(x) f Hx) dx, 

Ja z — ►+ * ^ 


where o ^ J < + “. 

32. Infinite Integrals, Integrand Unbounded. In this section 
we shall extend the definition of the Riemann integral to include 
the case where f{x) is unbounded in the neighborhood of a finite 
number of points in the interval of integration.* 

Suppose f(x) is bounded and integrable in every interval 
[o + b], where a < a + ^ < &, and suppose that a is the only 

point in the neighborhood of which f(x) is unbounded. If 

lim /a+j /(x) dx exists, we define the infinite integral f\S{x) dx to be 
t-^+o 

lim /S+{/(a:) dx. 

{-*+0 

Similarly, if f{x) is bounded and integrable in the arbitrary 

interval [a, b — ^], where a < b — ^ < b, and if 6 is the only 

point in the neighborhood of which f{x) is unbounded, we define 

the infinite integral faf(^) dx to be lim Ja~^f(x) dx, when this 

i-»+o 

limit exists. 

If a and b are the only points in [a, 6] in the neighborhood of 
which J{x) is unbounded, and if f{x) is bounded and integrable 
in [a + f, 5 — ^], we define the infinite integral /o/Cx) dx to be 
/S/(a:) dx + /c/W dx, where it is understood that these integrals 
exist according to the definitions given above, c being an arbi- 
trary point on [o, b]. The sum as defined is independent of the 
position of c in [a, b]. (T^''hJ'•?) 

If f(x) is unbounded in the neighborhood of a finite number of 
points Xi, X 2 , ■ ■ ■ , Xn in [a, b], with 


a ^ xi < Xz < ■ • ■ < Xn ^b, 
we define the infinite integral Jlf(x) dx to be 

* Further extensions of the concept of a Riemann integral will not be 
made here, for such generalizations are of no importance in view of the more 
modem treatments of integrals, such as the one due to Lebesgue. 
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£S{^) dx = 

dx + £'j(x) dx + dx + ■ ■ • + £/M dx, 

wlion each of the integrals on the right-hand side exists as defined 
above. 

It is imidied in the preceding definition tliat /(x) is bounded 
in any partial interval of [a, h] whicli contains no point 

^ 1 } 3^2? * ’ ’ I 

We shall use tlie terms convergent and divergent in the same 
sense a.s in Sec. 31. 

If f(x) i.a unbounded in the neigliborhood of only the points 
X,, X:, ■ ■ ■ , x„, then if dx converge.?, where c > x,., we 

define tlie infinite integral /r'/(x) dx to be the sum 

f, ' " fix:) dx = £‘f(x) dx + £' fix) dx -f • • • 

+ £lfix) dx -t £ ' fix) dx. 

This definition is evidently independent of tl)e value of c. 

We shall leave it to the reader to formulate tlie definitions of 
/ L,, fix) dx and ft^fix) dx. 

We siiall now develop certain theorems which give us tests for 
the convergence of f^fix)dx. It is evident that we need con- 
sider onh' the case wliere there i.s but one point in the neighbor- 
hood of which fix) is unbounded, and this point is at an end of 
the intcn-al of integration. 

Theorem 32.1. If for axry positive juinthcr e, there exists a 
positive number 5 such (hat ]/ — /5.^t/(x) f/x[ < e for every ^ for 
which 0 < ? ^ 5, then the integral flfix) dx is convergent. 

This theorem follows irnmediatclj’ from the definition of a limit. 
The infinite integral Jo/(x) dx is said to be absolutely coiwcrgcnt 
if fix) is bounded and integrablc in cverj* interval [a -|- b], 

where a < a + ^ < b, and if /„ \fix)\ dx converges. 

Since 

X« - «-l. 1, 

it follows that 

um r 

Ja (x - Q)" £_+o Ja+f (x - a)" 1-71 

converges when 0 < n < 1. The integral diverges if tj S I. 
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In a manner quite like that followed in Sec. 31, we can prove 
Theorem 32.2. Let /(x) be bounded and integrable in every 
interval [a + 6], where 0 < $ < (6 — a) : 

1. If there exists a number r, 0 < y < 1, such that (x — a)’’f(x) 
is bounded for a < x ^ b, then f^f(x) dx is absolutely convergent. 

2. If there exist^s a number y ^ 1 stick that (x — a)'f{x) has a 
positive loiuer bound (or a negative lower bound) for a < x ^ b, then 
S^f(x) dx diverges to fr ^ (or to — oo). 

3. If there exists a number y, 0 < y < 1, such that 

lim (x — ay f{x) 

X— >a + 0 

exists, then faf(x) dx is absolutely convergent. 

4. If there exists a number y ^ 1 such that lim (x — a)” f(x) 

I— ^o-fO 

exists and does not vanish, then /^/(x) dx diverges; if 
(x - a)'f(x) -> + oo, 

or — w , as X — ^ + 0, then f(x) dx diverges. 

Theorem 32.3. If (p{x) is bounded and integrable in [a, 6], and 
if dx converges absolutely, then (p(x)\f{x) dx converges 

absolutely. 


Example 1. Show that 
1 




dx 


x{3 + x) 


diverges. 


Let f[x) — 


/o , \ Since lim xf{x) = -. by Theorem 32.2, the given 

x(3 + x). 3 


integral diverges. 

r 

Example 2. ISxamine I for convergence. 

Jo (3 + x) Vx 

1 1 

Let/(x) = - - Smee lim (x^VCx]] = -, by Theorem 32.2, the 

lit -r x; V X x-»+o 3 


given integral converges. 
Example 3. Examine 


r 


dx 


^ convergence. 


The integrand /(i) = l/V x(3 - x) is undefined at x = 0 and x = 3 


Now 


p dx 

Jo ^1(3 - x) Jo 


dx 


Va(3 - x) 
any number between 0 and 3. Since lim 


X V?(3^’ ° ^ 

• r -• ^ 

rm 3 
-*+01 


dx 


y/ x(3 — x) 


= 1, we see 


dx 

from Theorem 32.2 that I /~ 7 g r converges. Since 

Ja V x(3 —x) 
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it follows that 
convorpc‘5. 


ds 

I — / ■ ■ - converges. lienee the given integral 

Ja Vx(3 — x) 


2. Show that 


r ti n (l/£j 

Jo X 

.’t: llciilnce x by 
/'r/2 . 

at I rfx 

Jo 


1. Show that I <fx if 

Jo x 

vergent. (Hint: llciilnce x by 1 /jr.) 


EXERCISES XXn 

in (1/x) . . , , , , 

ax IS convergent but not absolutely con- 


converge.s for 0 < n <1. 


3. Dh=cuS3 the convergence of f^' fir. (Hint: eon.sider the three 

cases n S 1, 0 < n < 1, n g 0.) 

4. Prove that log sin x fix -- — (v.2) log 2. 

5. Evalu.atc /J log (1 — cos r) fir. 

G. Evaluate log (1 -f eos x) fir. 

7. E.’camine each of the follon ing integral' for convergence, nnd evaluate 
if possible: 


f ~ ' Sa^dx 

(o) I .tn-r. 2x0-. (e) 

Jo X- + 4o- 

(b) I .lot. -h K tn 

(cl I cos r (ir. (O'cill.ates.) (g) 

J ’ - ' f- fix 

0 V^logr 


(e) 

r"' Xfir 

/ — r-TT-- 

(Convergent.) 

J 

j 

1 (nx — j-l - 

r* fir 


'"j 

( 

0 X^l - x*' 
dx 

(Convergent.) 

(g) J 

1 

0 (2r - xb’-' 
x'= dx 

'’Divergent.) 

(h)J 

0 2a — X 

/Inx. 3ro*. 


S. Examine each of the folloiving for eonvergence 

r+' fix r-^' 


f+' fix 

Jo V(1 - xH(l - hv-). 

I c-s'" fix. 

Jo 

Jl x\/4 T x= 

Js (9 + x'-p 

c + « 

I f-'V cos 6x fix. 

Jo 


XV 4 -r x= 


r-' dr 

(g) r ^dx. 

Jo X- 

(h) I cos r- dx. 
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9. Examine for convergence: 


(a) 

rs dx 

Ans. 

7r/2. 

lo •\/25 — 2 = 

(b) 

r* dx 

Ans. 

Convergent if n < 1 ; 

L (b — x)" 


divergent if n ^ 1. 


10. Prove: If /o/(s) dx can be written in the form 

'6 


<p(x) dx 

Ja (b - x)" 


and if there exists a positive number A, such that for values of x sufficiently 
close to b, ip(x) is less in absolute value than A, and if n < 1, then the given 
integral converges; but if for values of x sufficient!}' close to b, <p(x) is greater 
in absolute value than a positive number A, and n ^ 1, then the given 
integral diverges. 

11. Use Ex. 10 to show that 
dx 

■ converges. 


(a) 

(b) 


(a) 

(b) 

(c) 
(e) 

(g) 

(h) 

(i) 


V(1 - a;2)(l - hV) 

dz 


jo {X- a) V (1 - - kv-) 

12. Examine for convergence: 

Jo 1-2= 

r 

I (log x)" dx. 

Jo 

-d2, 0 

Jo 2 - 1 

I ~n ® 

Jo 2 + 1 

r'' X dx 
Jo (1 - X*] 


diverges. 


< c < 1. 

< c < 1. 


(d) 

(f) 


X 

p” 2-= 

Jo 2+1 


2—1 


Ans. Convergent. 
Ans. Convergent. 
-1 

dx. 


dx. 




r 

I x’^- 

Jo 


dx. 


log 2 
1+2 

(log 2)" dx: 


(Hint: set 2 = e““.) 

2““‘(log x)’' dx. 


®x 


Ans. Convergent. 
(Converges if m > 0, n > —1.) 

(Converges if m < 0, n > —1.) 
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a:) 

( - X)^-^ dz. 

Jo 

a) 

1 

1 

(m) 


(n) 



nx X 



(o) 

1 cosh 5x dx. 

Jo 

(P) 

f N 

1 

h 

1 

o 


13. (a) Show that /p cos x loc x dx ilivorgcs indefiiiit<Jy. 

(It) Show th.at /j cos x Ior x dx converge?. 

li. Show that, if ilfix) di is .ali-olutcly convergent, then it is convergent. 
Is the converse of this statement tnie? Iliinslnite, 

15. Show that each of the following an; ob'olutcly convergent: 


hi dx. 


f sin (1/r) </x. (b) f cos 

Jo Jo 

, , co-^xdx ^ dx \ 

(c> I I Hist: Compare v.ath I ) 

Jl n- - X- \ J, a--vx'J 

w) 

*/r ^ T ^ 

I 2 COS X dx Xt sin Xi ( z* — a- 
Hist: J — ; — r = "T"; — : - I , cos xdx. 

Jr a-x-x- O'-rx; J, (x- + n-)t 

X n 

— and then let xj —• -f a 


(a) 


(e) 


r~' tm X 

C + ‘ CO= X ( 

1 r 

1 

) — 7=rdx. (R,l 

Jl 

Jo V X J( 


.«in I cos ax 


dx. 


10. Define fL^f(x)dx and /r;^/(x)dx when /(x) is unlxiundcd in the 
neighborhood of a finite number of points. 


PART E. INTEGRALS CONTAINING A PARAMETER 
33. Derivative of a Definite Integral. We shall consider the 
function ^(a) defined means of the definite integral 

c(a) = a)ar. (1) 

where both a(a) and b(a) are continuous and differentiable 
functions of the parameter a within the region c ^ a ^ d, and 
where f{x, a) is assumed to be a continuous function of the 
independent variables x and a in the region a(a) ^ x ^ 6(a). 
c ^ a ^ d. 
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Since f(x, a) is a continuous function of x and a, it follows 
that fix, a) is also a continuous function of x and a continuous 
function of a. It then follows that fix, a) is integrable with 
respect to x over a ^ x ^ b. 

Let Aa, Ab and Acs denote the increments of a, b, and <p, respec- 
tively, when a is increased by Aa. Then 

C5(a -h Aa) = fix, a + Aa) dx = f° fix, a + Aa) 5a; 

+ fi^} « + ^«) fi^j « + ^“) ( 2 ) 

From (1), we find that 
Alp = 95(0: -f- Aa) — ^5(a) 

= P,. fix, a. -f Aa) 5x -f r [/(a:, a + Aa) — fix, a)] dx 

+ ^ fix, a -f Aa) dx. (3) 

By the theorem of the mean, 


a + Aa) dx = — (Aa)/({i, a + Aa), 

a Aa ^ ^ a, 

fix, « + Aa) dx = +iAb)fi^s, a -f Aa), 

b ^ ^2 ^ b Ab. 


We shall assume that ^ = lim ^ exists 

da &a-*o Aa 

and is continuous. Then, by the theorem of the mean, 

[/(2^J « + Aa) — fix, a)] dx = AaJ^ /„(x, a + 9 ■ Aa) dx, (5) 

where 0 < 6 < 1 and fa = df/da. Substituting the values 
foimd in (4) and (5) in equation (3), dmding by Aa, letting 
Aa — > 0, and noting that ^1 a, $2 — ^ b, we find that 


dis 

da 


-fia,a)p + 
aa 


r 


dfjx, g) 

da 


dx + fib, a) g- 


If b and a are both independent of a, (5) reduces to 


dip 

da 



dfix, a) 


dx. 


( 6 ) 


5a 


( 7 ) 
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A simple grapliical picture of the various quantities involved 
i^y here ma%' be easily obtained. The 

( functions /(r, a) n.ndf(x. a -f- Aa) 

• 0 =^ 0 .. arc represented In- the cur^'cs DC 

and IF, respect ive} 3 -. <p{a) is re{>- 
resented bj- the shaded portion of 
)g the area, and Ae bj' the unshaded 
O, C4.J3 c b b~Ah X portion of the area EFIJ. The 

three integrals appearing in (3) give 
the areas of the strips JAHI, DCGH, and BEFG, rcspectiveha 
It is an immediate consequence of (7) that c(a) is a continuous 
function of a in the region considered. 

Eraiaple 1. Find d- 'da if v-ta) = /flSljtz !-'«* — fin {2ac^)]5:. 
dc 

-X = -[(co3= 2rt/cr' - .‘•-in 20 '^'^'=]: -2 .«in 2ai 
da 




— 2--'' <■<:>= (go'-'i] bz -r [«■' — fin (.2aF‘^' iUSa'). 


EXERCISES xxrn 

1. Find the derivative n-ith respect to q of each of the folbvring integrals 


(a) r'“r»er. 

Jo 

/ JOJt O 

^ .".n (z -f ot) dr. 


(h. 




2. By mean.' of (0), find the derivatives trith respect to a of each of the 
followinc integrals. Check j'otir results by fii^t integrating and then 
dilTercntiating v.-ith respect to a: 


fa) 


fc) 


IF 


Fin * aJ 


(b) t.an [t — a) ct. 

(dl log (z -r <t) dr. 


34. Integral of a Definite Integral. In the prcvioits section we 
found a way to compute (d/da) flfix, a) dx. The integral 

maj' be computed in a similar manner. In fact. 

when a and b are constants. 
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Example 1. Consider 

•1 


r 


X cos aX dx = 


sin a 1 — cos 


Apply (1) to this result. The left member of (1) gives 
'P /•! 


li 


X cos aX dx da 


( sin a 1 — cos o\ 


. and the right member of (1) gives 

rx: * cos ax da dx ~ Jg (®i^ ~ sin aox) da: 


1 — cos ^ 1 — cos 


oro 




„ /sill a 1 — cos a;) 1 — COS 1 

Hence I 1 ;;; I da = 


at, 

— COS an 


at, 


EXERCISES XXIV 


1. By integrating <p{a) = JJ s® dx = l/(a + 1), ahow that 



log X 


dx = log 


OT + 1 

71+1 


2. Construct an illustration of (1) in which the loft member of (1) is not 
easily evaluated by direct methods. 

36. Uniform Convergence of Infinite Integrals. In general, 
the theorems and properties discussed in Secs. 33 and 34 do not 
hold for infinite integrals like /+” f(x, a) dx. Hence we must 
determine the conditions under which these theorems and 
properties are valid. As in the case with infinite series, we are 
led to the concept of uniform convergence of infinite integrals. 

We first consider the infinite integral /+'” /(x, a) dx, where 
f{x, a) is bounded throughout the region a g x g o', b g a ^ b' 
for all values of o' ^ a. The integral J+" /(x, a) dx is said to 
converge uniformly to its value <p{a) in b g « g b', if for every 
positive number e there exists a positive number X such that for 
every a in b g a ^ b'. 


<p{ot) - “) 


< 


for xi & X 


From this definition many theorems maj*^ be proved. We 
shall state a few of them below. We shall omit the proofs of 
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these tiieorcms since they so closely parallel the theorems given 
Cliap. IV. 

Theohem 35.1. A necessary arid sufficient condition that 
/t" /fe «) converge uniformly in b ^ a ^ h', is that for every 
-positive number e there exist a positive number X, such that for 
every ain b ^ a ^ b', \fv,f(x, a) 5r[ < e when xi > Xt ^ X. 

Theorem 35.2. If ft “ /(x, a) dx converges uniformly in 
b ^ a ^ b', then for every positive number t there corresponds a 
positive number X such that for every a in b ^ a ^ b', 


when Xi ^ X. 

Theorem 35.3. Let f{x, a) — X(x, a)fi{x), where X(x, a) is 
a continuous function of (x, a) in c ^ x g o', 6 g ^ b', for 
all a' S a, and where p(x) is bounded and intcgrable in the interval 
[a, a']. If /+“ f(x, a) dx converges uniformly to ^r(or) in [5, b'], then 
<p(a) is a continuous function of a in [5, 5']. 

Theorem 35.4. If fix, a) satisfies the conditions of Theorem 
35.3, then if a and ao are any tico points in [5, b'], 


Theorem 35.5. Let f{x, a) arid idf/da)x have the properties 
stated in Theorem 35.3. If /+“ f{x, a) dx converges to <pia) and 



dx converges uniformly in [5, 6'], then <pia) has a 


derivative at every point in [b, 6'j, and >p'ia) 



We shall now consider the convergent integral ft fix, a) dx, 
wliere fix, a) is unbounded in the neighborhood of points on 
X = a', and is bounded for a g x g a' — f, 6 S a g 6', when 
a < a' — ^ < a'. 

The integral ft fix, a) dx is said to be uniformly convergent to 
^ia) in 6 g a g 5', if for every positive number e there exists a 
positive number 5 such that M'hcn 0 < { g 5, 


^ fix, a) axj < £ 

for everj' a in 6 g a g 6'. 
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It should be emphasized that the same number 5 must serve for 
everj’- a in [b, 5']. 

Theoeem 35.6. A 7iccessary and sxifficient condition for the 
uniform convergence of “) dx to ^{oi) in h ^ a ^ b' is 

that for any preassigned positive number e, there shall exist a posi- 
tive number S, such that for every a in [6, b'], 


iX'-r 


< e 


when 


0 < ^" < g 5. 


Theokem; 35.7. If /“'/(x, a) dx is uniformly convergent in 
[6, 5'], then for any positive number e there exists a positive miniber 
S, siich that for every a in [6, 6'], (/o'_t/(x, a) dx| < e when 
0 < ^ g 5. 

Various modifications of these results must be made when 
/ is unbounded in the neighborhood of certain points on x = a, 
or more generally, on a: = Oi, a-i, ■ ' • , a„. 

Theorem 35.8. Let f(x, a) = X(x, a)n{x), where X(x, a) is a 
continuous function of (x, a) in a ^ x ^ a', b ^ a ^ b', and where 
n{x) is bounded and integrable over [a, a'] except in the neighborhood 
of certain points on x = ai, , a„. (I) If Ji' fix, a) dx is 
uniformly convergent to \pia) in [6, b'], then is a continuous 
function of a. in [5, 6']. {II) Also 


f /(^i «) dxda — r fix, a) da dx, 

•/oo 9 /^ 9/09 

where ag and |3 are any two points in [6, b']. {Ill) If idf/da)x 
satisfies the same conditions as fix, a), if converges, and if 


r(a 


dx converges uniformly in [6, h'], then iff'ia) exists in 


[5, b'] and equals 


r'd) 

X 


5x. 


Example 1 Prove 


Consider the integral 7 


~ 7 ~ ^ “ 2 * 
+ “ 




dx, or ^ 0. Ertdently, 


e““-/x is monotonic in x when x > 0. By the second theorem of the mean, 
when 0 < Xi g J ^ xj. 


C ' 

I sm X dx 


g-csr 

Xl 



sin X dx + 



sin X dx. (1) 
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Fin r ox, 5 - 


Since I/I sin x dx\ g 2 for all value? of r and ?, and a 2 0, 

! f ■' c-?' . i f-<”. 4 

I Fin X ox < 4 < — ■ 

iJn 2" I -'I 


sin ~ dx!. (2) 


,1 4 

■ Fin X ox, < 4 < — ■ 


If xi > Xi 2 xc, and if xj > 4, «, then for everj" o 2 0. the left member of (3) 
is Ic^s tloin f. This shows that the integral I i^ ttnifomily convergent to 
v(<x). By Theorems 35.3 and 35..3 wc know that ^[a) i.? continuous for 
o 2 0. Hence, 


„ r ' " .“.in I r " s'in x 

vfO! = I dx — lim I e"”' dx. 

Jo X X 

Theorems 35.5 and 3.5.8, for tt > 0, 

r ^ ' a / A . r ' 

s-“'(o) ” 1 ^ )p '~°’S’.nxdx. 


The latter integral may be shown to converge uniformly for o 2 > 0. 

Since (rf'dx'ie"'" (cos x + a sin x) = —(a* — 1 sin x we have 


i 


Fin X dx = 


so that c'(o) = —1 (1 + a-), and v‘(a) = —tan"' « -f- C, where C Ls a 
con.stnnt. Since lim +-(«) = 0. C — r‘'2. Hence 


By (4), we have 


sc 

vCor) w I e-" (ir = ' - 

Jo X 2 

Jo X 2 


tan”* <1. 


Example 2. Prove /J' c”*’ dx = \/v'/2. 

Since 0 < e"^’ < c"' when x 2 0, it follows by Example I and Theorem 
31.4 of Sec. 31 that the given integral is convergent. Let 




Then, by (10) of Sec. 19. 


[v-(t)i' = (X' <^) (£‘ dv) = /o' /' ap dr 
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where iv is the region bounded by the lines x = y = 0, x = y = t. Since 
K contains the first quadrant of the circle a;’ + and is contained 

in the first quadrant of the circle x- + rf = 2l\ and since > 0 when 

r > 0, 

fo 

that is, 

7(1 - €->’) g [^(t)]= g 7(1 - 
4 ^ 


Therefore 




+ “ , Vx 

e“* dx — lim <p{t) = — - — 
(-*+ » ^ 


rt/cc j nt 

Example 3. Since I dx = - e""’ dy, it follows 

P c-“’'’d.r = ^- 
Jo 2cc 


at once 


from Example 2 that 


Example 4. Show that /f” cos (x-) dx = /f" sin (s') dx = 5-'\/;r/2. 

We shall evaluate these integrals without justifjdng the operations used. 
By Sec. 7 of Chap. V, e~'*’ = cos a;- — t sin x\ where t" = —1. Hence, by 
Example 3, 



cos X- dx 



sin x' dx 


2Vf 


Since \/ ff/2'\/t = •!r/2(l — i), we find by equating real and imaginary 

parts the results stated in the example. 


EXERCISES XXV 


1 . 

2 . 

3. 

4. 

5. 


Show that e““* dx converges uniformly in a ^ ao > 0. 

Show that /J"” dx converges uniformly in a ^ ao > 0. 

Determine an intenml in which dx converges uniformly. 


Determine an intei^'a! in which 
Determine an interval in which 


X 

X 


+ W . 

sm ax 
x'+" 

+ 

cos OX 
1 +x’ 


dx converges uniformly. 
dx converges uniformlj'. 


6. Prove that if /(x, a) is bounded and integrable in a ^ x ^ o', 
6 g a g 6' for all o' ^ o, then /^"/(x, a) dx converges uniformly in [6, 6'], 
provided there exists a function X(x), independent of a, such that (I) X(x) 0 
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when I g a; (II) \f{x, <r)j g X(i) when i g a and b ^ a b'; and (III) 
/+” X(x) dx exists. 

* + a 


7. Show that 


r 


cos X 


dx converges uniformly for a ^ 0. 


8. Show that /J* cos i dx converges uniformly for a ^ «<• > 0. 
sin <rx 


9. Show that 


£ 


■ dx roin'crges unifonnh’ for or g ora > 0. 


10. Show that /J x"“‘ dx converges uniformly for 0 < oo or g 1. 

11. Show that /i x”~k~' dx converges uniformly for 0 < aa g a g 1. 

12. Prove: If B(x. or) i.s bounded in x g n, b g or g h', and for every a 
in [h, f/) is a monotone function of x, if V (x) is hounded and docs not change 
sign more than a finite number of times in (n, o') for any o' S a, and if 
/+* \5'(x) (lx exists, then /J* /l(x, 0 )^( 1 ) 3x is uniformlv convergent in 
lb, b'l 

Evaluate the following integrals by dilTerentiating with respect to 
Show that the operations involved arc permissible. 


. Pj ^dx. 

Jo log X 

Jo 


14. Prove 




15. ;j-c-**’(ix = iVT^. 

2 2'’/;’'-'l 

17. From (10) prove /Jx^f— log i)” dx =« m!/(»i + I)*-'"'. 


V w 

r 


x* 

Jo 1 + I’ - 2 


cos (kir/2) 


0 <1; < 1 . 


X* log X 

19. From (18) pros-e I dx = — 

Jo 1 + 1 - 4 

k cos x) 

1/(1; + 1 


I'T l.T 

sec — tan — • 
2 2 


20. log (1+1; cos x) dx. 

21. /Ji*dx = 1/(1; + 1), 1; > -I. 

22. Prove that | •; — — = — -p===- 

cos X Vl:- - 1 

23. Prove that /?" c~*^dr = 1/lr, 

24. Prove that 


1 ; > 1 . 


25. From Ex. 22 show that 


r+" dx ^ 

Jo x'-+k~ 2a/X- 

, 1*^1 6 — cos X 

at I log 

Jo o. — cos X 


dx = r log 


6 + Vb' - 1 


25. From E.x. 23 show that x’’e~*^ dx = nl/k"*'‘. 

♦ -f" •* 

27. From Ex. 24 show that 


x 


dx 


a + Vo’ - 1 
- 1 ■ 3 - • • (2n - 1) 


(i» + 1:)"+' 2 2 • 4 • • • 2nit’’+l 
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28. /o“ cos mx dx — k/(k- + m-), A: > 0. 

29. Obtain by integration from Ex. 28 the relation 


I 


g fcx — g”**® 1 74^ -f- 771^ 

dx =- log - • 

X sec 7 nx 2 


30. /J"” sill 111® ^ ~ m/(k- + 77i-), A: > 0. 


31. From Ex. 30 obtain bj"^ integration 
■* 4* 
fo 


• r 


g-tl _ g-UX 11 

dx = tan“i tan“i — 

X CSC mx m m 


32. From Exs. 28 and 30 find the values of 




r+ 


+ CO 

COS mx dx, 


x-e sin Ttix dx. 


r 


33. From Ex. 23 show that 

34. From Example 3 show that 

' + “ _ g-u’x« 


I 


Jo 

35. By differentiating, prove 




dx = (n — kj's/ir. 




2a cos X + a^) dx 


5 tr log a 

0, 


a* ^ 1, 

a= ^ 1. 


PART F. SPECIAL FUNCTIONS DEFINED BY MEANS OF DEFINITE 

INTEGRALS 

36. Gamma Function. We here consider the integral 
" x’'~'^e~=‘ dx. By the methods given in Sec. 31, it is easy to 
show that this integral converges, and hence defines a function of 
71, for all positive real values of n. This function is called the 
Gamma function: 


r(n) s x^-^e-^dx. (0 < n < + oo) (1) 

In particular, , 


r(l) = 1 . ( 2 ) 

An important property of the Gamma function is given by the 
equation 


r(7i + 1) = nr(n), 


( 3 ) 
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the proof of -n-hich is obtained bj- integrating by parts: 

r(») = J; ■ ' + '-1 x-^- * 

- ir(» + 1). 

From (3) and (2), wo find upon setting 

n = 1, 2, 3, • • • . n -j- 1, 

successively. 

r(2) = 1 • r(i) = 1-1 = 1 , r{3) = 2 • r(2) = 2 • 1 = 2 !, 

r(4) = 3 • r(3) =3!, - • • . r(« -f l) = «!. (4) 

In view of property (4), r(n -f 1) is sometimes called the 
factorial fundion, and is in fact one generalization of nl to the 
case where n is not a positive integer. 

Relation (3) also shows that the values of the function may be 
determined for all n > 0 if it is determined for all values of n 
over a unit interval. For tliis reason, in constructing tables of 
r(n), it is sufHcient to construct such a table for values of n from 
1 to 2. 

^^■hen 11 < 0, the integral (1) diverges and hence fails to define 
a function. However, we can e.vtend the definition of r(7i) by 
means of equation (3). Let — 1 < n < 0. Then r(n + 1) is 
defined b 3 ' (1), since (n + 1) is positive. We define r(n) for 
— 1 <11 < 0 bj’ means of the relation 


r(„) . niil) 
n 


( 5 ) 


Let —2 < 11 < —1. We again define r(ii) by means of (5). 
since in the right-hand side of (5), r(n -f 1) is now known. This 
process of extension of the definition of r(n) can be carried on to 
include all negative real numbers n, except the negative integers 
and zero. (Whj'?) 

From (3) it is easy to see that if /; is a positir-e integer, 

r(n + 1) = n(n - 1) • • • (n - fc)r(n - 7:), (6) 

and 


V 


r(n + /:) = (71 -f A- - 1) • • • (n + l)nr(7i). 


( 7 ) 
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By means of various transformations the integral (1) may be 
reduced to other forms. For example, the transformation x = ay 
reduces ( 1 ) to 

r(n) = dy; (8) 

the transformation x = y- reduces ( 1 ) to 

r(n) = dy, (9) 

and X = — (m + 1 ) log y reduces ( 1 ) to 


r(7i) == (m + 1)"J^ 2 /'"^log dy. (— 1 < to, 0 < n) 


( 10 ) 


From (9) mth n = 5 , we find by Example 2 of Sec. 35 that 


Many other similar forms of (1) are given in the exercises below. 

By the methods of Sec. 35, it is possible to show that (1) is 
uniformly convergent for all values of n ^ fV, where N is any 
positive number. From Theorem 35.3 we can then conclude 
that r(n) is continuous for all positive values of n. 

By Theorem 35.5 the integral 



j-n-lg-i dx, 


(n > 0 ) 


may be differentiated with respect to n under the integral sign, 
giving 

r'(n) = log X dx. ( 12 ) 

From Ex. XXV, 33, we know that 


log X = 



Substituting (13) in ( 12 ) we have 


r'(n) = 



3;n— Ig-i 


— e-“»^ 


(13) 


a 


da dx. 


(14) 
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B}' Tlieorcm 35.4 the order of integration in (14) may be inter- 
changed, giving 


r'(n) 


r7: 




= r I — dr da 

Jo Jo a 

- \ I axda. (15) 

Jo Jo a 

Using relationships (1) and (8), we see tliat 

= (16) 
The Gamma function wa.s defined by IVeierstrass bv the 


equation 




is Euler’s 


where c is a complex number, and y = 0.5772 • 
constant. Euler siiowed that 

rw-ln[0 + i)'(* + 71 

EXERCISES XXVI 

1. Prove that (1) converges. (Hint: Prove that /{ dr convergts 

for 0 < n < 1, and dx converges for nil real values of n.) 

2. Prove (2), (G), and (7). 

3. Prove r(n) — * -f « ns n — • -f- 0. 

4. Make a table of valuc,s of r(n) for every halt integer and graph your 
results. 

5. Verify the reduction of (1) to forms (S), (9), (10). and (11). 

C. Prove that (1) is uniformly convergent for all n g tV > 0. 


7. (a) From (10) show r'(I) = ^ ^ ^ ^ - da. 

m and (10), prove 


(b) From this relation and (10), prove 

r'(n) 


r(n) 

(c) From the expression for r'(n)/r{n) found in (b), show that when n is 
an integer greater than one. 
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r'(w) 

r(n) 


■f 


[r=“ + 1-^ + 


+ 1' 


"] = 1 + - + 


+ 


n — l 


Hint: In (b) set i = 1 + a. 

Remark. The value of the constant r'(l) is known as Euler’s constant. 
It is denoted by +t, where y = 0.5772157 • • • . 

(d) From the results of (b) and (c), prove that 


r'(n) 1 1 

-V+1+2+3 + 


r(n) 

8. (a) From the fact that 


+ 


n — 1 


i 


CO 

I/” ^ IT 

dy • show that 

1 + y sin mr 

IT 


r(n) • r(l - n) = 


sin nir 


(b) From (a) prove 

. . . r(^^) = 

\nj \nj \ n J y/n 

(c) From (b) show that 


2 • ; * (5 - 2;) - 1 


(d) From (c) show /J r(®) ~ "v/ijr. 

Hint; In (d) let lln = A„x. Then let n — > + «> . 

37. Beta Function. The integral 

— x)"~^ dx (1) 

converges for m and n positive and so defines a function of m 
and n called the Beta function: 

B{m, n) = — x)"~i dx. {m > 0, n > 0) (2) 

Evidently B{m, n) is symmetric in m and n, that is, 

B{m, n) = B{n, m), (3) 

for the transformation x = 1 — y reduces (2) to 

B(m, n) = -- y)”‘-^y”-^ dy = (1 - x)”'~^x’'-^ dx 

= B{n, m). 


( 4 ) 
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As in the case of the Gamma function, various forms of the 
Beta function may be derived by a change of variable. Thus, if 
in (2) we set x = y/a, where n is a constant, then 

B{m, n) = - y)"-' dy; (5) 

if in (2) we place x = sin- 4', we have 

B(m, n) = ' sin-"-’ 4 cos-'"—’ 4'd4', (6) 

if we set X = y/{y 1), we find that 

38. Relations between Gamma and Beta Functions. From 
(9) of Sec. 3G, we have 

r(m)r(n) = Afj" x'-'-'c--’ dxjj’ y-’'-'^c-^' dy 

” " X x~''~'y'’~-'c--'—‘’’ dx dy. (I) 

Tills double integral is to be taken over the first quadrant of the 
xy-plane. With polar coordinates, (1) may be written 

r(ni)r(Ti) = fg " r-‘-"-"-‘V-"’sin="-’Ocos’'--’t)rdr(f 0 

^fo ' fo~ * sin="-’ 6 cos-'-' 6 dr de. (2) 

From (9) and (C), we find 


Hence 


r(w))r(r3) = B{m, n)r(OT -h n). 


B(m, tt) 


r(m)r(rO 

r(m -}- n)' 


(3) 

(4) 


Eiample 1. ^ 5(1 — x)^^x’ di = 5B(i, ■! 
Since r(i) = trci), r(t) = V^, r(4) = 3!, 


xj'Vdx = 5B(|, 4) 


3n;)r(4) 

r<->A) 


r(W = ? ■ I • i • I • 

n-e find 
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Example 2. Evaluate the Diriohlet integral 

I = J" J‘ dx dy dz (5) 

over that portion of the first octant which is bounded by the ellipsoid 
{x'la-) + (yVh") + (sVc-) = 1 and the coordinate planes. 

To simplify matters, we shall let x- — o-f, y* = 6^, 2 ^ = c®!". Then our 
problem is to evaluate 

over the octant bounded by the coordinate planes and £ -F»; + f = 1. 
Putting in the limits and integrating, we have 


1 = 


a'b’" 


8 

2 a'b’"c’' 
8 n 


=rn 
n 


l-f /'l— €— a m_ n_ 

17 ^ t~ dy d£ 


£“ 


i_l "_i h 

(1 — £ — v)^ dy d£. 


By (5) of Sec. 37 this can be written 


I = 


4n 


ni l , m+n / \ 


By (2) of Sec. 37 and (4), this is equal to 

I 

a'b^c’' r(// 2 )r( 7 n/ 2 )r(n/ 2 ) 


o'b^c” „f I m + n m n \ 

= -i;rT2’ — + VVi + V 


8 /I + m + n , 


(6) 


If 1 = 1, 7n = 1, n = 1, the integral (5) gives the volume of an octant of 
the above ellipsoid; 


V = 


abc r(§)r(J)r(]) ^abc 


8 


r(|) 


If 1 = 3, m = 1, n = 1, (5) gives the moment of inertia of this volume 
with respect to the j/ 2 -plane; 


-ns. 


, , ^ ^ a’6c r(4)r(*)r(i) 

s* dx dy dz = 

R S r(s) 

EXERCISES XXVn 


z-a^bc 
30 ' 


1. Verify (5) of Sec. 37. 

2. Prove that if integral (5) be taken over the octant bounded by a portion 
of the surface 
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and the three coordinate planes, then (5) Ls 

o'6"c'' V(l/p}r(m/q)V(n/r) 


I = 


7)?r 


f I m n \ 


(7) 


3. Prove 
(a) 


(h) 


/X 


Ox liij - 


r(nr(r7i) 


, V 


over — }- 7 S A. 
!’(/ -t- 7;; + 1) o b 


, _ , n'/;" 1 (/'77)r(777 7 ) ,-4-- 

' Ox dtj 7, 7/1P 

7x1 






PART G. NITATERICAL INTEGRATION 
39. Numerical Integration. By Theorem 13.1, the evaluation 
of S^f(x) dx depends upon the determination of an e.vplicit 
representation of the function //(x) dx. It often htippen.s that 
it is inconvenient or impossible to obtain such a rcprc.«cntation 
of / /(x) dx; for e.xamplc, /(x) may be given by a complicated 
formula or merely by a tabic of values for certain values of x. 
In such a case it is ncccssarj' to relj* on certain formula.s tvhich 
give an accurate approximation to Sl/(x) dx. We shall now 
derive some of the most useful of these formulas. 

It is c^^dent that 


^ + x) dx + + x) dx. 

Replace x bj' x' — {1/2) in the second integral and bj' {1/2) — x’ 
in the third. Then 




^ + x^ dx. 


( 1 ) 


We define (p{x) and vk{x) by the relations 
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<pip:) =f(c + ^-:^+f(^c-~ + x^, 

<Pk{x) = (-1) 

= + 2^ - x) + (- -l + ^y 

where fc = 1, 2, 3, • • • . If we evaluate the second integral in 
(1) by repeated integration parts, we find that 

+ a:) da: = [(a: + Bil)<p(x)]V- + (^ + Bil)<pi(x) dx 

= [(x + Bd)<p(.x)]r- + l[(x’- + 2Bdx + B^l-^).p,{x)Yr 

+ |j[(ar> + ZBdx- + ^B.l-x + Bd?)^^{xW + • • • , (2) 

where the B’s are arbitrary constants. 

To obtain formulas useful for computational purposes, we shall 
require the B's to be such that upon making the substitution 
X = 1/2 in (2), the coefficient of <pkQ/2) is 0 for every even fc, 
<Pk{l/2) itself being 0 for every odd k. We are thus led to the 
conditions 


i + Bi = 0, i + fSi + IBe + B3 = 0, 

^ + i\Bi + + ^Bs + fB4 + Bs = 0, 

and under these conditions (2) reduces to the form 


(3) 


r. 

J-l/2 


f(c + x) dx = — 


BMO) + §[-Vi(0) + ^^=2(0) 
+ ^<^’3(0) + • • • 


(4) 


Let 4/(r) = f{c + rl) + f{c — rT). Then 


d^^(r) 
dr* _ r = 


-H 


(-Z)V,(0). 


If we expand Hr) by Taylor’s series about r = we find that 
Hr) = v’(O) - m<p.(0) + ^^2(0) - ^'^ 3 ( 0 ) + • • • , (5.1) 

where R = r + ^. Likevdse, if B = s + i, T = < + |, • • • , 
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then 


■^(f) — tf( 0 ) — 4 - -^Cl^Oy — • - - , 

(-5.2} 


^ft) = v40) - J'A'dO) 4- - - - ■ , 

(- 0 . 3 ) 

and ?o 

on. If tve inultij)!\' t5.]) by —Kl/2. i:j.2} by 

-Af/2. 


f5.3}' ir,' —2iIl/2, - • * , ind -dd rr^hvlt'- to (4), r.'<? oht-^in 
the forrniila 


/: 


/tc -f = 5[AV''r) -f -f + ■ - - 1 
~r(|= -f -f !{~* - d- 

= i{/v-;(rj -f A-;fA-) -r ■ ■ • ; 

- Ib(.^'f0; ~ b:i^:(0) -r b.^‘:'0) -f • - • 1 


(o; 

1 


'y; 


v.-bere 


.4c = A' 4- /> 4- -f • ■ . 

.4, = A'A -f A.S -r -Vr -f • • • . (Sj 

.4; = A'A* -f AS- -f -Vr -f - - • - ■ • • - 


We irnpoKe the additional requirement on the B'f-. K, L, 3/. • * - 
that 


ht — hz = ht = bt — h — ■ 
It Jollov.-fi from (2j and (9) that 
1 -f 2Ai = 0, 

B, + 3Bz 4- 2Bt = 0, 

B; 4- 4Ai 4- 5A, 4- 2Bi = 0, 

Bt 4- 5^4 4- 9Aj 4- TAt 4- 2 A 7 = 0. 


- = 0. f9j 


A: = -Ut. 

Aj = — '1*4;, 

Aj = -i.44. {10} 

At = — f.4c. 


Hence 

A: = ^. 4-Uc, A4 = 444 4-y4.-*.4i, 
A{ = .44 4" •§-4 1 — i-d* 4* ' ' ' . 


( 11 ) 
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Let ^i{x) denote the Hh. Bernoulli polynomial,* i.e., 

So(x) = 1, = X* — 2x^ '+ x^ - 

Si(x) = X - Sh(x) = x^ ~ ix* + - la:, 

Silx) = a:^ — a: + I, Seix) = .r® — 3a:® + |a;-* — |a;* + 

Ssix) = X® — |a:- + |a:, 

Then bj’’ (6) and (7) 

Jk+l 

bk = ^k+i(A) ^j^ (k odd) (12) 

where Pk+i(A) denotes the result of substituting Ai for x* in the 
(k + l)th Bernoulli polynomial ^k+i(x); e.g., 

/32(A) = A2 — Ai + |Ao. 

Thus (6) reduces to 

f{c + x)dx = ^{Kyp(r) + Ltp{s) + • • • } 

- (13) 

odd k 

If we let 7k+iix) = /3t+i(x + i), so that 

7 o(x) = 1 , 

72(x) = x- — tV» 

74(x) = x-* - |x2 + -jfj, 

T6(a:) = X® — fx'* + ■{\;X~ — -xHtj 
78(x) = X® - |x® + 4fx^ - |Jx2 + 


then 


A-+i(A) — KPk+iiR) -h L^k+iiS) + ■ ■ • 

= Kyk+i{r) +Lyk-nis) + • • • , (14) 

and (13) may be written in the form 


J i/2 

-1/2 


fio 


+ x) dx = ^[Kip{r) + L<|(s) + • • • j 


2 /i+i 

{k + + Ijyk+i{s) + • ■ • }^i(0), 

odd k 


* See Stefifensen, “Interpolation," Sec. 13. 


( 15 ) 
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where, b}' the first equations in (10), tlic on] 3 ^ condition on 
K, L, M, • • • is that 

Ao^K +L + M+ ■ ■ - + P = 1. (16) 

If there are v constants K, L. • ■ ■ , P, there remain p — 1 
conditions to impose on A', L, ■ ■ ■ , P. Let 


hi = hi - hi 


“ hif—i — 0, 


By (15). 


A'7j(r) + A7 ”(s) + • • • 4- Pytiw) = 0, 
KyAr) + Lyiia) + • * • 4 - Pytiw) = 0 , 


4" Lyi,- 

e(.^) 4- • - • 

■4 Pyi,-iUc) 

. A' = A 

i/A, where* 


I 

1 

. . . 1 

yi(r) 

7:(s) 

• • . 7!(w) 

y*(r) 

ViC") 

. . . yibe) 

yi,-i{r) 

yi,-:{x) 

. . . 7s»-i(t<’) 


11 

1 

1 

0 

7s(s) 

. 7:(t0 

io 

1 

74(s) 

• 7<(if') 

|0 

75r-;(.s) . 

. 7:.-:(t<0 


Because each pobmomial 7 :n(j') contains terms of onlj' even 
degree, the first term Ijeing A and Ai reduce to 

|1 1 ... 1 I 


r" 


. . XV- 

7 





t- — 0; 


— Os 

P - at 

. . . 7£7-t 

“ Oi 


(12,-1 t-’-- - a:,_ 


where a, = a, = 

• See Sec. 4 of Chap. VI. 


j 02r» “ 


— ai,_. 


2=’"(2m 4- 1) 
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Sec. 39] 


In particxilar, we have 





= 3, 

+ t-) + 04 

(s 2 _ r 2 )(j 2 _ ^ 2 ) 


- a^isH'^ + shi- + thi^) + 04(s^ + + ^t^) - Os 

(s^ — r-)(t^ — r^)(u^ — r^) 


The other coefficients, L, ilf, - • • result from suitable permuta- 
tions of r, s, f, • • • . 

So far, Ty s, t, • ' • have been arbitrary. By specializing 
them we obtain all the well-known Newton-Cotes, Steffensen, 
and Gauss quadrature formulas. For example, if we take 
p = r — we obtain from (15) the Euler-Maclaurin formula: 


+ X) & - ![/(= + 1) +f{c - i)J 


( 21 ) 


where the first term is called the trapezoidal rule, and where the 
B’s are the Bernoulli numbers: 


— T2(i) — (32(1) — I, Bi ~ — -gSy, Be — • • • . 

If we write c -^ = x<s,c + ^ = Xi,f(c - 0 = yo,f(c + = Vh 


• • • and apply (21) to successive intervals [xa, xi], [xi, X 2 I, 

• • • , [x„_i, x„], and add the results, we find that 



dx = -^{yo + 2yi -f- 2^2 -f- 


• + 2y„-i + yn) 


2 h’^+^Bk+x 
ik -f 1)! 

odd k 


- 2/5)’'], 


( 22 ) 


where h is the common interval length xi — xo. If we take v = 2, 
r = I, s = 0, we obtain from (15) Uspenski’s formula: 


f: 


•1/2 ^ 

fic + x) dx = -^(yo + 42/1 -f ^ 2 ) 
- 1/2 O 


21+1 


odd fc>l 


(k + 1)! 


^t+i 


© 


+ g7i+i(0) 


[2/5'>-2/n (23) 



CHAPTER III 

ORDINARY DIFFERENTIAL EQUATIONS 


PART A. ELEMEHTART TYPES 

1. Introduction. In many brancbe? of mathemanc.^, me- 
chanic-?. phj-sic5, and chcmi?trj-, there arise equations jnvohdng 
deri-valives or differentials. Such wjuations are called dijjcrrnlial 
equations. The follou-inc arc ty]uc.al differential equations: 


II 

(I) 

^ ri- pV = c. 

(2) 

?— + Dv — E sin pi. 
at ' 

(3) 

of* ox' 

(41 

-1- 

't.H 

II 

p 

(5) 

d'r , d-r _ .or 
' do- ‘ dz- dt' 

(6) 


Equation (1) appears in the study of the disintegrration of radio- 
active sub.=tance= and in various problems of grotvth: equation 
(2) is involved in the study of simple harmonic motion; (3) occurs 
in the study of oscillating mechanical and electrical sj'stems; (4) 
represents the transverse vibrations of a stretched string; (5) 
is used to obtain the lines of force and lines of constant potential 
in electrostatics and In'drodj-namics; and (6) is the equation for 
the conduction of heat through an isotropic medium. 

In this chapter we shall give a few elementary methods for 
Eoh-ing equations which involve only ordinarj- derivatives, and 
in Chap. \'II we shall take up the question of solving equations 
containing partial derivatives. Many physical applications of 
difierential equations trill be given in the exercises. 

322 



Sec. 2] 


ORDINARY DIFFERENTIAL EQUATIONS 


323 


2. Definitions. Differential equations which involve but one 
independent variable are called ordinary. For example, equa- 
tions (1), (2), and (3) are ordinary. Differential equations which 
involve two or more independent variables, such as (4), (5), 
and (6), are called partial. 

A differential equation is said to be of order n if it involves* 
a derivative of order n and no derivative of higher order. The 
degree of a differential equation is the degree to which the highest 
order derivative enters into the equation after the equation has 
been made rational and integral in all of its derivatives. 

A function y = p{x) is said to be a solution of the differential 
equation 

/(a;, y, y') = 0 (l) 


if, upon substituting p{x) and p'{x) for y and y' in (1), / is, trans- 
formed into a function of x which is identically zero for all values 
of X, i.e., if 

/(a:, p(x), p'{x)) s 0. (2) 

This definition can be readily extended to differential equations 
of higher order. Thus, 

y = 3e-* + X — 2 (3) 

is a solution of 

y" + 2y' + y = X, (4)' 

for when 

y' = — -|- 1 and y" = 3e~® 

are substituted in (4), we obtain the'identity 

3e“* -f- 2( — 3e~'' -|- 1) -j- (3e~® + x — 2) = x. 

Again, the equation! 

y^ + y — X = 0, 

which defines y as a function of x, y = p(x), determines y 
IS a solution of 

(3x - 2y)y' = y, 


(5) 
= p(x) 

( 6 ) 


* For example, we do not consider the equation 0 — + y — = 1 as 

dx^ dx 

involving ■ 


' dx^ 


t Equations in x and y are usually regarded as defining as a function 
of X. For a rigorous statement, see Sec. 20 of Chap. I. 
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for when 1 / is obtained from (5) as a function of x and y, say 
2 /' = ( 7 (x, y), and y' then substituted in (6) A\-ith y replaced by 
p(i), then (6) reduces by means of (5) to an identit}' in x. In 
general we shall say that the equation F{x, 2 /) = 0 furntshcs a 
solution affix, y, y') = 0 when Fix, y) = 0 defines y as a function 
of x,y = pix), such that y = pix) is a solution affix, y, y') = 0. 
In such a case it is often convenient to call the equation Fix, y) = 0 
a solution of fix, y, y') = 0, though actually what we mean is 
that Fix, y) = 0 defines y as a function pix) which is reallj* the 
solution of fix, y, y') = 0. 

The question is of considerable importance as to whether or not 
a given differential equation has a solution. But we shall have to 
postpone consideration of this question with the bare statement 
that the existence of solutions to manj’ general types of differ- 
ential equations has been established. 


EXERCISES I 


1. State the order and degree of each of the follon-inp: 
(a) Each of the equations in See. 1. 


(b) dhj/dx' = ;/\/ 3 + (dy/dx)*. 
3 


(d)^'+3,+ 

dx 


d-ij/dx-j 


0 . 



(e) 10’’ — uy’ = 0. 


2. Constnict a differential equation of the second depree and thin! 

order. Constnict a diffrrcnti.al equation to ivhicli the idea of degree is 
inapplicable. • 

3. Show that the following differential equations have the .‘-olutions 
indicated: 

(a) y" — 7y’ + lOy = 0; y = cK 

(b) 4y(y')- — 2xy' + y = 0; i/= — x + 1 - 0. 

(c) x~ + y~ - 21 /’; r = ;/’ + 2yc'^^. 

dX OIJ 

(d) — + ^ = 0; r = log (x’ + !/’) + Tnn-> 

ax* ay* X 

, , d-w d-tp 

w) ^ ^ =0; = <f[x + iy) + itCx — xy), where r’ = —1, and 

where ^ and ^ are arbitrary differentiable functions. 

4. tVlien is the function y - p(x) a solution of the nth order differential 
equation f(x, y, xj', xj", ■ • - , j/'»>) = 0? 

5. Define a solution z = p(i, xJ) of the partial differential equation 


ffx, y, Z, Zx, Ty, Zxx, Zx 


) = 0 . 
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Extend this definition to a more general type of differential equation. 

6. Let 

<p(x, y, I, X, y) = 0, 

Hx, y, i, X, y) = 0, 


be a system of first order differential equations with t the independent 
variable. (The symbols x and x are frequently used in dynamics for dxldl 
and d^/dt\) Define the term solution for this system. Extend this 
definition to a more general system of differential equations. 

7. In the study of the steady-state flow of heat in a sphere, the Fourier 
equation (6) of Sec. 1 reduces to 


d( Jt\ „ 

dr\ dr) ~ ’ 


( 7 ) 


where T is the temperature at any point in the sphere at distance r from the 


B . 


center and is independent of the time. Show that T = A -1 — is a solution 


of (7), where A and B are arbitrary constants. 

8. Show that x ~ {vA/a) log cosh (at/tv) is a solution of the differential 
equation 

7nx = ma — mh{xY, (8) 

where a, h, m, and w — ■%/ a/k are constants. 

Equation (8) represents the motion of a particle of constant mass m 
along a straight line when it is acted on by a constant force and is subject to 
resistance proportional to the square of the velocity. In this equation x 
is the distance of the particle from a fixed point on the line of motion, x 
and X denote dx/dl and d'^x/dl-, ma represents the constant force acting on 
the particle which would produce the uniform acceleration a, 7nk{x)^ is 
the force of the resistance opposing the motion of the particle and acts in the 
direction opposite to that of the force nia, and mx is the resultant of the 
forces 7na and 7nk[x)-. What is kl 

9. (a) State the differential equation for the motion of a particle of mass 
m if it moves along a straight line under the action of a constant force ma 
and is subject to a force of resistance proportional to the velocity. Show that 

a(e”“ + kt — 1) . , . , , . 

- is a solution of this equation. Find a formula for the 




speed and acceleration at any time t. 

(b) State the differential equation for the motion of the particle in part 
(a) when it is subject to no resistance. Find a solution of this equation. 

10. Show that 


a: = (w cos a) . y — — — -h (ku sin a -t- g)- 


k “ • ft ■ ■ 

is a solution of the system 

mx = —kmA, my = —kmy — gm, 
where ft, g, and m are constants. • ' 


( 9 ) 
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This Fj’stem of difTercntial equations tepresents the motion of a projectiie 
fired Tvitb initial velocity it in a vertical plane at an angle a with the hori- 
zontal z-3»s. The student should give the phj'sical interpretation of each 
term in (9). 

11. The .system of dificrcntial equations 




E= 




( 10 ) 


occurs in the .study of tidal waves and of wave motion in a canal. In these 
equations t denotes time, a is tht* acceleration due to gravity, h is the original 
depth of the water, and S and a arc the horizontal and vertical displacements 
of a particle on the surface of the water which was oripnallv" at position z 
From {10) .show that 


£!i 

cl* cz* 

Show that 


(H) 


{ = v-fei +r) +C(ct -X) (12) 

is a solution of (11), where c* = gl, and where v and v' arc arbitrarj- differ- 
entiable functions. Show that J = 2.\ sin (r.!.-r,ll cos (nircf '/) is a solution 
of (II), where J, c. n, tc, and I arc constant', and show thust this solution 
m.ay be c.vprcsscd in the form (12). Give at least three other solutions of 
( 11 ). 


3. Primitives. If tve differentiate the function 


y = X- -h ax b (1) 

ttvice, we obtain the result 


y" = 2. (2) 

Thus we eliminate a and b from (1) by differentiating it twice. 
Again, if 

1 / = A sin {px - 7 ), (3) 

then 


^ = Ap cos (px - ?). ^ = -Ap- sin (pz - q), 


dx^ 


Hence 


d'y 

dx'- 


dx- 

— — Ap’ cos (px — 7 ). 


. d’p ,dtf 

-p-y, 


(4) 


and elimination of p- leads to the result 

d’p _ 1 dyd'y 
dx- y dx dx- 


( 5 ) 
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Thus we may eliminate the three constants from (3) by differ- 
entiating it three times. In general, if 

f{x, y,c) = 0 (6) 

is a relation defining y as a function of x and involving an arbi- 
trary constant c, and if we differentiate (6) with respect to x, 
obtaining 

, , N _ df(x, y, c) df{x, y, c) dy 

/ife y, o) = + - Qy - ^ - 0 , ( 7 ) 

then we may (generally) eliminate c from (6) and (7) to obtain a 
relation 

y, y') = 0 (8) 

not invohdng c. More generally, if we differentiate the relation 

/(x, y, Cl, C 2 , • • • , c„) = 0 (9) 

n times, and if (9) defines y as a function of x, then we may (see 
Sec. 20 of Chap. I) eliminate the arbitrary constants cj, • • • , c„ 
from the resulting equations to obtain a relation 

y, y', y", • • • , y'">) = 0 (10) 

not involving these constante. 

We say that (9) is the ^primitive of (10). Thus, in particular, 
(1) is the primitive of (2) and (3) is the primitive of (5). We say 
that the arbitrary constants Ci, • • • , c„ in (9) are dependent* 
if it is possible to write an equation 

y, hi, ■ • ' iK) = 0 (11) 

with arbitrary constants hi, ,hm such that m < n and such 
that any function y of x obtainable from (9) by assigning values 
to the c’s is obtainable from (11) by assigning values to the b’s. 
For example, the equation y = ci log x's can be reduced to 
y = 6 log X by the substitution h = ciC 2 . We say that the c’s 
in (9) are independent if they are not dependent. 

It is seen that a primitive involving n independent constants 
leads, in general, to an nth order differential equation, and such 
a primitive is always a solution of the differential equation con- 
structed from it, provided of course that the primitive defines y 
as a function of x. Conversely, it can be shown that, in general, 

* This meaning of dependent must be distinguished from that intended 
in the sentence “y is dependent upon x.” 
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any nth order ditFerential equation has a solution involving n 
independent constants; such a solution is called a compldc primi- 
iivc or general solulion of the given differential equation. Any 
solution derived from a complete primitive by a.ssigning particu- 
lar values to the constants in it is called a parlicxilar integral. 

Thus, a complete primitive of y = txj' + xj — ex + -> and 

y ^ ^ 

;/ = 2x + I and !/ = a- -b I are examples of particular integrals. 

Sometimes a difTcrcntial equation has solutions vhich are not 
included in a complete primitive. Such solutions are sometimes 
called singular and will be considered later. AVe mention in 
passing that the problem of determining all solutions of a given 
differential equation requires great care. For example, a general 
solution of the equation y' = 2y/x is y = ex'. Yet the equation 
1 /' = 2y/x has manj- solutions which are not included in the 
formula y = ex', one such solution being y — f(x), where 
fix) = 3x- when x § 0 and fix) — —2x- when x < 0. The 
reader should have no difficulty in constnicting other such 
solutions. This example illu.strates the fact that a general 
.solution of a differential equation need not include all particular 
integrals of the equation. Moreover, a differential equation 
may sometimes have two or more different general solutions 
which represent different sets of particular integrals. It is seen 
that one must not attribute too much significance to the term 
general solution. 

In physical, geometrical, and other problems which require the 
sohring of a differential equation, initial or boundary conditions 
are imposed on the solution of the equation so as to obtain a 
particular integral Athich represents the specific pltj-sical, geo- 


metrical, or other eonditions of the problem. For c.xample, in 
Ex. I, 7, suppose the temperature is maintained at T == Tj deg. 
over the shell r = ri and at T = T: deg. over the shell r = r;. 


Substitution of these values in the solution T = A 


-b — deter- 
r 


mines numerical values A and S of the constants A and B, where 




It follows that the particular integral T = A -b represents the 
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temperature in the sphere under the particular boundary condi- 
tions that T have the values Ti and T 2 at ri and ra. Again, the 
differential equation 



(12) 


represents the motion of a body falling freely under the action of 
gravity alone and has 

s = + h (13) 

for a solution, where a and h are arbitrary constants, and g is the 
acceleration due to gravity. Suppose the body moves so that 
s — So and the velocity v = VosAt = U. The particular integral 
of (12) representing the motion determined by these initial 
conditions is found by making the substitutions 

So = \gto -{- ato -f- h, Vo = gto -b a, 

and solving for a and h. It is found that a = vo ~ gto and 
I, = So — “ ^oto. Hence the particular integral of (12) rep- 

resenting this particular motion is 


s = hgt- + {vo - gto)t -{- (so — igtl~ vdto). 


Again, the particular integral of y' = 2y/x whose graph passes 
through the point (1,3) is found by substituting a; = 1, y = 3 
in the general solution y = cx~. It is seen that c = 3, so that the 
particular integral determined by this boundary 
condition is y = 3x^. In Ex. I, 11, a particular 
integral J is determined by the initial 'condi- 
tions of the wave motion, that is, the functions 
Ip and Ip are determined by the initial configura- 
tion and velocity of the water. (The method for Fig. 112. 
finding <p and ip will be taken up later.) 

Two types of constants sometimes appear in the solution of a 
differential equation: Constants of integration, which may be 
determined by initial conditions as illustrated above; and given 
constants of the problem. To illustrate this point, consider the 
follovdng problem in the theory of electric circuits; A resistance 
of R ohms and a coil with a self-inductance of L henries are con- 
nected in series with a source of E volts e.m.f. It is known by 
experiment that the drop in potential across the coil is the 
coefficient of self-inductance L times the time rate of change of 
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(b) Experiment shows that when the particle has a velocity of 2 ft. per 
second, the acceleration is 16 ft. per second per second in a direction opposed 
to the velocity. Find a formula for the velocity at any time < if r = 3 
when 1 = 1. 

(c) Using the result of part (b), find a formula for the distance traveled at 
any time /, given that this distance is 0 at t = 1. 

11. Show that s = ri cos bl is a solution of the differential equation 
s" + b-s =0 which represents simple harmonic motion. Detennine tlio 
particular integral representing the motion when the maximum value 
attained by s is 3, this maximum value being attained at t = 1. 

12. In connection with equation (14), suppose that E = 100, R = 10, 
and L = 1. If t = 30 at t = 0, what is the value of t at f « 1? 

4. Equations of the First Order and First Degree. The 
problem of finding the solutions of a given differential equation 
is often very difficult. It is frequently impossible to obtain 
a solution in terms of a finite number of elementary functions. 
However, certain types of differential equations can be solved by 
ordinary integration. Perhaps the simplest of these types are 
equations of the form 

M + = 0, (1) 

where M s M{x, y) and N = N{x, y) are functions of x and y. 
Since the two members of (1) are identical when y = /(x) is a 
solution of (1), it follows that their integrals udth respect to x 
are identical, i.e., 

+ = Jodx = C'. (2) 

By Theorem 11.2 of Chap. II, (2) may be written as 

J' M dx + N dy = C'. (3) 

[Because of the form of (3), it is sometimes convenient to write 
(1) in the form 

M dx N dy — 0, (4) 

it being understood that, while (3) is formally obtained from (4) 
by "integrating both sides,” the rigorous justification for %vriting 
(3) is as indicated above]. If W'e can find a function F(x, y) such 
that 

dx + N dy = F(x, y) + C", 


(5) 
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then a solution of (1) is given by the equation 

Fix, y) = C, iC = C' - C”) (6) 

provided, of course, (6) defines i/ as a function of x. In the 
succeeding sections we describe methods for determining F(x, y) 
in (6). 

6. Exact Differential Equations. By Theorem 12.2 of Chap. 
II, there exists a function Fix, y) satisfying (5) of the preceding 
section when and only when M dx N dy is exact, i.e., when and 
only when 

dMjx, y) _ dNjx, y) .. . 

dy dx ' ^ ^ 

A method is given in Sec. 12 of Chap. II for determining Fix, y) 
when (1) holds. 


Example. Solve the equation — y)dx + (SiF ~ x) dy = 0. 

It is seen that this differential is e.xact. As indicated in Sec. 12 of Chap. 

n, 

j (2x - y)dx ■\- (3y- - x) dy = - xy + + C. 


Hence a solution of the given differential equation is given by 

— XI/ + j/’ = C. 


EXERCISES m 


Show that the following differential equations arc e.xact, and solve: 

1. (12x + 5i/ — 9) tfx + (5x + 2y — 4J dj/ = 0. 

2. {e'' + 1) cos X dx + c*' sin X dy = 0. 

3. 2 sin 2x cos i/ dx + cos 2x sin y dy =0. 

4. - dx + {y- + log x) dy = 0. 

X 


5. 


6 . 


2x( + 1 
t. 


dx -] 


1 +t)^ 


du — 



v(m“ + 1) 


= 0 . 

dv = 0. 


7 ^ = a: dy 

"K/x^+y^ y x’^ + y^ 

8. ^ When one obtains (3) from (4) in Sec. 4 by “integrating both sides,” is 
one integrating with respect to x or y, or both x and y at once? Explain. 

9. In what sense can we say that F(x, y) is an integral of M dx + IV dy in 
(5) of Sec. 4? (See Sec. 12 of Chap. II.) Does the validity of (5) depend 
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on the fact that y is being dctcnnined ns a function of x by (I)? Define 
exactly what is meant by a solution of (3). Explain fully why (6) gives a 
solution of (1). 

6. Variables Separable. In the event that 

M dx -{• N dy = 0 (1) 

is not exact, then it is usually necessary to rewrite (1) in such a 
form that it becomes exad. The simplest procedure is to multiply 
or divide both sides of (1) b 3 ' such a function /i(i, y) (if it exists) 
that the coefficients of dx and dy become functions of x and y 
alone rcspectivelj', i.e., to reduce (1) to the form 

fix) dx + giy) dy = 0 . ( 2 ) 

It is seen that (2) is alwaj-s exact, and hence is alwaj’s integrable. 
(Cf. Ex. Vm, 10 of Chapter II.) If (1) can be reduced to the 
form (2) b}" the above procedure, then tve 533 - that the variables 
are separable in (1). 

Example. Solve the equation I'y* dx — dy ^ 0. 

Upon diriding bj- 1 /’. we have 

dy 

x’dx =0. 

y 

Upon integrating we find that 

I ^ 

- + - - C. 

4 y 

EXERCISES IV 

1. Solve the following differential equations: 


1 dy 

(a) tan y— = 0. 

X dx 


(d) xy +y— = X. 
ax 


(b) y' = 2 xy. 

(c) x \/ 1 — y' dx + ys/l — i’ dy — 0. 

(e) x^dy — 3(1 + x)y^ dx = 0. 

(f) cos X sin- y dx + sin- X dy = 0. 

2. Find those cuives which have the property that the tangent to any 
curve of the famUj- at (ic, 1/0), the line joining the origin and (lo, yc), and 
the i-axis together form an isoceles triangle. 

3. The rate of decomposition of radium is proportional to the amount A 
of radium present. If J the original quantitj' Ac disappears in 1600 years, 
what percentage disappears in 200 j'ears? 


Sec. 7] 


ORDINARY DIFFERENTIAL EQUATIONS 


335 


4. The sum of S500 is deposited at 2 per cent interest, the interest being 
compounded each instant. How long will it take the deposit to amount 
to SIOOO? 

5. Find an expression for the position s and the velocity a of a particle 
falling vertically under the action of gravity and subject to resistance pro- 
portional to the velocity. Determine the constants of integration to meet 
the initial conditions that s = 0 and a = 0 at t = 0. Find the limiting 
velocity that the particle can attain when allowed to fall a great distance. 

6. Solve Ex. 5 when the resistance is proportional to the square of the 
velocity, given that the resisting force is 3 lb. per unit of mass of the particle 
when a = 100 ft. per second. 

7. A tank contains 500 gal. of brine ha^dng 250 lb. of salt in solution. 
Pure water is running into the tank at the rate of 15 gal. per minute, and 
the mixture runs out at the same rate. How much salt is in the tank at the 
end of 3 hr.? (Assume that the water and solution are kept perfectly 
stirred.) 

8. The rate at which a certain substance S dissolves is proportional to 
the amount A of undissolved S present, and also is proportional to the 
difference between the actual concentration c of S in the solvent and the 
saturated concentration y of iS in the solvent. 

(a) State the differential equation which represents the process of 
dissohdng. 

(b) A certain inert material contains 12 g. of sulphur which is to be 
removed by dissolving in benzol. It is known that I of the sulphur can bo 
extracted in 40 min. when 300 g. of benzol are used, and that this amount of 
benzol is saturated by 13 g. of sulphur. How much of the sulphur would be 
removed in 7 hr.? (In the above notation, y = 

7. Homogeneous Equations. A function /(x, y, z, ' • • ,i) oi 
any finite number of variables is called homogeneous in 

if the substitution of Ax, Ay, Xz, • • • , respectively, for 
X, y, z, • • , t multiplies the function by X”, that is, if 

/(Xx, Xy, Xs, • • • , XO s X” -fix, y, z, ' • ' , t), (1) 

where X ranges over all real numbers. The power n of X in (1) 
is called the order of homogeneity of the function /. For example, 
2xe>"'^ — {y^/x-) is a homogeneous function of order 1, Tan~J (y/x) 
is homogeneous of order 0, and (x® + y^ + z-)~Y- is homogeneous 
of order —3. If in the equation 


M{x, y) + N{x, y) ^ = 0, (2) 

M and N are homogeneous of the same order, then equation (2) 
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is called homogeneous. Let us write (2) in the form 

dy M(x, y) 

dx ~ N{x, y) 

If ilf and N are homogeneous of the same degree, then (3) 
reduces* to the form 


upon substituting y = vx. We may separate the variables in (4), 
obtaining 


dv _ dx 

<£(v) — V X 


( 5 ) 


from which we may obtain the solution immcdiatel 3 '' bj' integra- 
tion. Thus we have reduced the problem of sohdng a homo- 
geneous equation to the case where the variables are separable. 

Sometimes the substitution x = mj is more convenient than the 
substitution y — vx] in this case we take the reciprocal of (3) 
before making the substitution x = vy. 


Example. Solve tlie equation 2x' dy = (x’ + y') dx. 

This equation is homogeneous of order 2. If we let y = vx, we find that 


2dp _ 

(p - 1)» “ x’ 

whence 

2 2r 

r = log cx, and = log cx. 

c - 1 X - 7/ 

8. Equations Reducible to Homogeneous Form. Sometimes 
a differential equation may be reduced to homogeneous form bj"^ 

* Since W(u, v) and N{u, v) arc homogeneous of the same order, 

M(xu, Tip _ x^Miu, v) _ M(u, v) 

N(xu, xv) x^Niu, v) NUi, v) 

Kow set u = 1. The left member of this equation becomes 

Jf(x, y) 

mx, y) 

upon writing y = vx, and the right member becomes — M{1, vyN{l, p), 
■which is a function ?? of p alone. 
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changing the variables. For example, if 

^ _ flia: + hiy + Cl 
dx ~ OiX + hii/ + C 2 

then the substitution x = Xo + u, y = yo + reduces (1) to 


( 1 ) 


dv _ ttiu + bit; + Qia^o + biVo + Ci 
du ~ a«u + hjw + dsXo + biUo + Cz 


( 2 ) 


If xo and yo are determined so that 

QiXo + biijo + Cl = 0, OiXo + 1)22/0 + C2 = 0, 

then (2) becomes 

dv _ aiU d~ biv 
du ttiU + b^v 


(3) 

(4) 


This equation is homogeneous and may be solved by the methods 
of the preceding section. 

It should be noted that xq and j/o are determined by (3) when 
and onlj’- when ajh 2 — o.d}i ^ 0. If Oi ?)2 — azbi = 0, then 
02/01 = bi/bi = k (say). Let to = a^x + hit/. Then 


dw , , 


to + Cl 
*Ano + C2 


(5) 


This equation is e^^dentl 3 ’■ separable. The .substitution 

to = oox + bzy 

is sometimes more convenient. 


EXERCISES V 

1. IMiich of the following functions arc homogeneous in x and y? State 
the order of homogeneitj’' whenever possible. 

(a) 2z'’-y - .T.y V x- - Ay'. (b) Zxhf + 2\fy/x'‘ - 1. 



(c) — + y(log y - log x). (d) V 3x Tan"* (2y/a;). 

(e) 5(3a;= — 47/=)-!-. (f) 

V 

2. Solve the following differential equations by the method of Sec. 7: 

(a) (ly - y=) dx A- x'- dy = 0. (b) x’ dy = y’ dx. 

(c) (z - 2 V^) ^ - y = 0. (d) — = LJU. 

, ax dx X — y 

(e) xif£ =x"-+ y°. (f) y^'« + X = y^ 

dy 



338 


HIGHER MATHEMATICS 


[Chap. Ill 


(g) s(l + dy + — ij) dx =0. 

(h.) xdy = ydx + Vx’ + y- dx. 

Cl) j^z^cos + y j rfy = y^cos ^ dx. 

— »• 

3. Solve the follov-ing dilTcrcndal equations by the method of Sec. S: 



X — y + 3 

dy 

Or — 2y — 7 

dx 

X + y — 5 

" 2x + 3y - 6 


X + y 

«>? 

dz 

]2i - 4y -7 

dx 

X + y + 1 

3x — y + 4 


(0 2 ^ = ^;+??- 
dx X 


4. If Equation (2) of Sec. 7 is homogeneous, show that it may bo reduced 
to the case of variables separable by means of the substitutions x = r cos €, 
y = r sin £>. Use this method to solve Ex. 2o, h, c. 

o. (a) Find a substitution which will separate the variables in the 
equation 

y<^(xy) dx T-i-;-(xy) dy = 0. 

where and (!- are functions of the product xy. 

(b) Use the method developed in part (a) to solve 


(x’y* + 2xjf’ — y) dx + 2r’y dy = 0. 
6. Develop a method for soh-ing the equation 

Oil + biy 4- C| 

OiX + b-y + c; 



where p is a function of the quantity indicated. Use this method to solve 

^ f ^ + y ~ ^ Y 

dx \2x + 2y + 1/ 


7. (a) Prove the following theorem concerning the integral curx-es of a 
homogeneous differential equaflon M dx + N dy =0: 

If the points of the xy-plane are subjected to the transformation i = kX, 
y = kY, then each integral cuive is carried into an integral cum-e. 

(b) Slate and prove a theorem converse to the preceding theorem. 

(c) Interpret geometrically the transformation x = kX, y = kY. 

9. Linear Equations. An equation of the form 


dx ' 


P{x)y = Q(x) 


( 1 ) 
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where P and Q are functions of x alone or are constants, is called 
a linear equation of the first order. To solve (1), we make (1) 
exact by multiplying both sides by obtaining 

e/p ^ Py = Q. (2) 

fix 

But the left member of (2) is itself exact, and 

J* dy + c^^^^Py dx) = J* dx. (3) 

Evaluation of the left member (see Sec. 5) leads to the result 

ye^*'- = J dx + C, (4) 

so that 

y = e-Jp dr J Qjpdr ^ Ce-f^dr^ ( 5 ) 


Example. Solve the equation (dy/dx) 4- (.y/x) = as’. 

Here P = l/i and Q = x\ If we multiply both sides by 


we obtain 


Hence 


Jp dr _ gloir _ X, 


dy d 

ry + y - = **• 

dx dx 


J s‘ X* C 

z* dx + O' = v + C", and y — i 

o 5 X 

10. Bernoulli’s Equation. An equation of the form 

^ + P(x)y = Q(x)r, 


M-here P and Q are functions of x alone, is knoum as a Bernoulli 
equation. To solve (1), let z = y^-’'. Then 

i S' ® 

Tf we solve (2) for dy/dx and substitute in (1) we obtain 



( 3 ) 
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If ive multiply both sides by (1 - n)y~'' and substitute z = y'-”, 
the result is 


^ + (1 - n)Pz = (1 - n)Q. (4) 


This equation is linear and nia5’ be solved by the method of Sec. 9. 


Example. Solve the equation x(dy/dx) + y = I’y’. 

Divide by x to pul the equation in Bernoulli's form. Let z = y~K 
Since dz/dx - —2}/~\dy/dx), the given equation ma}' be written in the 
form 


Hence 



-2ih 


c = -2i’ + CxK 


Since z = y~^, it follows that 

-Ixhf- + Cx-y- = 1. 

EXERCISES VI 

1. Solve the following equations by the methods of Secs. 9 and 10: 


(a) — T y ctn x = esc’ x. 
dx 

(C) ^ a. = I 

^ ' dx \ + I- x(l + I*-) 

(e) (y + 2x’) ^ = X. 

<ly 

dy 

(g) ^1/ = ^ + y’e^'. 

(i) xy' = y ± \/ X- + y’. 

dx 2x i’ 

(k) — -i ~ ~1‘ 

dy y if 


(b) (X - 2) £ - 3y = (X - 2)‘. 


(d) I log X dy = (2 log x - y) dx. 


(f) 


dy 

dx 



(h) xy' - 5y = X + 1. 


(j) X dy + dx = c“» sec’ y dy. 


2. In the discussion of Sec. 9 and in the example following, no constant 
of integration was used in evaluating fP dx. Justify this omission. 

3. Develop a method for soh-ing (a) {dx/dy) -f p(y)x = g(y), and (b) 
(.dx/dy) + <f{y)x = i’(y)x". 

4. Show that Bernoulli’s equation may be solved by means of the sub- 
stitution y = inasmuch as this substitution separates the variables. 

Use this method to solve {x'y’ xy) dx = dy. 

5. .4n electric circuit consists of a constant resistance of R ohms and a 
coil of constant inductance of L henries in scries with an electromotive 
force of E volts. In each of the following cases state and solve the differ- 
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ential equation for this circuit under the condition that the current i = ia 
amp. at time t = to sec. 

(a) E =0. (h) E = Eo. (c) E — Eo sin ut, where Eo and <■> are constants. 

Case (c) arises in the study of alternating currents; in this case 27r/co is 
the period, and Eo the maximum value, of the electromotive force E. 

Give the physical interpretation of your solution in each of the above 
cases. 

6. A condenser of capacity C farads and a resistance of R ohms arc 
connected in series with an electromotive force of E volts. It is known by 
experiment that the potential drop across the condenser is q/C volts, where 
q is the charge (measured in coulombs) on the condenser; it is also known 
that the current is the time rate of change of the charge q. State and solve 
the differential equation for this circuit to determine the cliarge and current 
under the condition that the charge q = qo coulombs at time t = to sec. 
and (a) E = 0; (h) E = Eo; (c) E — Eo sin ul. Give the physical inter- 
pretation of each of your solutions. 

11. Integrating Factors. We pointed out in Sec. 5 that the 
equation 

M(x, y) dx + N(x, y) dy = 0 (1) 

may be integrated immediately if it is exact. In Secs. 6 and 9 
we showed that, if (1) was not originally exact, then (1) could 
sometimes be made exact by multiplying by a suitable function 
p(x, y); in Sec. 6 we chose p(x, y) so as to separate the variables, 
and in Sec. 9 we took p as This raises the question, can 

(1) always be made exact by multiplying by a suitable function 
p{x, y) ? The answer is that, not only does there always exist a 
multiplier p{x, y) which makes (1) exact, but there exist infinitely 
many such multipliers. However, we shall not prove this funda- 
mental fact. 

A multiplier p{x, y) which makes (1) exact, i.e., which is such 
that {pM) dx -f {pN) dy is an exact differential, is called an 
integrating factor. While the existence of integrating factors is 
established, it is seldom easy to find them. However, experience 
has sho\vn that it is well worth the trouble to try to determine 
such a factor by trial, for when one is found, the integration is 
relatively simple. Sometimes a change of variable 'svill aid in 
effecting a solution. 

Example. The factor 1 /y- makes 

V’ +y') dx — xdy = Q (2) 

exact, for application of this factor enables us to write (2) in the form 
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12. Equations of the First Order and nth Degree. The general 
first-order differential equation of arbitrarj' degree maj' be 
^•ritten in the form 

F(x, y, p) = 0, (1) 

Tvhere we let p denote dyJdx. p- = (dy/dx}-, etc. We give two 
methods for solving equations of this tj'pc. 

Method I. If (1) can be factored in the form 

\p ~ — .fiC-t. 2 /)l --•[?- /-.(ar- y)] = 0. (2) 

then the solutions of the various equations 

V — 2/) = 0, - ■ ■ , p - J\{x, y) = 0 (3) 

are solutions of (1). Methods for .solving (3) have already been 
given in the preceding sections. 

Example 1. Solve tbo equation p- — 2rp ~ 2yp — -ixy — 0. 

This equation may be irritten in the form (j> — 2v>(p -f 2y) — 0. Upon 
integrating the equations 

p - 2x = 0. p -r 2y = 0, 
we obtain as solutions of the given equation 

t; = — C, log Cy = -2r. 

Method 11. In this method we eliminate p from (1) by a 
process somewhat similar to that indicated in Sec. 3. Suppose 
(1) is solvable for y in the form 

y = g{x. p). (4) 

Differentiation of (4) v,ith respect to x eliminates y and gives an 
equation 

dg do , dp dp 

of the first order in p and x. Suppose a solution of (5) is 

G(x, p. C) = 0. (6) 

Elimination of p from (1) and (6) leads to an equation 

Ax, y,C) = o (7) 

which mat’’ be a solution of (1). It is necessary in every case to 
test (7) bt* substitution in (1) because the above process of 
elimination may introduce extraneous factors. 
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Example 2. Solve the equation py — 2p^ +2=0. 

If we solve for y and differentiate with respect to x, we obtain 

y = -2p“' + 2p\ p = (2p-= + 6p=) (S) 

If in the latter equation we separate the variables and integrate, we find 
that 

x=Zp- - p-- + C. (9) 

Elimination of p from this equation and the first equation (8) gives the 
desired solution. However, the following device is sometimes useful. In 
(9) and the first part of (S) let us formally substitute an arbitrary parameter 
u instead of p; 

X = 3w- — ?/”- + C, p = 2 h’ — 2t(“'. (10) 

Elimination of u from (10) leads to the same solution as obtained above. 
But (10) may be regarded as a parametric representation of this solution. 
Hence the equations 

a: = 3p= - p-= + C, p = 2p’ - 2p-', (11) 

in which p is regarded merely as an ordinary parameter, represent a solution 
of the given differential equation. In testing this solution by substitution 
in the given equation, we may utilize the fact that p is not only a parameter, 
but also denotes dy/dx. 

If (1) is not solvable for y, it may be possible to differentiate 
(1) as it stands with respect to x, obtaining an equation 



and to eliminate y from (1) and (12), obtaining an equation 
analogous to (5) in p and x alone. 

A special case of (4) is ClairaxiVs equation 

t/ = pa:+/(p). ( 13 ) 

Upon differentiating (13) with respect to x, w^e find that 

b+/'(p)]^ = 0. (14) 

If ■W’^e set &p/dx = 0, then p = c, and a solution of (13) is 

y = ca;+/(c). (15) 

Another solution of (13) is given by the parametric equations 

-fiv), y = -pf'ip) +/(p). 
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It is sometimes possible (o eliminate x. instead of jv, from (1) 
hy differentiating vdth respect to y. 

Example 3. Solve tli'' cfiuation p- -r f;/ - x = 0. 

If we soh-c for x and difTerentiatc n-fKct to y. we find that 


T = pv -r 


dr 1 

— tr - 

dy ?> 


Hence 


I-" 


dp . o 




T- 


This is a linear equation of the fir-t ord'-r. the solution of which we leave 
to the reader f^ce S'c. 01. 

EXERCISES WH 

1. Solve the iollowinp ditif rential equation' by th-- methods of Sec. 12. 


(a) 


(0 


\di / dr 
/ duV dy 

\tr) = o 

=(£)’ 


(S)' 

f/ r <= t/p -r 

h 2;'r - •; - Ir-s p =• 0. 

j r - y - Plrq p. 

1 - .-t - 2X7 + yh 


(e) (dy dr.' = Gr‘ 
di/i 

(S) r - y- 

(i) = til - ;e) 

(k) p - (1 - p'r = p* 

(m) y = pr a- Sin*' p 

2. -A. panicle of mar.< m moves around :. 1 onzontal eirc'.o of radiu.s n. If 
its initial speed i- 5'. .and if it i= reu't''d by tir’ .nir SMtii a foree proportio.ual 

to the square of the speed, then tii»' motion t.f ti." particle i' found bv 'olvins 

/ \ * 

« she ancle of 


d'ff }n(<i ■ 

the dilTcrential equation n — a 1 — ) =-0. •.% here 0 i 

^ <H' v. \d' / 


rotation of tl.e nuiiu' vector throuph the 
particle. Shov, that a solution of tliLs equa- 



tion is ? - — lop 
I;c 


;.rt 

ri 


1 C B 


Fig. 113. 


3. Show that (a; the lep.cth of tholancent 
P .•! to the curve y - /(r) from the point of 
A ’i lanctney /'(r, yj to the intersection .4 with 
the i-axis is y\/l -a {dr/dyih (b) The 


length of the normal PC from P to the r-axis is y\/l -f (dy/dr)h (c) The 
I^gth of the subtangent AB is y dx/dy, (d) The length of the siibnonn.s! 
BC Ls y d’j/dx. 
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4. Using the results of the preceding exercise, determine the curves C 
having the following properties: 

(a) The subtangent at any point P on C is n times the abscissa of P. 
Find the particular cun’e of this farnilj- passing through the point (3, 4). 

(b) The area of the right triangle formed by the tangent at P, the normal 
at P, and the x-axis, is inversely proportional to the slope of C at P. 

(c) The area bounded by C, the x-axis, and any two ordinates, is equal to 
the length of C between these ordinates. 

(d) The angle a between the radius vector and the tangent at the point 


(r, e) is constant. 


Hixt: a 



(e) The polar subnormal at (r, 0) is proportional to sin 6. 

(f) The subnormal is constant. 

(g) The x-intercept of the tangent at (x, y) is kx. 

(h) The length of the tangent is constant and equal to a. (This curve is - 
called a iractrix, and represents the path of P when P pursues A with the 
same speed as A.) 


PART B. LINEAR EQUATIONS 

13. Linear Equations. A differential equation of order n is 
said to be linear if it is of the first degree in y and each of its 
derivatives. Such an equation can be "written in the form 


d^y , y d^-hj 
dx’' 


+ 


I -y dy , y 
+ + A„t/ 


X, 


(A) 


where Xi, Xi, • • • , X„ and X are functions of x alone or are 
constants. We shall denote the left member of (A) by P(D)y. 
If is replaced bj^ 0 in (A), the result 






+ X„_^^ + X„y = 0 (B) 


is kno"v\’n as the auxiliary or reduced equation corresponding to 
the complete equation (A). We first state several theorems about 
the solutions of (A) and (B). It "ndll appear that the solutions 
of (B) are intimately related to the solutions of (A). 

Theoeeji 13.1. If 7/1, 2 / 2 , • • • , 7/n cire sohdions of (B), so 
that P{D)y^ = 0, • . • , P(D)7/„ = 0, then 

2/ == Ci7/i + C 22/2 + . . . -f c„7/„ (C) 

is also a solution of (B), where Cj, • • • , c„ arc arbitrary coTistants. 
Since 
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it folloivs that 

P{D)[ciyi+ ■ • • + CnVn] = ciP{D)yi + • • • + CnPiD)y„. ( 1 ) 

hypothesis, each term in the right member of (1) is 0. Hence 
the left member of (1) equals 0 and »/ is a solution of (B). 

We say that yi, • ■ • , Vn arc linearly independent if there 
exists no set of numbers Cj, - • • , c„, not all zero, such that 

Cl2/l + C;7/2 + • • • + Crl/r. = 0, (2) 

It follows that, if the y's in (C) are linearly independent, then the 
number of c’s in (C) cannot be reduced without loss of generality. 
It can be shown that, if Xi, • • > , A'„ in (B) arc continuous over 
an mten*al I of the x-axis, then (B) has n, but not more than n, 
linearly independent solutions in this inter\-al. It is for this 
reason that, the y’s in (C) being linearly independent, we speak 
of these y’s as a fimdamental set of solutions, and we call (C) a 
general solution of (B); ineidentallj’, we also speak of (C) as a 
complementary function for (A). A criterion that the y’s in (C) 
be linearly independent is given by 

Theorem 13.2. A set of functions yi, • • • , yr, of x arc linearly 
independent when and only when the Wronskian 


yi 2/5 • • • 2 /" 

y'l 2/5 • • • 2/n 


ri 0. 


2/'r 


2/-""’^ • • - yr-”! 


This theorem is an immediate consequence of a well-known 
theorem concerning homogeneous linear equations. (See Chap. 
VI, Sec. 4.) 

Theorem 13.3. If yi, ••• , Vn are linearly independent 
solutions of (B), and if Y is any particular solutioti of (A), then a 
general solution of (A) is 


V = Ci2/i +•••-}- c„2/n + Y. (D) 

Since P(D)[ciyi + ’ ' ’ + Cny„] = 0 and P{D)Y = X, it 
follows that P(D)y — X. 

14. Linear Equations with Constant Coefficients and X = 0. 
We shall here consider equations of the form (A) with the X’s 
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all constants and with X = 0, i.e., equations of the form 


dx" 


d^~hj 
^dx" 


+ + ■ 


+ On-i^ + = 0. 


(E) 


Equations of this type occur very frequently, especially in the 
study of acoustical, mechanical, and electrical vibrations. 

The case ti = 1 has already been studied in Sec. 9 ; it is found 
by the methods of this section that the solution of the equation 
(dy/dx) + aiy = 0 is y = Let us next consider the 

case n = 2: 




= 0 . 


( 1 ) 


The solution of the case 7i = 1 suggests the pos.sibility that (1) 
has a solution of the form 

y = ce™*, (2) 

where c and m are constants. Substitution of (2) in (1) leads 
to the equation 

+ am + a^) = 0. (3) 

It is seen that (2) is a solution of (1) when c is arbitrary and m is a 
root of 


m- 4- am + a* = 0. (4) 

If 7?u and 77io denote the roots of (4), and if Ci and Cs are arbitrary 
constants, then 

2/1 = and yz = (5) 

are solutions of (1). By Theorem 13.1, 


y = cic”'>=' + CsC"'.’' (6) 

is a solution of (1). By Theorem 13.2, the solutions (5) are 
linearly independent if OTi vi^. Hence if nii niz, (6) is a 
general solution of (1). Equation (4) is called the characteristic 
equation of (1). 

If iiii = mo, the solutions (6) are not linearly independent. 
To obtain a solution independent of (5), let y — zyi, where 
2/i = cie""!® is one of the solutions (5). Since 


dz 


dz , dyi 

“ 


d-y _ 
dx^ 


4- 2^ ^ 
dx^ dx dx 


dx^ 



[Ca.-.p. Hi 
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equation (i) may be xvritten in the form 




01^;^ 


0, 


(7) 


where u = dz/dx and where it is remembered that y\ L? a solution 
of (1). If we substitute yi = ci€~a in (7) and difide by Cif'"--. 
we find that 


^ -f (2m: -f flO = 0. 

Since ??ti = mt. it follows by (4) that m; = 
dujdx = 0, and u = Cj. But v = d: *dx. so that 
Therefore 

y = zy, = {C.Z 4 - 


—la;. Hence 
a = Cj? 4- C*. 


(S) 


is a solution of (1). It follows by Theorem 13.2 that this solution 
is linearly independent of the solution U: = c-.c^~. If we add 
these two solutions (and combine c- and Cjl. then bv Theorem 
13.1, 

y = fC: 4- C..z)c-A (9) 

is a general solution of fl) v.-hen the roots of (41 are equal. 

With reference to the general equation (E). it is seen that 

y = 4- • • • 4- cr.f”--- (F) 

is a .solution of (E). where rt;. • ■ • . tr,^ are the roots of the 
characteristic equation 


m'- 4- 4- ' ■ • 4- o,. = 0 (G) 

of (E). K the roots of (G) are all distinct, then (F) is a general 
solution of (E). However, if (G) factors into the form 

(tn — i7!i)“(rj — JU;)- - • • (m — m-)-’ = 0. 

so that J7I;, mi. . tn. are roots of (G) of multiplicities n, 
0. • • ■ , p. then a general solution of (E) is 

y = (ui 4- 0;a: 4- - • ■ 4- 0=rX^*)£’'*^ 

4- - ■ - 4- (jt: 4- 4- - • ■ 4- p.- (H) 

where Cj, c-. • - - , a^- - - - j pt. Pi. ■ • • , are arbitrary 
constants. 
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EXERCISES IX 


1. Solve the following equations: 
, . dhj dtj 

,d,g-4| + ia,.o. 


.4 jM. !/ = ClC’^ + CiB 

Arts, y = {ci + Cixh^. 


Am. y = e^(cie’“ + 


To change the form of this solution, write c’® = cos B -\-i sin S (see 
Chap. II, Sec. 5). Then the preceding solution may be written in the form 

y = c~(A cos 3x + B sin 3x). (lO) 


But A cos e -f -B sin e = \/.4- -f B -( — . 'f ■■■ cos 0 H gju 

V\/-4* + B* V>l=+B= / 

= X(siu cos 0 + cos ^ sin 0) = X sin + 0), 
where X = "s/ A- + B- and ^ = tan~* (A/B). Hence (10) may be written 


y = Xe- sin (3x + ^^), 


where X and V' are arbitrary constants. 

(e) ^ + 2^ + 5^ =0. .4ns. y = Xc”^ sin (2x -f \f>). 

ax- ax 

d-y 

(f) -^ + ^^y=o. 

(g) g-r-t/=o. 

4ns. V = X cosh (fcx + '}')■ (See Chap. II, Sec. 5, (2) and Ex. II, 7.) 


' dx^ dx’- dx ^ 

d^y (By dy 

^ dx’ dx- dx 


dV d’w 

Ai V d’w 

(k)g + ,.0. 


d'l/ d’!/ ^ dp , 

16. The Particular Integral. Method of Undetermined Coef- 
ficients. We now consider equations of the form 

+ • • • + a„_x^ + a,y = Z, (I) 
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where X is a function of x alone. Since (E) is the reduced equa- 
tion for (I), it follows that (F) or (H) is the complementarj* 
function for (I). Tljeorem 13.3, a general solution of (I) 
\s y — yc Y, where y^ denotes the function (F) or (H), and }’ 
is a particular integral of (I). Thus, to solve (I), it remains 
mereh' to develop a method for finding In Sec. 17 we shall 
outline a general procedure for determining F: but in this section 
we shall give a much shorter method which may be used when 
the general form of Y is known beforehand. We begin n-ith a 
simple numerical example. 

The discussion of Sec. 17 below leads us to su.spect that a 
particular integral of 

+ ( 1 ) 

is a function of the form 1' = Ac— — Bx -r C. We wish to 
determine, if possible, the values of .4, B, and C so that Y may 
satisfj’ (1). Since dY fdx = 2.4c- -Y B and d-Yfdx- = 4.4c-, 
we find upon substitution in (1) that the follov.-ing identitj- must 
hold if Y is to be a solution of (1): 

(-3.4)c-- -f (-3B)j- -f (-2B - 3C) = e~ -Y 3x. 

This ^\•ill be an identity if 

-3.4 = 1, -3B = 3. -2B - ZC = 0. 

Hence A = — B = — 1, C = ?, and a particular integral of 
(1) is 

Y = -Ic-- -x-Yl. 

Since the complementaiy function for (1) is j/c = c.c-- -j- cic— , a 
general solution of (1) is 

y = CiC~^ -J- C;C^^ — Ic— — X — \- 

This example illustrates the method of undetermined cocfncicnii 
for finding a particular integral of (I). In this method we con- 
struct a function Y(_x) whose form depends upon the form of X, 
and which involves coefficients -4, B, • - • . We then substitute 
F in (I), and evaluate the coefficients .4, B, - • • so that the 
result is an identity. The follo-ning table gives a few rules for 
constructing F in certain cases. 



353 


Sec. 15] ORDINARY DIFFERENTIAL EQUATIONS 

I. If X = box”' + -f • . . + bm, and if the characteristic equa- 

tion (G) has = 0 as a root of multiplicity k, then 

F = a^(Aoa:"* 4- AiX"'~^ ^m). 

(If, as is usually the case, m = 0 is not a root of (G), then we say that 
m = 0 is a root of multiplicity 0 (i.e., k = 0), = x" = 1, and 

Y = Aox”' + AiX”'~' -h • • - 4- Am.) 

II. If X = he””, and if (G) has m = a as a root of multiplicity k, then 

Y - 

III. If X = 6 sin ax or if X” = b cos ax, and if (vi- 4- a^) is a factor of (G) 
of multiplicity k, then 

Y = a4(d sin ax + B cos ax). 

IV. If A’' = where i/- is some function of x, let y ~ 2 e“*, divide 

by c"*', and solve for z. 

V. If X = Uiix) 4- • • • 4" itmix), then Y is the sum of the functions 
constructed for the respective terms Mi(x), • • • , Um(®). 

EXERCISES X 

1. Pmd the complementary, particular, and gcneml solutions of the 
following equations: 


(a) 


(b) 


(c) 


(d) 


(e) 


_ ^ 0_ + 5j/ = c’*. 

ax- ax 

d-i/ dy 

—— — 2— — Sy = 4 cos 2x. 
ax® ox 


A71S. y = CiC"® 4- C2C“5* 4- 

32 


d-y dy 


dx- 


dhj 

dx- 

dhj 

dx® 


- 6-®^ 4- oy = 5x= 4- 1 

dx 


Ans. y = cic*^ 4- cje ®'' — fV cos 2x — sin 2x. 
A«.s. y = cie^^ 4- 4- x= 4- ^i-x -f- 




(i) 


dhj 

dx® 


4- 3^ = 4x® - 2. 
dx 

dy 

- 4-/ 4- 4y = 3e®*. 
dx 

4- 16y = X 4- 5 cos 4x. 
dy 

4- 3-- = sin® X. 
dx 


(f) ^ 4-91/ = 5 sin 2x 4- 3 cos 2x. 

"■> 2 - 4 :+“— 

dhj , dy 

0) 4- 6— 4- 9i/ = gsr gjjj 2x. 


2. In many practical problems, linear equations occur whose right-hand 
members are sines and cosines. In such cases it is frequently convenient to 
regard these right-hand members as the real or imaginary components of 
complex exponentials (see Chap. V). For example, to solve the equation 
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write the equation 




d-u du 

2u = 3 cos 2x, 

az’ dx 


and after multiplying (2) by i and changing y to r, add (2) and (3), obtaining 


/ d-u dll \ / d-v dr \ 
\ciz- dx / \di- dx ) 


2i -f - 1 sin 2z). (4) 


If we recall that t'*-' = cos 2z + i sin 2x, and if we let tr = u + then 
(4) mat’ be written in the form 

d^w dw 

A particular integral of (5) is found in the usual manner to bo 


3c’‘> 3(3 - i) 


3(3 - 


(cos 2i -f 1 sin 2z) 


— 9 cos 2r — 3 sin 2r .3 cos 2x — 9 sin 2z 

S ■ ■■■ % -r ■ - m L , . 

20 20 

Since tr = u + ir and since y = r. a particular integral of (2) is given by 
„ 3 cos 2z — 9 sin 2z 


A general solution of (2) is y = CiC"-' -f c-*-* -f 


3 cos 2 t - 9 sin 2x 


Solve the following equations by the method illustrated above: 
d'y dy 

(a) •— — ; 2y = 3 cos 2r. 

dx’ dx 

d-y 

(b) — + y = 5 cos 3z + 7 sin 2z. 
dx- 

. d'y 

(c) — + 4v = 4 cos lOx. 
dx- 

(Ey dll 

(d) — -f ov- + Ty = 4. (Hint: 4 = 4c''.) 
dx’ dx 

r \ dy 

(e) ^ ~ right member is the imaginarj’ com- 

ponent of 7e'’+’‘’'.) 

d-y 

{0 --rSy = X sin 3x. (The right member is the imaginary com- 
ponent of xc’w.) 
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16. Elastic Vibrations. Before we develop more general 
methods for solving linear equations, we give a few applications 
of these equations. The simplest application is in connection 
mth 

Simple Harmonic Motion. A variable x is said to vary in 
simple harmonic motion if it changes in such a manner that its 
acceleration is always proportional and opposite in sign to its 
instantaneous value. Simple harmonic motion is the simplest 
type of oscillatory motion about a position of equilibrium and is 
typical (at least to a first approximation) of the great majority 
of physical systems hardng one degree of freedom. 

Simple harmonic motion may be represented by the differential 
equation 


3 

1 

11 

3 I't: 

( 1 ) 

where > 0. A general solution of (1) is 


X = A cos ut + B sin ut. 

( 2 ) 

where A and B are arbitrary constants. This solution may be 
written in the form 

X = C cos {ut — a). 

(20 


where 


C = VA^ + a = tan-> j- 

(Cf. Ex. IX, 1(d).) Solution (2') shows that any given value of 
X occurs periodically, for consider the value of x at the following 

instants; to, to > to d > • • • ,' fo d —> " ' • , where h is 

03 0} w ’ 

any integer. It is seen that x has the same value at each of these 
instants since 


C cos 



“ a 

L \ w / 

_ 


= C cos (wto — a) 


for every integer value of L The common interval of time 
27r/co between these successive equal values of x is called the 
period of x. The constant C is called the aynplitude of the motion, 
and a is the phase angle. 
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Damped Simple Harmonic Motion. Suppose the variable x of 
the preceding paragraph is subjected to some form of resistance 
(mechanical, electrical, or otherwise) proportional to the velocity 
and acting in the direction opposite that of the motion at any 
instant. This resistance may be repre.sented by —2p{dx/dt), 
where p > 0, and the equation of motion may be reduced to the 
form 

g + 2p^ + 6,=^ = 0. (3) 


The coefficient 2p is known as the coefficient of resistance. As an 
example of a phj’sical situation representable by (3) let us con- 
sider an clastic wire or spring of negligible 
mass whose upper end is fixed at A and to 
whose lower end P is attached a point particle 
of mass m. Let the natural length of the 
spring be f = AH, let So — BO be the amount 
the spring extends when supporting m while 
at rest, and let s = BP be an arbitrarj’ exten- 
sion of the spring. If the tension T in the 
spring is proportional to the extension s, 
then T = Xs/f, and in particular, mg = Xso/b 
Let P be displaced slightl 3 " from its position of equilibrium and 
then released. If / is a force of resistance proportional to the 
velocitj^ of P and acting in the direction opposite the motion of 
P, then / = ~kds/dt, and the resultant force F acting on m is 



mg 

Fig. 114. 


F 




By Newton’s second law of motion, F = m d-s/dt-. Hence 


d-s 

m-r^ = mq — 
at- 



(4) 


But mg — T = — — so) = — (X/Z)a;, where a: = s — so. 

Since ds/dt = dx/dl and d-s/dt- = d-x/dt-, (4) may be written 
in the form 


d-x 




This reduces to (3) when we write = \/ml. 2p = h/m. 


( 5 ) 
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2- — ^g(-p+ -j- ^g(— p- 

= Ae~'‘‘ cosh ("x/ p- — oiH + B), (6) 


when — 0 }" 9^ 0, and 

a: = (A + Bi)e-o^ (7) 

when p2 — 0)2 = 0. The values of A and B, or of A and B, are 
determined by the initial values of x and v = dx/dt. To discuss 
the variation of x with t we consider three cases; 

(a) p- > (a-. In this case Vp" — w* in (6) is real and not 
zero. If A and B are both positive, then x is always positive; 
moreover, — p + "x/p" — co- and — p— "s/ p" — being both 




negative, v = dx/dt is always negative. It is seen that x—*0 
as i ^ 00 as indicated in Fig. 115. A similar situation occurs 
when A and B are both negative. If A and B have opposite 

signs, then a: = 0 only once, i.e., at to ~ — — log 

2y/ p- — 03- 

moreover, a = 0 only once, i.e., at 



t, = — J— log 

2'x/p^ — \ A(p.— "x/p^ — w^)/ 

being later than U. When i > h, z and dx/dt have opposite 
signs, and x~^0ast—>^ as indicated in Fig. 116. This type of 
motion is knowm as overdamped, the 
retarding force being so great that 
no vibration can occur. 

(b) p2 = w®. Regardless of the 
signs of A and B, the motion in this 
case [see (7)] is similar to that in the 
preceding case when A and B have Fm. ii7. 

opposite signs. This type of motion is known as critically damped, 
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for [as indicated in case (c)] the motion becomes oscillator}’ with 
an arbitrarily small decrease in the retarding force (Fig. 116). 

(c) p- < <c\ Let us unite (6) in the form 

X — T (»* = — 1) (8) 

This may also be written in the forms 

X — c~''(C cos \/o3- — pH + D sin \/ a- — p-i), (9) 

X = c“"[C cos (\/u'- — pH — 7)], 

where 

C = VC" -f D‘, y = tan-^ ~ (10) 


In this case, x oscillates uith alternating sign, the period of 
oscillation being 2x j 'yj oA — p--, since c”^’ — + 0 as / — * x, the 
amplitude of the oscillation continually diminishes toward zero. 
This tv-pe of motion is knoum as damped omllalonj (see Fig. 117). 

Forced Vibrations. Suppose the spring of Fig. 1 14 is subjected 
to an additional force mf(t) which is a function of the time. Then 
(3) assumes the form 


or 


g + 2p^ 4- o.-=x = /«). (12) 


This is knoum as the equation of motion for a forced vibration. 
If the applied force is periodic, say/(/) = L cos pf. and if p- 
then a solution of (12) is 


X = 


V(c.- - p-r- + 4p-p- 


cos (pf — 0) 


4- -f (13) 


where A and B are constants of integration; but if p- = 0:-, then 
a solution is 


^ ~ p? ~ i. pi cos (pf — ^) 4- (-4 4- (14) 

When the impressed frequency p is such that the amplitude of 
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vibration [in (13)] has a maximum value, resonance is said to occur. 
Thus the maximum extension of the spring may become so great as 
to produce rupture. Equation (12) is of great importance in 
many cases of forced vibrations encountered in the theory of 
electricity, sound, and mechanics. The first term in the right 
member of (13) is called the steady-state solution, and the second 
term is called the transient solution; the significance of these 
names is evident when we consider the relative magnitudes of 
these two terms for small and large values of t. 


EXERCISES XI 


1. Solve Eq. (3) iinder the condition that x = xo and v = 0 at i = 0. 
Consider each of the three cases. Solve Eq. (12) under these same 
conditions. 

2. Suppose the mass m of a simple pendulum to be concentrated at a 
point P distant I from the fulcrum, (a) Find the equation of motion when 
there is no friction, (b) If the angular displacement 0 is small and is 

sin 0 

measured in radians, then sin 0 may be approximated by 0 since lim = 1. 

o~*o 0 



R L 

I— — 'WWW — II 1 


-I 


Fio. 119. 


Using this approximation, solve the equation of motion under tlie condition 
that 0 = 00 and de/dl = 0 at t = 0. 

3. An electric circuit consists of a constant resistance of R ohms, a coil 
of constant inductance of L henries, and a condenser of constant capacity 
of C farads in series with an e.m.f. of E volts. It is seen by Sec. 3 and 
Ex. VI, 6, that 


and hence that 


Z|+Pf+|=E, 




(15) 


For each of the following cases solve (15) to determine the charge g and the 
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current i as functions of tlic time I under the condition that g = 0 and t = 0 
when I = 0: 


(a) E =0. (b) 2? = Eo. (c) E = E^ cos pi. (d) E = Eoc-^‘ sin p/, 


where Eti, p, and « are constants, (c) Show that if R is small and p is 
close to 1/"%/ LC, then the amplitude of the oscillation is largo. 

4. Find the steady-state current in the circuit of Ex, 3 when 22 = 00 ohms, 
L = 8 henries, C — 3 mf. = 3 ■ 10“' farad, and E — 100 sin 1205-t. 

5. A condenser of 5 mf. has a charge of 0.001 coulomb. Find the transient 
current when this condenser is discharged through a rc.sistancc of 2 ohms and 
an inductance of 14 henries connected in series. 

6. Set up the dilTerential equation for the motion of a simple pendulum 
when there is a resisting force proportional to the angular velocity. 

17. Method of Variation of Constants. In this section we 
return to the general linear equation (A) of Sec. 13 and we .shall 
show how the general .solution of (A) may be found when the 
complementarj’ function (C) is known for (A). It will be seen 
that this method is merely an extension of the method described 
in Sec. 15. For the sake of simplicity, we shall base our explana- 
tions on the second order equation 


djy 

dx- 


+ -V * + X,y 


X, 


( 1 ) 


where Xi, X^. and A' are functions of x alone. Suppose 

!/ = Ciijiix) -f cztjiix) (2) 

is the general solution of the equation 

g + .Y.| + X.,j = 0, (3) 


so that (2) is the complementary function for (1). In (2) replace 
Cl and c: by functions Ci{x) and and write 

Y = C,{x)yj 4- Co(x)2/j. (4) 

We wish to determine C,(a:) and C.(x) so that (4) is a solution 
of (1). Now 

^ = Ciix) ^ + Csix) ^ + C'i(.x)tji -f Ci(g)(/2. (5) 

Since the tivo unknowm functions in (4) are not completely 
determined by the single condition that (4) satisfy (1), we may 
arbitrarily impose a further condition on Ci(x) and Csix). It is 
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convenient to require Ci(x) and Cs(x) to be such that 

Ci(x)yi + C;,(x)7j, s 0. (6) 

Upon differentiating (5) after substituting (6), we find that 


d'Y n ( \ o A. n'(^\ j- O' (-A '■'•y- 


d'-vi 


ydhyo 


dyi 


dy-i 


(7) 


When we substitute (4), (5), (6), and (7) in (1), and remember 
that 2/1 and 7/2 are solutions of (3), we obtain the equation 


c;w f-' + c;{x) ^ - X (8) 

If we solve (6) and (8) simultaneously for C[i_x) and O^ix), we 
find that 


C[{x) = 


■ 2 / 2 X 


2/1I/2 - 2/1I/2 


a{x) = 


yxX 


2/12/2 - 2 / i 2/2 


(9) 


where 2 / 17/2 — 2 / 12/2 0 since we supposed 2/1 and 2/2 to be linearly 

independent (see Theorem 13.2 and the paragraph preceding 
this theorem). Hence 



Substitution of these results in (4) gives a particular integral of 
(1). By (2) and (4) the general solution of (1) is 

2/ = {ci + Ci{x)]yi{x) + {c 2 + C 2 {x)]yz{x), (11) 

where Ci(x) and C 2 (x) are given by (10). 


Example 1. Solve the equation (d^ij/dz^) — {dy/dx) — x^. 
The complementary function for tliis equation is 


Y — Cl -p Csc”*. 

(12) 

Considering the Ct’s as functions of x, we find that 


dY 


— - = Cjc* — Csc"^ 
dx 

(13) 

when we impose the restriction that 


Cj -{“ 4” = 0. 

(14) 


Furthermore, 
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^rhen we impose the additional restriction that 

C'iCr — C’,e~^ Ej 0. 


Finally, 


jjy 

_ = C:tc* - C.C-* + C,e^ + C;c-». 


(1C) 


(17) 


Substitution of conditions (12) to (17) in the given equation leads to the 
result 

+ C'.c- = I’. (18) 

Solving (14), (16), and (18) for C[, CJ, and C\, we find that 

c; = -z\ c; = ix'c~ c; = 

Hence* 

C, = -§rS Cs = - rc-* + c-», C, = ix-C - ic» + c*. (19) 

By (12), a particular integral of the given equation is 

Y = -Ix^ + (-kV-» - xe-’ +c-*)f» + (§rV - re* + e»)c-* 

= -ix’ - 2 i + 2 , 

and the complete integral is 

!/ = Cl 4- c-e' + e,c”* - Jrd — 2z -f 2. (20) 

■SMiilb the method of variation of constants is far-reaching, it 
is inferior in practical value because it requires a knowledge of 
the complete complemontarj- function and this in general fre- 
quently requires a great deal of laborious computation. 

EXERCISES Xn 

1. Solve by the method of variation of constants. 


(a) — + y = tan x. 

(b) 

d’y 

(d) 

(c) — — !/ = sm I. 

dhj 

(e) — - 4y = log X. 

if) 

MO-tffg-.) 

£y.„ dy 


, 1 , 
-y +--y ~ x’. 
ax X 


d'-y , 
dx> 

? + 


4;/ = 4 tan 2x. 


* It is unnecessarj' to add arbitrary constants in (19) because they would 
merely combine noth the constants in (20). 
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(h) 


(i) 


d^y 
dx^ 


- 2 =^ + y = 0 - 

ax 


^ +X^p[+X,f +x,y 

dx^ dx^ dx 


2. Prove rules I to V in Sec. 15. 

3. If a solution j/ = 2 /i is known for Eq. (A) in Sec. 13, show that this 
solution may be used to transform (A) into an equation of order n — 1 
(see Sec. 14). 

18. Linear Equations of the Second Order. Because of their 
importance in physical applications, we shall consider linear 
second order equations of the type 


g+p| + Q,_X. 


( 1 ) 


where P, Q, and X are functions of x only. 

We have already considered in Secs. 14 to 17 (a) the case 
where P and Q are constants; and (b) the case where (1) is exact. 

If a particular integral y of (1) vdth X = 0 is known, or can be 
found by inspection, the substitution y = y^w tvill reduce (1) 
to a linear equation of the first order in dwidx, which can be 
solved by the methods of Secs. 5 to 12. 

If none of these methods seem applicable, try substituting 
y = uw in (1). This yields the equation 


dx-^ “*■ 


( 2 ^ , p\ ^ 1 / 

udx ) dx dx 


+ Qu 


\ X 

T ^ n' 


( 2 ) 


If u can be selected so that the coefficient of dwjdx is zero, then 


u = 
and 

If the coefficient of w in (3) is a constant, the new equation 
(3) can be integrated by the methods of Sec. 14; if the coefficient 
of w in (3) is equal to a constant divided by the equation (3) 
may he integrated by the method indicated for (32) of Sec. 19. 

Sometimes replacing the independent variable x by w, where 
w = <p{x) is an arbitrary function of x, will lead to a solution to 
(1). The first and second derivatives of y \\ath respect to x are 

^ ^ ^ ^ f ^ 4- ^ ^ 

dx dw dx' dx^ \dx ) dw'^'^ d^ d^’ 



364 


HIGHER MATHEMATICS 


[CnAr. Ill 


so that (1) is transformed into 



If w can bo so selected tliat the coefficients of y and dy/dw are 
constants, the equation can i>e integrated by the methods of 
Sec. 14. 

It frequently happens that all the methods mentioned above 
fail to solve equations met in certain applications. Such cases 
ma 3 * be treated b}’^ a.s.suming a .solution in the form of an infinite 
series. The series arising from such an equation often defines 
a new function, which must then be studied. This Vas the 
situation which led to the Bessel functions, Legendre functions, 
and others. However, we .shall postpone this subject until a 
later section. 


EXERCISES Xm 

1. Show that when Q = dP/dx, equation (1) may he integrated to yield 
(dy/dx) + Py = JX dx -r C, a ease considered in Sec. 0. 

2. Solve: ^ xy = x. /Itw. y = 1 + c,x + C;xfz“-e»‘/» dx. 

dx- dx 


3. Solve: (1 -i-x-)— - 2x^ 
dx* dx 


• 2y - 0. 


4. Solve: (1 + i) ^ + (1 — x}^ — y - r^. 
dx- dx 

Hint: e* is a particular solution. 


5. Solve: ~ ^ ~ ^ 


Hint: Let dyjdx = p, d-ijldx'^ = dp/dx. 

dx'‘ xdx ' X 
-3 


6. Solve: ^ + - ^ + = 0- 

7 4V 


Hint: Let z — 


Arm. y ~ Cl cos 


+ c; sin 1 - 


7. Solve: ^ + j (Sx)"^^ — — Cx-*!;/ = 0. 

dx- dx [_ 6 J 

.4ns. y - 



Sec. 18] ORDINARY DIFFERENTIAL EQUATIONS 


365 


8. Prove that if J/i is a known integral of (1), then the general solution 
of (1) is 


y = ci2/i 


+ CiViJ — dx + 7jiJ ‘‘"'J 


d-y dri 

9. Solve: x-— — + 4x^y — = 0. 

dx- dx 

10. Solve the differential equation dy/dx = a;- + j/ by assuming the solu- 
tion to be an infinite series of the form 


y = flo + aiX + OsX^ + Qja:’ + - 

and determining the coefficients ai, a«, 
Solution. 


-b a„a:" + a,.+ia:'*+* -f 


-— = Oi -{- 2aia; -f Sa^x- -b • • • -b nonX" ' -b (n -b l)an+ix" + • ■ • . 
dx 

Substituting in the given equation, we must have 

oi -b 2ajx "b 3(i3X^ -|- . . . ..j. l)a„.,.]X'' -b*-* 

s a;2 -b uo + flix -b a-x'^’ + • • • -b OnX" -b • • • . 

Equating the coefficients of like powers of x in tliis identif j’, we have 

Oi = Qo, 2a2 = oi, Saj = 1 -b O:, 4a< = Oj, • • • , (n -b l)an+i = On, • • 

Hence, if we consider co to be the constant of integration, we find that 



so that the solution is 

y = +|V +i(l -bl”^ -b^(^l + • • • . 

11. Solve each of the following equations by the method of serie.s; 

(a)|=x=-by^. (b)|=,/^-2x. 

(d) g + = 0. 

, . d^y 

(e) — + Xxy = 0. 
ax- 

12. Solve: («= + I, g + (l)’ + , . (h.™: Let p - g) 
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13. Solve: 


dx'- 


dh! I 


j "(S) +’■ 


15. Solve: (i’ — x) ~ + (4x + 2) -p + 2y = 0. 
dx^ di 

IG. Solve: cos — 2 sin ■= 10(cos x)y. 
dx- dx 

17. Solve: x*^ + ix^-^ + 9i; = 0. 
dx' dx 


18. Solve: 3^ - c* 
dx' 


0 . 


19. Operator Methods. In this section we shall develop 
another method for sohdng the equation 


^1/ 

dz" 


d"-'y 
‘dz” 


+ “ixnPT + 


+ a„ij - X, 


(I) 


where the coefficients a,- are constants and X is a function of x 
alone. Let D, D-, D’, • • • denote the sjTnbols d/dz, d-Jdx", 
d^/dx', • • • , respective^'. Thus 2D^ + llDy — Qy, or writ- 
ten more briefly as (2D- -b llD — 6)t/, denotes 

If f{x) and g{x) are difTerenti.able functions of z, then 

|(/(x) + jWi - ^ 

Hence the operator D obej's the distribuiivc law 

D[/(z) + i 7 (z)] = D/(z) + DffCz). (1) 

It may be shon-n in a similar manner that 


D[c< 7 (z)] = c[Dp(z)] (2) 

when c is a constant but not when c is a variable. If m and n 
are positive integers, 


D^ID-ZCz)] = D’'-[D"/(z)] = D^-^^fix). (3) 

Thus D satisfies certain of the fundamental laws of elementary 
algebra. 
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Equation (I) may be written in the form 

P(D)y = X, (!'} 

where 

P(D) s D" + aiD"-! +•••+««. 

The expression P{D) is called an operator, and we say that we 
operate on a function j{x) with P(D) when we carry out the 
indicated operations of differentiation, multiplication, and 

addition. By virtue of (1), (2), and (3), it is possible to “factor” 

an operator P{D). For example, 

{2D^ + IIP - 6y) = (2P2 + 12P)y - (P + 6)y 

= 2[P(Py) + P(6y)] - (P + 6)7y 
= 2P[(P + 6)y] - [(P + 6)y] (4) 

= (2P - 1)[(P + 6)y] 

= (2P - 1)(P + 6)y, (5) 

(4) following by (1). It may bo shovm in a similar manner that 

(2P2 + IIP - 6)y = (P + 6)(2P - l)y. (6) 

It is seen by (5) and (6) that the factors of an operator P(P) may 
be written in arbitrary order. If y = — sin x, then by (5), 

(2P= + IIP - 6)(a:’ - sin x) = {2D - 1)[(P + 6)(xS - sin x)] 
= (2P — l)[(3x2 — cos x) + 6(x® — sin x)] 

= (12x + 2 sin X + 36x* — 12 cos x) 

— (3x* — cos X + 6x® — 6 sin x), (7) 

and by (6), 

(2P2 + HP - 6)(x=* - sin x) = (P + 6)[(2P - l)(x= - sin x)J 
= (P + 6) [(6x2 _ 2 cos x) — (x® — sin x)] 

= (12x + 2 sin X — Sx® + cos x) 

+ (36x2 _ cos X — 6x2 + 6 gjj^ 

It is evident that (7) and (8) are identically equal. 

If CO is a constant, then Pe"* = coe"^, P2e"* = co2e“»^, • • • , and 

P(P)e“* = P(co)e“*, (9) 

for 

P(P)e- = (P" + ciP"-‘ + • • • + a„_iP + a„)e- 

= (co” + oico"-! + • • • + a„_ico + a„)e“* = P(co)c“*. 



368 


HIGHER MATHEMATICS 


[Chap. Ill 


Again, D- cos dix = — u- cos tox, 

D* cos toz = (— w-)* cos ux, ■ • ■ , 

and 

P(D-) cos ax = P(— oj") cos ax, (10) 

for 

PiD-) cos ax = (Z)=" + aiD-"-- + * • • + + a„) cos ccz 

= [( — 03-)" ai( — 03-)"~* -f- ■ ■ ■ -f- an_l( — 03-) -f" fln] COS OX 

= P(^ — u-) COS ax. 

It follows in a similar manner that 


P{D-) sin ax = P{—ar) sin 03x. (11) 


It is readib' possible to derive many other formulas of this sort. 
For example, 


D[e‘-'’f{x)] = c“^(£> -f 03)/(x), 

D-[(f^f(x)] = Plc-'((D -f- o3)/(x)]! = c<--{(P -f o 3)[(D -F 03)/(x)]} 
= c-^iD -f apfix), • • • . 

and 


Thus, 


P(P)[c“V(t) 1 = c“-'P(P -f o^)f(x). 


( 12 ) 


(P= - oP -f- G)P^y = P-'[(P -f 3)= - 5(P -f 3) -f 6]!/ 
.C.(Z)= + Z3),-...(g + |). 


Com'plemcntarij Functions. It follows by (9) that the charac- 
teristic equation [see (G) of Sec. 14] of the equation 


P(P)y = 0 (13) 

is P(m) = 0. Hence if P(D) is factored in the form 
P(D) = (P - r.)(P - r.) • • • (P - r„), 

then 

P(m) =t (jn — ri)(ni — rj) • • • (m - r„), 

the roots of the equation P(7n) = 0 are n, P;, ■ • • , r„, and if 
the r’s are all distinct, the general solution of (13) is 

2/ = Cicv -f • - • -H 
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We wish to show how the general solution of (13) may be obtained 
•nnth the aid of operators when some of the r's are equal. 

It follows from the preceding discussion that the equation 

(Z> - rYy = 0 (14) 

has 2/i = e*"* for a solution. Let y = where fix) is to 

be determined so that ?/ is a solution of (14). If we substitute y 
in (14) it follows by (12) that 

(D - r)p[e”/(a:)] = + r) - r]p/(x) = N^D^fix) = 0. 

Hence D^fix) = 0 since e" is never zero. If we integrate p 
times we find that fix) — Ci + C«x + Csx” +•••-]- Cpa:’’~b 


Thus the general solution of (14) is 

y = iCi + Cnx + • • • + Cp3:'’~')e’'*. (15) 

Now suppose (13) factors into the form 

(D — ri)'’i(Z) — ri)’’i •••(!) — u)'’*y = 0. (16) 

It is evident that any solution of the equation 

(D - rf.)Pty = 0 (17) 

is a solution of (16). By reordering the factors in (16) it is seen 
that the solutions of each of the equations 

iD - ri)Piy = 0, iD - rn)pnj = 0, • • • (18) 

are solutions of (16). If all these solutions, each of the form 


given in (15), are added, the result is the general solution of (16) 
[see (H) of Sec. 14]. 


Example 1. Solve the equation — 18^ + Sly = 0. 

ax* dx- 

We may write the equation in the form 

W* - 18D’‘ + 81)y = (£1^ - 9)'y = 0. 

The characteristic equation is - 9)= = 0, where we write D instead of 
m, and the roots are —3, —3, 3, 3. Hence the general solution is 

y = (Cl + Cixle’* + (Ca + C^a:)e-’^ 

Example 2. Solve the equation (Z>- + 9)=y = 0. 

The characteristic roots are — 3t, —3i, 3i, 3i, and the solution is 

2/ = (ci + C2a;)e’“ + (ca + C4x)e~’*==, 
or 

y = (Cl + Cjz) cos 3a: -f- (Ca + Cax) sin 3x. 
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Particular Integral. To obtain a particular integral of equation 
(I), let us first consider the equation 

(D - r)rj = X(x), (19) 

which, by Sec. 9, has the solution 

y = J c~^-X (x) dx + Cc". (20) 

Let us formall}’ write (19) in the form 

y = 5~A'(:r). (21) 


where the sjunbol 1/(Z> — r) is as j'et undefined. Comparison 
of (20) and (21) shows that (21) determines the solution of (19) 
if we interpret the sj^mbol \/{D — r) as an operator which, when 
acting on the function A’(x), gives the right member of (20), 
i.e., if we define the operator 1/(Z) — r) bj' the formula 


D 


~X{x) 

r 



e~^-X{x) dx + C'e’'^ 


( 22 ) 


It is seen that the term Cc* in (22) is the compIemcntar 3 '^ function 
for (19) and that the term c'’-/c~^^A’'(t) dx is the particular 
integral. It is also seen that if r = 0 in (22), then 1/D means 
the same tiling as /, i.e., that 1/D is the inverse operation of D; 
in the same sense, 1/(D — r) is the inverse of D — r, i.e.. 


(D - r) 


D 


^A-(x) 


X{.x). 


Let us next consider the equation 


(D - ri)(D - r~)y - Xijr). (23) 

To solve this equation, let z = (D — r:)i/. Then (23) assumes 
the form 


(D - r,)z = A"(x), (24) 

and by (21) and (22) a solution of this equation is 

c'^i^Xix) dx + 

If we now replace z by (D — ri)y and solve the resulting equation 
we find that 


D 


ri 


X(x) 
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D — Ti 


j e-^"Z(a:) dx + Ci 
= dx + dx + CsCj® (25) 

= e~’'‘^X(x) dx dx + Cie'^^ + Cze''^, (26) 

jf n 7 >^ ro. However, if rj = r«, then (25) reduces to 
y = e’'i='J'|^J'e~^>®X(x) da: + <?(] dx + C2e’'i® 


= en*J* Je~^i'"X(x) dxdx + (CJx + C' 2 )ev 


(260 


If we evaluate the integral in (26) by integrating by parts 
(integrating and differentiating fe'~^‘^X(x) dx), then (26) 

assumes the form 


y = e-''-"X(x) dx - J^^^^e-.*Z(x) dxj 

+ 

" ((ri - r2)(i?'^ in- rO(D - ^2))^"^®^ 


+ CiCi* + C'2e’’** 
(27) 


By (24) and 21) we may write (23) in the form 

1 1 X ' 1 


y 


D — r« D 


ri 


X{x) = 


{D - n)iD - n) 


X{x). (270 


It is readily veritied that (27) results from (270 when the operator 

(I ) — r )(D — r O treated like an ordinary fraction and 

resolved into partial fractions. Formula (260 may be reduced 
in a similar manner to the form 


y = - Xix) - ~ -- l x Xix)]. (28) 

An immediate extension of the preceding discussion shows that 
the general solution of the equation 

{D - ri)iD - r 2 ) •••(£> - r„)y = Xix) (29) 

is 


y = ■ ■ ■ / / ^'^'"Xix) dxdx ■■■ dx 

+ C'le’-i* 4- (726’-=“= 4- • • • + C„e^n=>, (30) 
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where the integrations are carried out by beginning at the extreme 
right and working to tlie left, and where all the r’s are distinct. 
However, if some of the r’s arc equal, then (30) must be suitably 
modified [see (15), and (H) of Sec. 14], We may vTite the 
solution of (29) formally as 


1 1 1 ^ 

V = ■ r: w 

D — rn D ~ r„_i D - 

^ {D - r„)(Z) - r„_,) •••(£)- 

If the r’s are all distinct, we mai' resolve the operator 

' 1 

iD - r„) ■ ■ ■ {D - r,) 


(31) 


into “partial fractions’’ in the usual way [see (27) and Ex. 7 

1 . ^ ^ 1 1 

' ' 'D- r/ 


below]. If we define 


to mean 


P{D) H-r„ 

where P(I>) s (H — r\){D — r:} • ■ ■ (D ~ r„), then we may 
write the solution of the equation P(,D)y = X{x) in the form 

V = It should be obsen^ed that is the inverse 

of P{D) in the same sense that 1/D is the inverse of D. 


Example 3. Solve tlio equation (£)’ — 9D)j/ = x. 
Considering only the particular integral, \vc have 


d' D - s' D +3 ^ d' D - 

= i . . i . +5 _ A 

D D -si \^3 9 /J D D-sV 3 9 / 

==4^.* r,-3/+^ _A J =4-4 

pL J \ 3 9 / J D\ 9 / 


, ^ 


Hence the general solution is 
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It is sometimes possible to simplify (30) and (31) considerably. 

Example 4. Solve the equation P(D)y = 

Let P{D) = (D — ri) • • • (D — r„) and suppose that u is distinct from 
the r’s. It is readily verified b 3 ’^ direct computation that 




where P(6)) 0 and where we consider only the particular integral. 

Another waj’' to arrive at this result is as follows; The operator — is the 

inverse of PiP). But P{D), when applied to gives the function 


e“* [see (9)]. Hence 


P{D) 


PM 

when applied to e“^, brings us back to 


1 


PM 


Thus a particular solution of ttkc given equation is y = when 

PM 

PM 0. Again, if P(D) = (D — a>)>’, then it maj’- be directlj' verified that 
1 1 

[By (12), — -M^DUix)] = c«V(a;). In the 

(D — up pi (D — up 

present instance, D’’fM = 1, so that/(a;) = x’‘/pl] Finall.v, if the given 
equation is of the form 


4>{D) • (D - o>py = 

where <#)(D) does not contain the factor (D — u), then a particular solution is 


V = 


1 


(D — up 4>{D) 


- 


fax 


X’’ 


(D — up <i>{u) i^>(u) p\ 


The complementary function is obtained in the usual waJ^ 
Example 6. Solve the equation P{D-)y — cos ux. 


By (10), Pm 


P(- 


COS ux 




pm 


cos ux — 


cos ux. Hence 


1 


cos ux, pro- 


and a particular integral of the given equation is v ‘ 

P{-M 

vided that P{—u^) 9^ 0. The case where P( — &>=) = 0 is left to the student. 
Example 6. Solve the equation (D= + 3D + 2)y = cos 4a:. 

It is apparent that a particular integral of this equation is of the form 
y = A. cos 4a; + B sin 4a;. By (10) and (11) we may write 


(D- + 3D + 2)i/ = (—16 + 3D + 2)y = cos 4a;. 
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^ ^ dx» dx^ dx 


(o) -txD -- l)y - 2x log x. 


( 1 ) *^0 + 3^*3 + ^== 24 ^’ 

(n) + 01^ + 25j/ = SO. 

ax^ dx 

(p) (1 + 2zy— 4- (1 4- k) ^ + J/ = 4 cos log (1 + x). 

dx’ dx 

[Hi.vt: Let 1 4- 2x = e'.] 

(q) (x4-l)’0-4(x4-l)£+Cp=X. 

0. Show that 

P(D’)(A cosh uyx + B sink ui) = P(<.j’)(A cosh bix + B sinh wx). 
7. Show that 


1 


(D - a)(JD - b)(D - c) 


1 


1 


(a — b)(a — c) D — a 


, 1 ^ I 1 ^ 

(6 — n)(S — c) D — b (c — n)(c — 6) J5 — cj ' 


when a, h, and c are distinct. Generalize this result. 




8. In Fig. 120 the equations of the normals to the curve C at the fixed 
point (lo, j/o) and at the variable point (x, y) are 

Y -y,= -~{X -xo), y - p = _i(X - x). 

V!/ In y 

Solve these equations simultaneously for the coordinates (X, K) of the point 
Q of intersection of these normals, use the results to compute 


r = V(X - x„)» 4- (F - j/o)’, 
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and evaluate lim r by L’Hbpital’s rule (Theorem 11.2, Chap. I) to show that 
lim r is the radius of cun^ature p of the curve C at {xo, yo). 

*9. Let AB and A'B’ (Fig. 121) be normal sections of a beam. Sup- 
pose that, after the beam is bent, these sections remain plane and intersect 
at Q. Owing to the bending of the beam, a tensile force F acts across the 
outer part of AB and a compressive force F acts across the inner part of AB. 
Let Po be the point oi A B where this internal force F is 0, let P be any 
other point of AB, let QPo = n, QP = r, PoP = r - u = y, and let p be 
the radius of curvature of PoPj at Po. The value of P at P (in pounds per 
square inch) is E5, where E is the modulus of elasticity of the material in 
the beam and S is tlie elongation (or compression) per unit of length along 
PP'. Now 


3 


pp, 

= hm 

Po'-^Po 


-PoPj 

PoPo 


Or — Oro 

= lim 

p_,0 Srt, 


= -y = ICy, 


for, as indicated above, lim ro is the radius of curvature p of the curve 
Po'-*Po 

PoPj at Po and K = 1/p, where K is the curvature of PoP^ at Po. Hence 


F = EKy, 

and the total moment of all the forces F about Po is 


M = r" Fy Hy) dy = EK f’"' y^ h{y) dy = EKI, 

JtIB Jvb 


(i) 


where h{y) is the breadth of the be.am .at height y and I is the moment of 
inertia of the section AB about the axis , , , 
through Po perpendicular to the plane of /^/ 

QPo and PoP'o- Show that this axis is the 
gravity a.xis of the section AB. 

In Fig. 122 it is seen that the moment M 

in (i) at any section AB is induced by, „ 

and exactly balances, the moment of the 
impressed force W about the point Po in AB. Hence 



W 


EIK = lF(f - x). (ii) 

But K = j/'7(l -1- i/'2)l^, where y now denotes the deflection at distance x. 
If the bending is small so that y'- is negligible, then (ii) reduces to 


®2 


(iii) 


where we write IF because y” is negative (the beam being concave down- 
equation, determining the constants of integration 
suitably, and find the deflection of the beam at its end. The solution of 
( 111 ) IS called the elastic curve of the beam. 
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10. Show that the following equations represent the clastic curves of the 
beams loaded as indicated, where shading over the beam represents a uniform 
load (including the weight of the beam) of w lb. per foot of length. Solve 
these equations and find the maximum deflections. 



Fio. 123. 



(d) Show that if a concentrated load 11' and a uniform load ir per foot 
are combined, the deflection is the sum of the deflections for the sep.arate 
loads. 

11. Let there be suspended from two points A and B a flc.xible, ino.\- 
tcnsible cable of weight tc per foot of length. Let I’d be the tension at the 
bottom point Pn, let T, Ite the vertical component of the tension at any point 
P, and let IF bo the total weight of the cable to the left of P. Then 

DrT^ = »,ir. 


But Tr — Tq tan a = T<t{dyfdx), the horizontal component of the tcn.oion 
being the same at every point P as at Po, 

D,T, = and 

tlx- 

DAV = D.U’DiS <= «7/cos a = te'v/ 1 + {dy/dx)-. 

Hence 

d’y 1 l~,fdy\ 

where c = Tt/w. Solve this equation. 

Hint: Let p = dy/dx and show that a first integral is 

Vl + p’ + p = e‘'‘. 

Taking reciprocals and rationalizing, we have 's / 1 + p’ — p = c”**. 
Find the difference between these two last equations and integrate, deter- 
mining the constant of integration so that i/ = c where 1 = 0 . 
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Show that jDiS = y/c and hence that the tension T at any point P is 
r = To sec o£ = TcDxS = unj. 

12. In the preceding exercise, suppose the cable is of negligible weight, 
but that a horizontal roadbed of weight lo per foot is suspended from the 
cable. Find the equation of the curve along which the 
cable hangs. 

13. In the preceding exercises, state the differential 
equation representing the curve along which the cable 
hangs when the weight of the cable, supporting rods 
(supposed infinitely close together), and roadbed are all taken into account. 

14. If a weight IF is pulled (at constant velocity) along a horizontal 
surface ahd if the motion is opposed by a force of friction P, we say that the 
coefficient of friction between IF and the surface is g = F/IF. We'may 
extend this idea of coefficient of friction to the case where we have a cord 
wound around a (circular) drum: We define the coefficient of friction y 

between the cord and drum by the formula 

= ]• (AT) cos (Ae/2) 

^ afl™o(2P + AP) sin (AO/2)’ 

where {AT) cos (Ae/2) represents the resultant force 
normal to ON and (27’ + AT) sin (AO/2) represents 
the resultant force along ON. Since we may write 
(iv) in the form 


T+/ST 



= lim 


cos (A0/2) AO/2 


T + (A7’/2) sin (A0/2) 


de 


A0 


T^^^ do’ 


If7’ = 7'oatO=0, show that the tension T at any point is 

T = T’oe"®. 


Show that if a brake band (ji = 1) is increased from a half circumference 
to a whole circumference, its effectiveness is increased about fivefold. 

15. Suppose that the bottom surface of a solid stone bridge is in the shape 
of an arch, the roadway being level. Show that the equation 


~ P ^ X _ ^ 

dx -y/l 4 . p! c’’ ^ dx 

represents the arch when there is no tendency to bend at any point and when 
the weight of the bridge is supported by the arch alone. 

16. A particle P is dragged slowly over the horizontal xy-plane by a line 
PA of constant length I, A mo^dng along the x-axis. The path of P is called 
a tractrix. Show that this path is represented by 
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V 


riy 

dx 


and solve this equation. 

17. A river flow.? with speed rand a boat sails (relative to the water) with 
speed Y. Find the path of the boat when it sails across the river from A to 
B, A and B being directly opposite and the boat always pointing to B. 

18. The point P(i. y) niovc.s with speed r and Q moves along OX away 
trom O with speed T’. If P always moves tov.-ard Q, show tliat the path of P 
is represented by 



and solve this equation. 

19. A particle moves in the ly-plane subject to forces attracting it toward 
the axes and proportional to its distance from the axes. Find and solve 
the equations representing the motion. 

20. A ma.s5 m is attracted to a fixed point Q by a force inversely propor- 
tional to the square of the distance from tn to Q. Find the path of m. Also 
find the path of rn when the force is directly proportion.al to the distance; 
also when the force is proportional to the square of the distance. 


PART C. SYSTEMS OF DIFFEREKTIAL EQUATIONS 
20, Total Differential Equations. A differential equation of 
the form 

P(x, 1 /. z) (lx -f Q{x, y, z) dy -f /?(x, y, r) dr = 0 (1) 

is called a iolal differential equation in three variable.*. Suppose 
a solution of (1) can be written in the form 

U, z) = C. (2) 

Differentiating (2), we obtain the equation 


^dx + ^dy + ^dz== 
dx dy dz 


0 . 


(3) 


The left member of (3) is either (a) identically the left member of 
(1), or (b) the left member of (3) differs from the left member of 
(1) by a factor p(i, y, z), so that 





(4) 


with p — 1 in case (o). Thus in case (i>), /r 1 is an integrating 
factor for (1). 
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We now seek an answer to the question: Give7i an equation 
of the form (1), does it aliuays have a solution of the form (2)? If 
(1) has such a solution, then P, Q, and R must satisfy equations 
(4), leading to cases (o) and (b). A third case (c) to consider is 
the one where (1) does not have an integrating factor. 

Case (a), M — 1- In this case the left member of (1) is exact 
and the solution to (1) can be found by the method of Sec. 12, 
Chap. II. The method given below for case (b) maj’- also be used 
to solve (1). 

Case (6), m ^ 1- In this case the left member of (1) has an 
integrating factor ^ 5 =^ 0, so that 

nP dx fiQ d7j + fiR dz = 0 (5) 

is exact. From Sec. 12, Chap. II, we then have (subject to the 
proper assumptions as to the existence and continuity of the 
derivatives of nP, nQ, and nR) 

3(mP) _ djtiQ) _ d{}xR) ^ ^{^lR) _ djixP) 

dy dx ’ dz dy dx dz ^ 


Multiplying the equations in (6) by P, P, and Q, respectively, 
and adding we find, upon simplifjdng the result, that 



Equation (7) is often written in the operator form 


\P Q 

i- A. 

dx dy 

P Q 


R 

dz 

R 


= 0 . 


(7) 


(70 


Thus, Eq. (7) is a necessary condition that (1) have an integrating 
factor. 

We shall now show that relation (7) is also sufficient by indicat- 
ing a method for obtaining a solution for (1) when (7) is satisfied. 

Assume that the coefficients in (1) satisfy relations (7). Hold 
c constant. Then (1) becomes 


Pdx + Qdy = 0 (8) 

which (under the proper restrictions on P and Q) has a solution 
of the form 


fix, y, z) = C{z), 


(9) 
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where of course the constant C of integration may be a function 
of 2 . 

We now determine C so that (9) is a solution of (1). From (9), 
/x dx +f,dy + (f.- C) dz == 0. (10) 

Hence, as before, if (9) is an integral of (1), then there exists a 
nonzero factor X such that 

= XP, /„ = XQ, - C' = \R. (11) 

From (11), 

- Xfl = C'(z). (12) 

Suppose (9) defines j/ as a function of x, z, and C, say 

y = 2 , C). (13) 

Substitute (13) in (12). In order that the left-hand side of the 
resulting equation be independent of x, it is necessary and suffi- 
cient that 

<«> 

But 

From (10), n-ith C dz = dC, we have (.d!//dx)-,c = — fi/fy, and 
from (11), {Qy/dx),,c — — P/Q. [We shall suppose that Q 0, 
for if Q = 0, (1) is reducible to an equation free of y.] 

Equation (15) may now be put into tlie form 

+ 4^1 - «l) 

From (11), it is easy to show that 

/.. - I W, ^ 


( 17 ) 
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so that (16) may be wTitten as 

P Q R 

- >'«>L - 4 Ty i 

P Q R 

We now see that if (7) holds, then so does (14); consequent!}’- 
(12) can be e.xpressed as an equation in C, C, and s, and solved 
for C. Equation (9) is then of the form 

^( 2 :, y, 2 , C) = 0, (19) 

which is a solution of (1). 

If (7) is violated, our method of solution fails, for (7) is a 
necessary condition for the solution of (1). If (1) is exact, (7) 
holds. Thus we have proved 

Theorem 20.1. A necessary and sufficient condition that 
P dx + Q dy + R dz = 0 have a solution of the form 

A'(x, y, 2 , C) = 0 

is that 




Example 1. Solve zy dx — zxdij ~ y- dz = 0. 
Evidently, 


zy 


a 

d 

as 


zy 

'-ZX 


-y- 

d 

— = 2!/( -2y + a:) + zx[0 - y) - -z - z) = 0. 

-y' 


Let z be a constant. Then -we have zy dx — zxdy = 0. Integrating, we 
find that 


Differentiating, we have 
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and combining wth the given differential equation, vre find 

y- dz = y'z dC, 

which lias lor a solution log z = C -r Cj. where Ci is a constant. Thus the 
solution of the given equation is 

log z = - + C.. 

y 

EXERCISES XV 

1. Solve: y- dx 4- z dy — y dz =0. Ans. yx — z -}■ cy = 0. 

2. Solve: yz- dx + (y’z — iz’) dy — y' dz. -dris. ~ 4- ^ = c. 

3. Solve: (ye" + z) dr + {zc^) dy — xdz =0. 

•1. Solve: (y -f z — — 7 ) dr 4- (z: T z — 7 — a) dy 

-f (r -r y — a — d) dz = 0. 

5. Solve: r dr -r y dy 4- "s/ a' — x- — y- dz = 0. 

-•Ini. r’ 4- y’ + (z — c)- — a’. 

C. Verify the relations indicated in (17) and (IS). 

Case (c). [Equation (7) not satisfied.] In case (7) is not 
satisfied, (1) is said to be noninlcgrablc, i.c., (1) ims no integral 
of the fonn/(x, y, z, c) = 0. Since (!) is an equation in three 
variables, we might suspect that (1) really has infinitcl 3 ’ many 
integrals. If we assume any arbitrary relation whatever between 
the variables x, y, z. say g{x, y, z) = 0, this relation <7 = 0 will 
then (with suitable restrictions) determine any one of the vari- 
ables in terms of the other two, saj% z — lt{x, ij). Substituting 
h for z in (1), we then obtain a new differential equation in the 
two variables x and y. The resulting equation may have an 
integral w{x, y, c) — 0. The general solution of (1) for the 
nonintegrable case then consists of an arbitrarily' chosen relation 
g{x, y, z) = 0 together with a second relation ic[x, y, c) = 0 
containing an arbitrary' comstant. 

Example 2. Find a solution of i dx 4- V dy — xz‘dz = 0. This equation 
is nonintegrable for relation (7) does not hold. 


J 

y 

— xz’ 


d 

s 

a 

1 . 

dx 

dy 

dz 

i 

X 

y 

— XJ*, 

'■+v' 

— z- 

— G — 0. 


yz’ 0. 


len xdx y dy 

Subtracting this relation from the given equation we find (xz’ 
dz = 0, z — c. Hence 


z dz = 0. 
) dz = 0, 
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( 3.! + _ o = 0, 

( 0 = c, 

is a solution of the given equation, Tliis solution consists of the curves cut 
from the hyperboloids + ?/= - 0= - = 0 by the planes 0 = c. 

Geometrical Interpretation. The statement that (1) satisfies 
the condition (7) of integrability may be interpreted geometrically 
as stating that through each point (xo, j/o, Zo) there passes one of 
the surfaces of a family of surfaces ip{x, y, z) = c, namely, 
(p{x, y, z) = <p(xo, yo, Zo), and that the equation of the tangent 
plane at any point (x, y, 2 ) of this surface is 

T(x, y, z){X - x) + Q(x, y, z)(Y - y) + R{x, y, z){Z - 2 ) = 0. 

(Here ip is assumed to be single-valued to avoid certain difficul- 
ties.) To find the integral of (1), then, is the problem of deter- 
mining a family of surfaces such that the surface passing through 
any point (? is tangent to the plane corresponding to that point (P. 

If (1) is nonintegrable, that is if (7) does not hold, the assump- 
tion of a second relation g{x, y, 2 ) = 0, determines in conjunction 
with (1) a curve 6 at each point on the aissumed surface 
g{x, y, z) = 0, i.e., 

( P{X - x) + QiY - y) + R{Z - 2 ) = 0, 

Thus, the problem of finding the integrals of (1) is that of deter- 
mining a family of curves such that the curve passing through 
any point (P is tangent to the curve e corresponding to that point 
(?. In other words, finding the integrals of (1) is the problem 
of finding that family of curves on any arbitrarily selected 
surface S whose tangent at any point of the surface S lies in the 
plane determined by the given differential equation at that 
point (P. 

The differential equation (1) may be interpreted as a statement 
that two vectors having direction cosines proportional to P:Q:R 
and dx:dy:dz, respectively, are perpendicular to each other. 
To solve (1) is to determine geometric loci which satisfy the 
property of perpendicularity mentioned above. If (1) is inte- 
grable, the loci corresponding to the solution of (1) consist of 
surfaces which are orthogonal to the direction P:Q:R at each 
point (P. Clearly then any ordinary curve drawn on the surface 
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has this orthogonal property at each of its points. L' (1) is 
nonintegrable, there exists no such famih' of surfaces. The 
solution to (1) then consists in finding a famil 3 - of cun-es upon 
some assumed surface ha\'ing the property of orthogonalitj' 
to a vector of direction P:Q:R. 

Example 3. Consider the nonintegrable equation 

2xy elx — 4;/ dy c d: 0. (20) 

Here P = 2xy, Q — 4y, R — z. There exists no family of surfaces per- 
pendicular at each point fz, jr, z) to the direction P-.QiR. Ho'vever, vtg 
shall find a family of carves upon some surface, say. 

2 * -r y- - a- = 9, (21) 

which has the property of being perpendicular to the direction 2xyAy.z. 
From (21), 

X dx 4r y <I’j — z dz =0. (22 J 

.Adding (22 1 to (20) we have 

{2x-j -i-x)dx ~ 5y dy = 0, (23) 

whose solution is 


2- 

— -b y — 
o 


1 


log (2y -r 1 - 


= C;. 


(2-1 1 


Hence, in a certain tense, the curves cut by (24) from (21) satisfj’ (20). 
Other solutions of (20) may be found by assuming various other surfaces 
instead of (21). 


EXERCISES XVI 

1. Given: y dx -r x dy = [x -h y + :) dz. 

(a) Find solution on z -f y -r r = 1. .4iw. zv = r. 

(b) Find solution on z -r y = 1. xy = r -f — -f c. 

(c) Find solution on some other surface. 

2. Given: xzdx + y dy --- xdz =0. 

(a) Find solution on sphere z= y’ -r c* = 100. ,.lns. z = c. 

(b) Find solution on y = xz. Ans. (1 o- ;)\/ 1 -a = c. 

(c) Find solution on some other surface. 

If P, Q. and R are all homogeneous and of the sttme degree, then the 
variables are separable by means of transformations such as, z = uz, 
y = rz, • • • . Use this method to solve: 

3. (y’ - yr) dz -f (c’ - zr) dy -f (zy - y*-) dz = 0. Ans. ~ = r 

y - Z 

I 
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4. (y’ - yz + e-) - (z’ + xz + x?) dy + lx- - xij + y=) dz = 0. 

5. t(y ~ z) dx -h l(y — z + I) dy — tdz (z — y) dl - 0. 

Ann. iy — z)c^'^ — ci. 

6. Interpret geometrically the solutions in Exs. 1 and 2. 

21. Simultaneous Linear Equations with Constant Coefficients. 
Operators may be used advantageous!}’- in solving a system of 
y linear equations with constant coefficients in y dependent 
variables and one independent rmriable. When y — 2 we may 
represent such a system in the form 

(aoD” + + ■ • • + as)x 

+ (boD’^ + biD”''~^ + • • • + bm)y = . 

{coD^ + CiDP~^ + • • • + Cp)x ^ ^ 

+ (doD’’ + + • • • + dq)y = Xzlt), 

where the a’s, b's, c’s, and d’s are constants, t is the independent 
variable, D ~ d/dt, and x and y are the dependent variables to 
be determined as functions of t. For convenience we shall write 
( 1 ) in the form 

Au(D)x + A^my = \ 

rioi(D)x + A^AD)y = Xi{t). j 

To solve for x and y we may resort to the usual algebraic proc- 
esses, -since the symbols D, AuiD), Aio(D), Aoi{D), Asz{D) obey 
the necessary algebraic laws. If we apply the operator A 22 (D) 
to the first equation ( 2 ), A 12 (D) to the second, and subtract, 
we find that 

[A„(D)A22(D) - A2i(D)A,2(D)]j 

= A22(D)Z,(0 - Au{D)X 2 {t). (3) 

Hence 


X = 


An(D)A22(D) - A2 i(D)A,2(D)^^^=‘'^'^^^"'*^^^ 


- An{D)XS)], (4) 
has the 


where the operator — 7 ^^ -, — 7 =^; ; — . — r-: 

Ah(D)A22(D) — A2i(D)Ai2(D) 

significance indicated in Sec. 19. A solution for y may be 

obtained in a similar manner. Thus the solution of (2) is 


1 

Xi 

A 12 (D) 

„_lKn(D) 


A 

Xi 

A22(D) 

^ AjAoriD) 

X, 


( 5 ) 
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where A = 


provided of course that A ^ 0. 


AMD) 

AMD) AMD) 

[The case where A s 0 will not be considered, since it implies 
cither the inconsistency or dependence of Eqs. (2). In expanding 
the determinants in (5) the terms invohdng A': or A'c should 
always bo written with A'l and A; to the right, as in (3); thus, we 
write and not A’iA»:.] 

To illustrate the method, we shall solve the system 


(30 + 3)x + (2)y = 
(4)r + (-30 + 3)?/ 




By (5), we have 


1 

^ = A 


-30 + 3' 


3/ = A 


30 -f 3 
4 


where 


Hence 


A = 


30 + 3 
4 


(-30 + 3)1 


= 1 - 90= 


_ _ (-30 + 3)c' - Cl -61 
^ 1-90= "1-90= 


( 6 ) 


(7) 


( 8 ) 


(9) 


y - 


( 10 ) 


(30 + 3)31 - 4c' 9 + 91 - 4c‘ 

1 -90= 1 - 90= 

By the methods of Sec. 19, we find tliat 

a- = — 61 + cic"* + C:C“"=, 
y = 91 + 9 + Ic' + cjc""’ + Cic“'/’. J 

The constants of integration appearing in the solutions for x 
and y are not independent, nor arc tlie 3 ' necessarily identical. 
To determine the relations between these constants, we substitute 
(10) in one of the Eqs. (5), sa 3 ’’ the first. Upon simplif 3 dng the 
result, we find that 

(4ci + 203 ) 6 "= + (2cs + 2 c4)c~"= s 0. 

Since the terms e"= and are independent, it follows that 
each of the coefficients must A'anish. Hence 


4ci + 2 c 3 = 0, 2ca + 2 c 4 = 0, 
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-</3 


} 


( 11 ) 


SO that 

C 3 = — 2ci, C4 = — Cn. 

Thus the solution of (5) is 
a; = — 

2 / = 9< + 9 + -|e‘ - 2c,e‘/3 - coe" 

■ While the above method leading to (11) includes the comple- 
mentary solution of (6), we now wish to show how the comple- 
mentary solution may be obtained directly. The complementar}’' 
solution of (6) is the solution of the sj’^stem 

' (3D 4- 3)2: + (2)2/ = 0, 1 

{i)x + (-3D -1- 3)2/ = 0. / 

By (5) this solution is 


( 12 ) 


a: = io = cie'/3 -h cjc""*, 


2/ = iO = C3e'/^ 4- (13) 


where the c’s are related as indicated above. 

In the same manner, the complementary solution of (2) is 

X = —0 = CiC'"!* 4- 4" ■ ■ • 4" CnC"', \ 

1 

2/ = ^0 = diCi' -f d2e’'»' 4“ ' • • 4" d„e’'n‘, \ 

where 

^ Ai,(D) A 12 (D) 

A2,(D) A23(D) ' 

and where rj, • • • , r„ are the roots of the equation 

A = 0. 

Here A is regarded as a polynomial in the variable D, so that 
A = k{D - ri)(D - rz) • • ' {D - r„), 

k arising from the coefficients in (1). [Of course, (14) must be 
suitably modified if some of the r’s are equal.] Substitution of 
(14) in (2), Xi and Xz being replaced by 0, leads to the equations 

[ciAii(ri) -f- diAi2(ri)]e’'i' 

4- • • • 4- [cnAii(r„) 4- d„Ai2(r„)e’-.‘ = 0, (15) 

[ciA2i(ri) -{- diA22(ri)]e’'i‘ 

4- • ■ • 4- [c„A2i(r„) 4- d„Azz(rrd]e’-n‘ = 0. (16) 
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The r’s being all distinct, the coefficient of each factor e^' must 
be 0. By (15), 


Since 


ciAii(ri) + diA\i{r\) — 0, 

CnAii(r„)+ dnAi;(r„) = 0. 


(17) 


A ii(Ti) 
A:i(ri) 


AArd\ 

A22(r,')j 


= 0, a = 1, 2, 


, n) 


it follows that the coefficients of e'<' in (15) and (16) are linearly 
dependent, and (17) insures that the coefficients in (16) arc all 
zero. 

The general thcorj' of systems of differential equations would 
require too great a space to present here. For a more extended 
treatment the reader should consult a good treatise on the 
subject. The exceptional cases where A = 0 has multiple roots 
occur rarely in practice. In the exercises below several such 
special cases are encountered. The method of undetermined 
coefficients will be found to be quite useful at times. 

The following remarks in regard to methods for finding solu- 
tions of 71 ordinary differential equations involving n dependent 
variables raa3' be helpful. It often happens that differentiating 
the given equations a sufficient number of times enables one to 
eliminate (71 — 1) of the dependent variables and their deriva- 
tives, leading to a single equation containing only one dependent 
variable, ii. If this equation then be integrated and the value 
of X: thus found be substituted in the other (;! — 1) equations 
there maj' be obtained a sj'stcm of (71 — 1) equations in (n — 1) 
dependent variables. Bj' a repetition of this method a sj'stem 
of one equation in one dependent variable may be eventuallj* 
obtained. From the solution of this latter equation the com- 
plete solution of the giA'cn sj'stem maj’ then be obtained. Sj's- 
tems of n equations in n dependent variables of order higher than 
the first may be replaced by sj^stems of 1st order differential 
equations. Thus the equation 


is equivalent to the system 



du 

dx 


= -91/. 
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1. (a) Solve by (5): 


EXERCISES XVn 


dxdy 

h * = cos t, 

dldl 

d-x dy 

___+3x-y = e-. 


(b) Find the complementary solution by (14). 

Cl / C; Cj 3\ . / c. Cs . l\ 


2 t 

+ -e-‘ + - cos t, 
o 2 


y = cic* + c: sin I + cs cos t + + )<(sin t -f cos 1). 

Solve each of the following systems: 

/ dy 




X = (Ci + C:t)e‘ + C3c-“/= - ■ 


y = (6c: — 2ci — 2 c 2 <)c' — — i. 


dy dz 

~-l7y+2--Sz^0, 

dy 

13-7 = o3i^ -f 2^. 
at 


' dx 

= 


4. \ ^ ~ 3s, .fins. < y = cic“ + C 2 r“' cos 


dz I 

~r = 3x. 12= Cie" + c;!e~' cos I 

,dt \ 

dx 

+ X = 0. 

[ di 

' dx dy 
I dx dy 

— + — — '3x - y = 0. 
l di dt 


X = Cic” + C 2 C~' cos (“v/Si — a), 
y = c , c “ + CiC~‘ cos — a + 

S = Cie" + cos — a + 


X = cd + c:f~=, 

y = cd-‘ — cil. 
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7. The dilTercntml equations of the transformer circuit indicated in 

the figure are 


Li == 

?l 

Fio. 127. 

where the e m.f. imprc«‘=od in the first mesh is E sm trh ii and q\ are the 
current and charge, Tc.«pcclivelv-, in mesh one. and tj and <?: are the current 
and charge, rcspccti\ el 3 ’, in mesh two. 

(a) Recalling that dqi/dl — ii and dgi/dl = t;, write these equations 
entirelj’ in I’s (Hint: DifTerentiatc ) 

(b) Sohe the resulting sjstem for the currents Ji and i- 

(c) State the transient (complcmcntara ) solution. 

(d) State the steady-state (particular integral) i=oluUon. 

(e) Find the solution to this problem if at ( = 0. 

ii =0, i 2 = 0, < 7 i = 0, and g- = 0. 

S The equations of motion of a particle of ma.«s m m pounds are 

d^x dlv d'z 

”'^= 0 }. m~=gZ, 

where i, i/, and c arc measured in feet and w here A', F, and Z are the z, y, and 
r components, rcspectieclv of the force aetiiig on the particle nica«urcd in 
pounds weight 

(a) Find the equation of the path of a projectile «hot into the air with a 
pven initial vcloeitj vo in a direition making lui angle a, with horizontal 
plane. (Assume flight to be in a aertical plane ) 

(b) Solve (a) if the air exerts a resistance proportional to the aclocita 
and directed along the path. 

9 A particle nioecs in the z;/-plnnc under an attractnc force propor- 
tional to Its distance from the ongm (a) State the equations of motion 
of the particle (b) Show that the path followed b>' the particle is an cllip-e 

(c) State the period 

10 Solve Ex- 9 if the particle is subject to a resisting force proportional 
to the Yclocitj' and directed along the path 

11. A particle A moves about a particle S which exerts an attracting 
force inversely proportional to the square of the distance between .4 
and S. 

(a) Show that the equations of motion are d'-x/dt- = ~Kx/r‘, 
d-yldC = —Ky/r^, where K is a constant and r- = *' -f y', if the particle 
S IS located at the origm (This is the case of the motion of a planet about 
a central sun.) 

(b) Show that the radius vector SA sweeps out equal areas in equal 
times. 


ii— -f -f M~ = E sin id, 
Cl ) dl ‘ Cl ' dl 

, r *5 , 9= n 
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Hint: By substituting s = r cos 0, y = r sin 0, rewrite the equations of 

.do , 

motion in polar coordinates and integrate, obtaming the integral ~ h. 


Ans. 



K dr do d^O 

— . 2 1- r — 

r- dl dl di- 


ce) Show that r is a solution of the equations 

Z[1 + a cos (0 — 0)] 

found in (b). (Tliis shows that the path of motion is a conic with focus at S.) 

12. A particle moves under the influence of the force of graiuty near the 
surface of the earth (taken to be plane). If the particle is projected at 
time i = 0 with an initial speed of « ft. per second at an angle a with the 
horizontal, determine the equation of motion of the particle. Solve this 
equation, assuming that at i = 0, the particle is at the origin of a given 
coordinate S 3 'stem. What is the time of flight of the particle if the ground 
is perfectly flat? What is the angle a for maximum range? What is the 
envelope of the famity of trajectories, for fi.xcd n ? What is the ph 3 'sical 
significance of this envelope? How many trajectories touch tliis envelope 
at a given point? How man 3 '’ trajectories reach a point on the interior of 
the envelope? Above the envelope? If the ground slopes at an angle 0 
\rith the horizontal, find the range. Find the maximum range. 

13. By Nendon's law of gravitation, the force of attraction exerted by 
the earth on a body is given by F = —ymM /r-, where m is the mass of body, 
M the mass of the earth, r the distance between the bodies and 


7 = 6.65(10)“* g.“* cm.* sec“*. 


BTiat is the differential equation of motion of a body falling to the earth from 
a great distance? Solve this equation for the velocit 3 ', assuming that at 
t = 0, r = To and t; = 0, and that if a is the radius of the earth, F = — mg 


and M = — ■ 


Atw. 




If the body starts at a very great distance from the earth what is v at the 
surface? Neglect the resistance of the air. Ans. 7 miles per second. 


22. Simultaneous Total Differential Equations. We shall 
consider the following special system which is of considerable 
importance: 


Pi dx Qi dy -r Ri dz = 0,\ 

Pa dx + Qedy Rz = 0, / 

lyhere P i, Qi, Ri, . . . are functions of x, y, and z. Equa- 
tions (1) may be written 
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where 

p = K: 


IQ.- 


Ri 

Ri 


Q = 


Ri 

Ri 




Qi\ 


It can be shown that the general solution of (2) consists of two 
relations involving two arbitrarj' constants: 


y, ci) = I 

y, c, c-) = 0. j 


( 3 ) 


Equations (3) nia 3 ' be interpreted as representing a familj' of 
curves whose direction at (x, y, c) is given bv' dx:dy.dz in (2), 
curves whose tangent at (x, y, z) have direction cosines propor- 
tional to P:Q:R. 

We shall indicate certain methods of obtaining solutions to 

( 2 ). 

Method 1. It is sometimes possible to deduce from (2) two 
equations each of which contains onlj' two variables and their 
differentials. 


Example 1. Consider 


Evidently 


dx dtj dz 
yz zx xy 

dx dz dy dz 

z X Z y 


T\-hich have the solutions 


(4) 


(51 


= r’ -f Cl, tf = r= -f Cz. (Jo) 

Equations (0) are solutions of (-3). 

Method 2. It may happen that but one equation containing 
onlv' two variables and their differentials is readilv- obtained. 
In this case the solution of this equation mav' often be used to 
obtain another equation in two variables. 


Example 2. Consider 


dx _ dy dz 
y X -J-r y 

From the first and third members of (7) we find 


(7) 


X 


f c,. 


( 8 ) 
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Substituting (8) in (7), we find 

-^=l^ (9) 

2z + Cl y, 

whose solution is 

^ = 2^ + Cl2 + Cl. (10) 

Jit 

The solution of (7) consists of (8) and (10) taken together. 

Method 3. Each of the fractions in (2) is equal to 

I dx + m dy A- n dz 
IP + JwQ + nR ’ 

where I, m, and n are arbitrary multipliers not necessarily con- 
stants. This fact may sometimes be used advantageously to 
obtain a zero denominator and a numerator that is an exact 
differential! or to obtain a nonzero denominator for which the 
numerator is the differential. 


Example 3. Consider 


dx _ dy _ dz 

y + z 2 + * X + y 

Evidently 

■ dx — dy _ dy — dz _ dx — dz 
y — X z — y z — X 

from which we find 

y - X - ci (2 ~ y), z — y = Ci(z— x). 
Example 4. Consider 

dx dy _ 2 d 2 

3/ + 22 a: + J/ + 22 ~x 

Then 


( 11 ) 


( 12 ) 


(13) 


dx dy ^ 2dz _ dx — dy ~ 2dz 

y +2z x+y + 2z~ -x~ \y + 22) - {x A V + 2z) - (-x) 
— dx — dy — 2dz 
0 


■*Ience 


dx — dy — 2dz = 0, 
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so that 

- _ „ _ 2r = c;. U^) 

Sabsthuling (14’i in lie first fraciion of {13). ire find 

dn _ 2* 

— Cl —T 

-.vhose solution u- 



The solution of (13) is (14) ond (15'< tol;''n together. 

The relation of (2) and the equation 

P dx Qdy -i- Rd: = 0 (16) 

is of some geometric interest. 

Equations (2) define a famih' of curves vrhose direction vector 
V at each point (x. y. z) has direction cosines proportional to 
P:Q:R. If (16) is integrable, its solution cousins oi a family of 
surfaces everjtvhere orthogonal to the direction vector V and 
normal to the curves (3) defined by (2). i^Tiile (2) aivays has a 
solution, (4) does not in the nonintegrablc ca.se. This means 
that if a family of currcs is given, it is sometimes impossible to 
find a familj' of surfaces orthogonal to them. On the contrary', 
for a given family of surfaces. P, Q. R are defined, so that equa- 
tions (2) may be solved. This means that to a given family of 
surfaces a family of curves orthogonal to the surfaces can altvays 
be constructed. 


EXEPXISES X\Tn 


Solve, ctecl:, and interpret gcometri! 

1. dr/l = dy.n = dc 1. 

2 . dx’x — dytzyzfr — dz.z. 

3. dr 'y = dy —z — dz 0. 

^ dz d’j dz 

z[x — y) zfz - y) z’ d- y' 

_ dz dy dz 



:lly each solution: 

I y - z = cz. 

I 1 - — C:Z. 

I Ci(z — l,C- = log Czy. 
Ar^r. z~ -r- z- — ci. y = Cz- 

Arit. J =■ - y' - -- = «:• 
i2zy -z- ^cz. 



Arj. z = cd2 
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6. ^ = _iL. = -±- Ani. 

X X I- y z + z- 

^ dx _ dy _ dz 
' bz — cy cz — az ay — bz 
8. dx/yz = dy/zx = dz/xy. 


X = Cily — x), 

Jog (y - = C2 4- 


y 


Ans. 


•I 


Cl (2/ — x) 
ax A-by + cz = ci, 

+ 1/^ + 2' = Cj. 


dx dy dz . ( 2 + 2a; = ci, 

1 3*= sin (2a: + 2 ) -2 Iv = 3;= sin c, + Cj. 

, 10. In Ex. 7 determine the circle which passes tlirough (0, — c, h). 

11. Find curv&s of Ex. 9 which intersect tiie circle a:= 1 /- = 1, 2 = 0. 

Find and name the surface generated by these curves. 

12. Show that the lines of the system in Ex. 1 meet the curve x- + y~ = 4, 
2 = 0, to form the surface (x — 2 )’ + ( 2 / — z)‘ = 4; also the curve 


<p(x, y) = 0, 2=0 


to {oral the surface f>(z — z, tj — z) — 0. 

... dx dz 

13. Show that a general integral of ;=== = dy = — is 

l + Ve-x-y 2 

ij!{2y — 2, 2 / + 2'\/ z — X — y) =0, when <p is arbitrary. 

14. Discuss from a geometrical standpoint the solution of 


dx A- dy A- dz = 0 


and the solutions of Ex. 1. 

15. Find a set of surfaces orthogonal to the set' of curves given by 

dx dy dz 

— = r — = — r — Ans. xiF = c 2 ’. 

yz 2zx —3x2/ 

16. Show that there exists no sot of surfaces orthogonal to the curves 
whose differential equation is dxfz ~ dy/{x A- y) = dz/\. 

17. Find a set of surfaces orthogonal to the set of curves giimn bj"- 

dx dy dz 

7 = 7 =^; ^--*=+ 22/2 + 22 ^= 21 . 


18. Find a set of ounces orthogonal to the surfaces represented by 
zy dx — zxdy — if dz = 0. 

19. Find the set of curves orthogonal to the family of surfaces xyz — c^. 

Ans. See Ex. 9. 

20. Show that the problem of finding the orthogonal trajectories of a 
family of surfaces whose equation is /(x, t/, 2 ) = c necessitates solving the 
system 


dx _ dy dz 
a// ex “ df/dy “ df/dz 

Illustrate this by finding the orthogonal trajectories of the family of surfaces 
X 2 = CI/; a^x^ + b^y^ + c- 2 * = c’, y = x tan (2 + c). 
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Example 2. A general solution of tlic equation 

= Ox 
is 

[y + c)- = I', 

and the c-discriminant of this solution is 


x« = 0. 


The line x = 0 is a cusp locus C, and there is no envelope (Fig. 132), 



ly 



Fio. 132. 


It should be observed that if (2) is solved for c, so that it is 
of the form c — y) = 0. then tlie second equation (6) reduces 
to the absurdity 1 = 0, and the above procedure fails. Thus 
the applicability of this procedure depends upon the form in 
tvhich (2) is uTitten, This illustrates the need of carefully 
analyzing the preceding discus.sion in order to render it exact. 

The equation of an envelope E may sometimes be obtained 
directly from the ditfcrcntial equation (1) vdthout first obtaining 
the solution (2). Suppose that neighboring curves of (2) 
intersect at points Q near E (see Fig. 12S), and suppose it were 
the case that, for some point (xi, j/i) on E, yi, pO 9 ^ 0. 

Then F,, 0 throughout some region about {x\, y{), and in 

particular at a point Q near (3:1, i/i). By Theorem 20.1 of Chap. 
I, Eq. (1) would determine p as a single-valued function of a- 
and y near (3:1, yi). But p is obviouslj' not a single-valued 
function of x and y at points Q near (xj, pi). Hence, for each 
point (re, y) on E, 

y, V) == 0. (9) 

Since (1) and (9) hold simultaneously for each point (x, y) on 
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E, the equation of B may be obtained by eliminating p from (1) 
and (9). The expression resulting from this elimination is called 
the p-discriminani. It turns out that the p-discriminant may 
include other loci besides E, such as a tadocus T or a cusp locus 
C, and that these other loci are seldom solutions of (1). 

Example 3. In E.xample 1, F{x, y, p) = 4p~x — (3x — 1)-. Hence, 
Vj p) = Spi:. If we eliminate p from F = 0 and F-p = 0, we find the 
p-discrirainant of (7) to be 

x(3x - 1)2 = 0. 

In Fig. 131 we see that the line a; = 0 is the envelope E and that the line 
I = J is a taclocus T. 

The p-discriminant method for obtaining the envelope is 
subject to the same difficulties as the 
c-discriminant method (see paragraph 
following Example 2). Thus, the equa- 
tion p — has no p-discriminant, 
while the equation p® = 3y- has the 
p-discriminant p = 0; moreover, p = 0 
is the envelope of solutions of 

p3 = 3y2_ 

EXERCISES XIX 

Find the singular solutions of each of the following equations. Use two 
methods where possible, and verify that the solution obtained actuallj' 
satisfies the differential equation. 

1. y == xp — (1/p). 2. xp- — 2yp — a; = 0. 

Ans. p 2 = —43:. .dns. x^ y^ = 0. 

3. 4p2 = 9a;. 4. (1 + x^)p- = 1. 

5. p2 -{- 2xp = y. 

6. p’ - 4xJ/p + 8j/2 = 0. Ans. p = 0, 21y = 4x’. 

Find the envelopes of the following families of curves: 

7. p = 2ca; + ct S. y^ == cx ■- c'. 

9- iy ~ c)2 = x(x — 1) 

24. Evolute and Involute. Consider the curve C whose equa- 
tion is p = f{x) and let (a, h) be a point P on C. Then b = f{a) 
and the equation of the normal to C at (a, b) is 

V - /(o) = ~ 

The envelope of these normals to C is called the evolute B of C. 
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By the method of Sec. 23, we find the parametric equations of 
the evolute E oi C to be 


T — a f"{o) ^ 

y - /(«) + 


( 1 ) 


In these equations (x, y) arc the coordinates of the point T on 
E corresponding to tlie point P on C, i.c., the normal at P is 
tangent to E at (x, ;/). By (1), the square of the line segment 
FT is equal to 


(x - a)= + [y - /(a)l- = 


|1 +[/'(a)n 

[/"(«)]= 


which is 
(a. b). 


the square of (he radius of curvature p of the curve C at 
Consequently T is the center of curvature of the curv’e C 


Involuf, 



of P is 
position 


Fig. 134. 

called an involntc of E. 
of T, 


for the point P. This proves that 
the evolute of a curve C is the locus of 
the centers of curvature of C. 

It is quite easy to show that the 
length of the line segment ?T is equal 
to the length of the curve E meas- 
ured from some fixed point ri. 

Now regard P as a given curve. 
Draw the tangent line t to P at a 
point P = A, and thinking of P as 
fixed on r with A fixed on P, let r roll 
around P without sliding. Thelocus 
It is seen that, at anj' later 


7’P = TA, 


where T is the point of tangency of t witli P. It follows from the 
preceding paragraph that P is the evolute of the locus of P. 


EXERCISES XX 

1. Find the evolutes of the following curves: 
(a) j/* = 4ar. 


(b) 
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(c) 

2. Find involutes of the following curves: 

(a) = a-. 

(b) y- = 4ax. 


PART E. ELECTRICAL NETWORKS 
26. Linear Networks.* Electric-circuit theory is a branch of 
general electromagnetic theory and deals tvith electrical oscilla- 
tions in electrical networks. An electrical network is a connected 


set of circuits or meshes (forming 
closed paths) each of which can be 
regarded as made up of circuit param- 
eters called resistance, capacitance, 
and inductance elements. In a linear 
network, the circuit parameters are 
assumed to be constants (independent 
of current strength). A passive net- 



Fjg. 135. 


work is one which has no internal 


source of power, and an active network is one which has one 
or more internal sources of power. Ordinary network theory 


proceeds from the assumption that the network is linear and 


passive. 

Two laws of great importance in the theory of such networks 
are Kirchhoff’s laws (see Ex. XI, 3 for the relations connecting 
R, L, C, i, and e) : 

(a) The total impressed e.m.f. around any closed loop or circuit in- 
the network is equal to the potential drop due to resistance, capaci- 
tance, and inductance. This total must include applied e.m.fs- 
as well as voUage drops due to the effects of self-parameters and 
induced couplings with neighboring circuits. 

(b) The algebraic sum of currents flowing into a branch (or junc- 
tion) point is zero. 

Consider the w-terminal pair w-mesh linear electrical network 
containing (lumped) resistances, inductances, and capacitances. 
Let ei, ■ • • , be the (real) e.m.fs. impressed on terminal 
pairs 1, 2, • ■ • , w, respectively: q, and L, be the instantaneous 
(real) charge and (real) current, respectively, in mesh s; R,i, 
L,t, Dh, s 9 ^ t, (real numbers) be the (lumped) circuit parameters 

* Guillemin, “Communication Networks,” Vols, I, IL 
Bueington, R. S., Matrices in Electric Circuit Theory, Jour. Math . 
Physics , Vol. XIV, No. 4, December, 1935. 
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(resistance, inductance, and elnstance*, respective!}-) mutual to 
meshes s and / ; and /?,„ L.„ D.„ the total circuit (real) parameters 
of mesh s, that is, the total resistance, inductance, and elastance 
of mesh s (s, / = 1, • • • , n). The meshes are so chosen that 
mesh s (s = 1, • • • , tn) is the only one which passes through 
the terminal pairs s. 

By Kirchlioft's laws, an equation for each circuit of the network 
may be written. The complete differential equations for the 
network of n meshes arc: 


where 


Qu 

fi 

+ Ui; 

h 

+ • 

• + Oi, 

In 

= Ci. j 

1 

ti 

+ Ur,.; 

f; 

+ • 

' ! ^mn 

tn 

= Cn. 1 

OnJ.1,1 

h 

+ On+l 


+ 

+ 


= 0, 

Qnl 

ii 

+ u„; 


+ • 

‘ + On.fi 

? H 

= 0. 


«.< = /?.. + L„p + D„p-', p = j^y 


( 1 ) 


p being the usual derivative operator and p~' its inverse.! These 
equations, together with a description of the initial conditions of 
the network, completely specify the network performance. 

If the row by column rule for multiplying matrices! be used. 
Eqs. (1) may be written 



or AU/ = {el, 


where A = (a,,) is a iiclirork tnalrij for the given network. 

We shall assume that the mutual impedances are (bilateral) 
reciprocal, that is, a„ = a.r, and hence = /?„, 

Crs = C,r, D„ = D„. In other words, A is a symmetric matrix. 


* B)- definition tlie elaslanec is D., = 1/C,i whore C,i is the capacity 
common to meshes s and /. 

t dq,/dt = 1,. q, = fj i, dt = p~H,. 
t See Chap. VI, Part A. 
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It is important to note that the network matrix A is dependent 
not only upon the circuit parameters Ora, but also upon the 
particular agreement made upon the selection of the circuits 
of paths forming the meshes, the numbering of these meshes and 
the directions which the currents in these meshes are assumed to 
take. 

26. Steady-state Solution, of A{i] = {e}. The solution of 
(1) in the preceding section is divided into two parts, the particu- 
lar or sicady-staie solution and the complementaiy or transient 
solution. The general solution of (1) is the sum of the particular 
and the complementary solutions. 

Let the driving force e.m.fs. for the terminal jjair in mesh 
n be* 

e„ = for ;n = 1, • • • , m, j- = -1, | 

= 0, for = m + I, • • • , n, f 

or more brieflj", 

{e} = 

where is the complex e.m.f. impressed in mesh p, and where 
is the complex voltage for terminal pair y. The real part of e,, 
is the actual e.m.f., i.e., e,, = (R(ep). Since phase relations 

are to be taken into account, the E^, being complex numbers, 
may be made to take care of the situation. Thus, if the actual 
e.m.f. in mesh 1 is 100 cos (ut a), the complex e.m.f. is 
<?j = where Ei = 100e’“, and where 

(R(ei) = 100 cos {cot -4- a). 

Suppose that 

{i} - {I)e'“', (2) 

that is, 

h — M — Ij ■ ■ ' , n, 

is a solution of (1), Sec. 25. is called the complex current in 
mesh II, the actual current being the real part of z„.) Then 

A{ij = A{I}e'“' = {E)c'“S 

* In order to avoid confusion, we shall use y = \/ — 1, e = 2.71828 • ■ • , 
instead of the symbols i and e, usually used by mathematicians. Here a, u 
are measured in radians. 
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hence 

B{I) = {E}, (3) 

where {I) and {Ej are column arra 3 's and B ^ (h,.), 

b,i = bit = "h Z/«(X 4" -DfA *> X = ju, j~ 1. 

If d(B) 0, from (3) 

B-‘B{I! = B-MEI, 

and 

HI = B-MEI, (4) 

or in the usual notation, 


m ri 



#1 — 1 ■» 1 


where is tlic cofactor of and is the general- 

ized network impedance, being a transfer impedance if p 5 ^ /; and 
a driving-point impedange if p = k. t 

The steady-state solution of equation (1), Sec. 25 is (2). wliere 
jl| is given by (4). From (4) follows the 
Superposition Principle. The result of m voltages of the same 
frequenej'' simultancouslj' imprc.«scd in the various meshes is a 
linear superposition of the individual response.s in mesh k for 
the voltages ei, • • • , e„ impressed successively in meshes 
1,2, • • • , m, respectively. 

If all the e.m.fs. arc zero except at terminal pair n, then 

Zi — — htl (r,\ 

I. B,. V ^ ‘ 

Now it is known that B„;. = Bup. Hence if It = E„fb^ and 
h = E';./b;„, then = h if E,, = Ef Thu.s, the reciprocal 
Theorem 26.1. Let an e.m.f., e„ be impressed in mesh p and the 
current it be measured in mesh k. If the same e.m.f. be placed 
in mesh k instead of p, and the residting current ip measured in 
mesh p, then the currents ip and u are exactly the same, both in 
magnitude and relative phases, as before; i.e., ip = ii. 

For .simplieitj'' of notation, we shall frequentb’^ omit the factor 
e”'"' from notations for currents and e.m.fs., and shall speak of 
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the actual currents and e.m.fs., in terms of their complex repre- 
sentations 1 and E. 

Theorem 26.2. 7/ a set { E' } o/ e.m.fs. all of the same frequency 
acting in the m branches of an invariable network, •produce a current 
distribution {Tj, and a second set {E"| of the same frequency 
produce a second current distribution {!"}, then 

(E'){n = (E'Od'K 


m m 

t.e., = p'/I'i- 

Proof. By (4) {!'} = B-^E') and {!"} = B-ME"} or 

(I") = (E")(B“')^- [(I) is a row vector (Ii, • • • , Im)]. Multi- 

ply bj’^ the transpose (E”) of {E"}. Then 

(E"){r} = (E'OB-ME'l = 

for (I”) = (E")B“i, = B~^, since B is symmetric. 

If several different e.m.fs. of different frequencies w, are 
simultaneously impressed, each of the type Cr.s = er,« 

being the e.m.f. impressed in mesh r of frequency w,, then 


{i} - 




( 6 ) 


is the steady-state solution, where (Ir.,) is a rectangular array 
and 7r,5 is the current amplitude in response to frequency w, in 
mesh r, ir.> = 7 r, 

In connection with (1) of Sec. 25 and its solution, it may happen 
that (3) are insufficient to jdeld a unique solution due to the fact 
that all the independent relationships that can be expressed by 
I^chhoff’s laws have not been utibzed, or some of the equations 
may be linearly dependent upon certain others, i.e., a linear 
dependence relation may exist between the e’s, etc. Such situa- 
tions arise in the theorj’- of ideal transformers. The rank r of B 
is the number of equations determining uniquely r of the currents 
{1} as linear functions of the remaining (n — r) 7's, and (n — r) 
is the number of linear independent mesh currents. 

27. Transient Solution. In this section the complementary or 
transient solution of A{i} = {e} is considered, that is, the solu- 
tion of 


A{i} = {0}, 


(i) 
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where {Oj is a column array all of whose elements are zero. 

Let a solution of (1) be 

fp = Jp't’’.'', i.c., {il = IP'Mf’’'', (/^ = Ij • • ■ ) «) (2) 

Then 

Afij = AiP'Mf”'' = 10}. 

hence 

C<''{P'’l = 10!, (3) 

where 

C<’’ = (cji’), C/t’ = + Djtpr'- 

If (2) i.s valid, then (3) must hold. For each mode p, of the 
system there is a set of equations (3). 

A trivial solution of (3) is !J‘’M = jOL This means that 
the natural behavior of the system maj- be to remain at rest. 
However, nontrivial solutions are desired. In (2), the p, are 
as yet undetermined. By Corollary 4.5 of Chap. VI, a necessarj- 
condition that (3) have a nontrivial solution is that 


d(C<'>) = D{pr) = 0. (4) 

This poljmomial equation is of degree r g 2n and is known as the 
ddcrminanlal equation. Let pi, pi, ■ • ■ , pr be the solutions 
of (4). 

The number of indejicndent solutions of (3) is (n — p), while 
everj' other solution is linearly dependent upon them, p being 
the rank of 

.solution X of the matric equation C'"X = 0 of rank p, 
where p is the rank of C^’\ is called a complete solution. Let 
{x} = {xi ■ ■ • , T„\ he arbitrar 3 \ Then it is known that if 
/S'*' is a complete solution of = 0, then 

IP'M - (5) 

is a general solution of (3). 

The solution of (1) for p, is 

Jij = = gw {x !£”,<. . (6) 

If all the natural modes p, are distinct, the transient mesh 
(complex) currents are 
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U = (fc = 1, ■ • • , n) 

«• = ! 
or 

{i!=J{6'’M, (7) 

j = being a rectangular array. 

The folloTOiig theorem concerning the determinantal equation 
is well known: 

Theoeem 27.1. The t ^ 2n roots of (4) arc the natural modes 
P\, 1 Pr of the network. If the network is passive, i.e., the 

matrices R, L, D are positive semidefinitc, the real modes arc negative, 
and the complex roots always occur in conjugate pairs with their 
real parts negative. 

The individual terms JlNeP"* of (7) are known as natural or 
normal functions; t is the number of normal meshes, “fictitious 
meshes” having one natural frequency and one rate of decay. 

is the transient current amplitude in mesh k of mode r. 
If pi, po are conjugate complex numbers, then J[P and JIP are 
conjugates. For pi = —a+ jg, a real and positive, then 

= 2|Ji»(6-‘“[cos (gt + 

where g is the natural frequenc}’' in radians per second, a is the 
decrement per second, 2\J\}'’\ = 2|/j(.^’| is the initial amplitude 
in amperes, and is the phase angle in radians. 

The number n of degrees of freedom of a network is the number 
of linearly independent mesh currents; i.e., the least number of 
meshes by which a network may be specified. 

Theoeem 27.2. The maximum number of modes that a network 
may contain is twice the number of independent meshes. The 
degree r of D{p) = Q is ^2n. r is the nwnber of independent 
integration constants of (1), the maximum number of initial condi- 
tions that can be specified for the network, the number of independent 
modes of the system and the number of transient current amplitudes 
for a given mesh current. 

While (7) contains 2n^ amplitudes J’-^, only the amplitudes for 
one mesh current need be considered as the integration constants 
of the system (1). 

In electrical networks the rank of C is either n or (n — 1). 
Then from (3), for the r**' mode and any f = 1, • • • ,n, 

(* = 1, 2, • • • , n; r = 1, 2, • • • , 2n) (8) 
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vrhere 

= cofactor of 

and the are arbitrarj* constants. 

Since C is sj-mmetric, r<’’ = (n?) is the adjoint matrix of C'”’. 
and for arbitrary i and s, 


./t'> 


7(0 




(k = 1 , 


, n; I- = 1, 


,2n). (9) 


Thus, all the J’s are expressible in terms of those for the sth 
mesh and maj' be considered the true integration constants of ( 1 ). 

If certain of the modes are coincident, instead of (7) the tran- 
sient mesh current solution wilt be of the form 


!i( = ( 10 ) 

where is a column arraj" with elements 

Pp being a representative <7 coincident mode, and jn a repre.^entative 
distinct mode. 

The general solution jiif of (2), Sec. 25 is the sum of the 
steady-state solution |i!, and the transient solution jib of ( 1 ), 

Ulc = Ul. + lilt- ( 11 ) 

If it is required to find the charges qi. recall that 

!q| = p-'jil. ( 12 ) 

Equations (1), Sec. 25, may be replaced by a similar set in {qj. 
The solution for [ql^ could then be carried out in a manner 
entirely analagous to that given here for [ib. 

It should be emphasized here that the actual currents (and 
charges) are given by the real part of (ii^ and {qj,, written 
(5l{i} and ffl{q}. 

The use of elementarj- dmsors in the transient solution of ( 1 ), 
Sec. 25 is well knorni* in the theorj’^ of differential equations. 
This method will not be discussed here. 

28. Energy Relationships. If both sides of equation ( 1 ), 

Sec. 25 be multiplied on the left by the transpose of {!) 

{ir = (i), 

• Moulton, J. R., “ Difierentinl Equations.” 
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a one-rowed array, then we have the expression 

n 

(P S (I)A{i} = (I){e} = (1) 

y=i 

which is the rate at which the applied e.m.fs. are supplying 
energy to the network. (P is knovui as the instantaneous power. 
The left-hand side of (1) is evidently equal to 

XX'X'.A. ( 2 ) 

t=l J=1 

Since a,*: = Rjk + LjkP + Djkp~^, we may express (P in the form 

(P s (I)R{i} -p (3) 

where R s {Rji) is the resistance matrix, L s (L/t) the inductance 
matrix, and D = (Djk) the elastance matrix. 

The rate at which energy is being converted into heat, the 
total instantaneous power loss, is 


(R s (i)R{I} = ^ 2 RitHfik, 

the rate of increase of magnetic energy, the total instantaneous 
magnetic energy, is 


£ = 




i=i it = i 


and the rate of increase in electric energy, the total instantaneous 
electrostatic energy, is 


j=i *=i 


It is important to note that the netAvork matrix A is actually 
the matrix of the instantaneous power, A = R pL -j- p~^D. 
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In applying matrix theory’ we should emphasize the fact that 
the network matrix A can be written down quite readily’ from the 
wiring diagram of the jietwork, once an agreement has been made 
as to the numbering and path of the mesh currents. It is merely’ 
a step then to state the differential equations Afl} = {§} of the 
network, and the relation for power. 

29. Equivalent Nehvorks. Let Y = (Y.,) be B~' with all but 
the first VI rows and columns deleted. Then from (4), Sec. 26, 
we have 



or 

{Ij„-Y{E1„. (1) 

The matrix Y is called a characteristic (admittance) coefficient 
matrix of the network N. 

Two ra-terminal-pair networks, Ni and N^, are said to be 
equivalent if, for all frequencies (to = — Xj), they have equal 
characteristic coefiicient matrices Y; i.e., for all to they have equal 
electrical characteristics. 

The element T.i, s /, of F is the short-circuit transfer admit- 
tance between terminal pairs s and t, and the element is the 
short-circuit driving-point admittance between terminal pair 
s, (s = 1, • • • , rn). 

Assuming that 7], • • • are linearly independent, we know 
that F is of rank m, and that (1) gives 



or 


{E}„ = Z{I1„, 


( 2 ) 
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where 

Z = (Z,d = Y-h (.s,t=l, ■ ■ , m) (3) 

The matrix Z is known as a characteristic (impedance) coefficient 
matrix of the network. 

The element Z,t, s ^ t, oi Z is the open-circuit transfer imped- 
ance between terminal pairs s and t, and the element is the 
open-circuit driving-point impedance bet-ween terminal pair 
s, (s = 1, • • • , m). 

, The admittance may be shown to be equal, save for sign, 
to the ratio of the determinant of B\, where B‘t is B with row t 
and column s deleted, to the determinant of B as given in (3), 
Sec. 26, that is, 

F., = (±)^; (s, < = 1, • • • , 7 «) (4) 

where (4-) is used if (s + t) is even, ( — ) if (s + 0 is odd. 

Equation (2) may also be obtained from (1) of Sec. 25 by 
eliminating the inner currents im+i, • • • , in, provided, of course, 
that the matrix Ai;;;" obtained from A by eliminating the first m 
rows and columns, is nonsingular. 

The rate at which energy is being supplied to the network 
(1), Sec. 25, the instantaneous power, is (dropping the symbol 
~ from above I and c) 


n 71 

4^ fiCi "h ‘ ' ' d” imCm — i»BtiXi d" igLgtit 

s,( = l «,( = 1 

n 

(5) 

s,( = l 

or in the language of matrices 

(P = (i){e} = (i)A{i} = (i)R(i! d- |(i)L{i} -f |(q)D{q}. (6) 

Suppose we fix the impressed e.m.fs., ei, • • • , e„, but let the 
currents and charges in the quadratic form (P be subjected to the 
real cogredient nonsingular linear transformation T, 
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(P = iiei + ■ ■ ■ + ImSm = Uei + • • • + imCm = 
or, more briefly, 




(P = (i){e} = (i){e} = (i)A{i), 


( 8 ) 


where 


A = T^AT, A = (a„). . (9) 

Hence the matrix corresponding to B in (3) of Sec. 26, becomes 

B = TTBT, (10) 


or 


Hence 


B s 


(11 • • 




5nl ■ * ■ 5 ti 


1 • 

• o 

. . o 1 

• 1 1 

0 • 

• 0 i 

0 ■ 

• • 0 1 


^m+1,1 * * ■ ^n.l 


'll • * • Win 


0 ■ • • 1 

* * 


0 • • • 0 

0 . • • 0 

' ■ im+l.n. 


1(0 ■ • • 0 I tm+l,n ■ * • ijj.nli jj&nl ‘ ‘ ‘ h„„jj jjj„,i 
where 


tn,n 


B — R 4” “h HX X = jco. 


( 11 ) 


R = T^RT, L = TH.T, D = T^DT. (12) 

It can be shown that the elements of Y as given in (1) are 
absolutely invariant under nonsingular m-afiine transformations 
T operating upon A as given in (7).* Hence Y is an absolutely 

* That is, A and A have the same characteristic coefficient matrices Y. 


/ 
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It can be shown that, under certain conditions, liin is 

the desired solution y of (1). 

Example 1. Solve dy/dx = x — y under the condition that y = 1 when 
z =0. 

Write 

y = 1 + J^*(i - y) 

By (3) and (4), 


y<^(2) ^ 1, 


f'^{x) = (i-l)dx = l- i-ry 


= 1 + 


/: 


f) 


dx = 1 — I -h x’ 
dx 


X ‘ X * 

= 1— x+x’— — 4-— > 
3 24 


x‘ 


and so on. It is readily verified that y = 2f"* -r x — 1 i.s a solution of the 
given equation, and that p'‘’(x) contains the first four terms of the Mac- 
laurin scries for y. 

It may liappen that the integrals in (4) cannot be computed 
directly. In this event we approximate a solution i/ of (I) bj* a 
procedure consisting essentiallj' of two steps; 

Step I. Evaluate the integrals in (4) by some numerical 
method so that accurate numerical values of y in (1) are deter- 
mined at a few values of x near Xo, say Xi, x;, xs, these x’s being 
equally spaced at a distance A apart. (The computational labor 
makes it impractical to extend this procedure to veiy manj' 
values of x.) 

Step II. Extend the tabulation of values of y for later values 
of X (say Xi, Xi, ■ ■ • ) bj' a step-by-step process using values of 
y already obtained. 

To describe step I in detail, write 

y^-'{xo) = yo \ = y?\ • • • , y^^^xo) = y{,”, • • • . 

Then by (3) and (4), 
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= yo, = 2/0 + Vo) dx, 

J 'xa rx» 

f{x, yo) dx, yi~^ = 2/o + I f{x, yo) dx, 

To %fXO 

yo being a known number. We evaluate 2/f' and y^'‘ by (27) 
and (23) of Sec. 39 Chap. II, and we find 2/^®> from the relation 

y?^ = yo+ r’f(x, yo) dx = yo-{- C'fix, Vo) dx + C'fix, yo) dx 

•/xo •/Xo I/Xl 

= y?^ + J^*V(*, yo) dx, 

the last integral being evaluated in the same manner as yf\ 
By (4), 

2/(f' = 2/0, 2/i^’ = 2/0 + P'/(^, 2/^'‘) dx, 

Jxo 

yT = 2/0 + r‘f(x, y<-^) dx, 2/f = 2/0 + r’f(x, 2/'^0 dx, 

«/X0 «/xo 

where the values of y^‘\ and hence the values of f(x, y<^^), are 
known at xo, Xi, x«, xz by (5). This process is continued until 
2/1"’, 2/2"’, 2/3"’ remain constant (to w'ithin the desired accuracy) 
as n increases. If we denote the values of y in (1) at a;i, xz, xs 
by 2/1, 2/2, 2/3, then 


2/1 = 2/1”’, yo = yl"’, ys = yl"’, ( 6 ) 

when n is sufficientlj’- large. 

Step II is now readily carried out. By (2), 

y4 = yo + r' fix, y) dx, 

«fXO 

where y is evaluated by (6). This integral may be evaluated by 
formula (25) of Sec. 39, Chap. II. Again, 

ys = yo + C' fix, y) dx = yo A- H'fix, y) dx + fix, y) dx 

•/Xo •/Xo Jxi 

= yi + 

where the last integral may be evaluated in the sanfe manner as 
yi. Since we may write 



420 


HIGHER MATHEMATICS 


[Chap. Ill 


yL = Vo -r y) dx = yt, + v) ^ 

= 2/i_4 -f P‘ jix, y) dr, 

this process maj' be continued a.s long as de.'ired. 

To guard against error-;, cither accidental or arising from the 
approximation.;; involved, it .«hould be verified for each h that 

yt = Vi- + /fr, y) (h (7) 

by computing the integral by Simp=onV rule. u.sing the values of 
y given by the preceding formula, or by some other more accurate 
formula involving t/^ (as previouslj’ estimated by the above 
method). If this check is carried out simultancou.sly \rith the 
above computation, it may be po.ssible at each step to eliminate 
.email discrepancic.s in the last computed number yi bj' adju.sting 
j/* by trial and error so that (7) i.;- accurately verified. Extreme 
care must be taken to avoid .«mall errors in ;/i, y-. ys; to this 
end h may have to be verj* .;--mall. 

Sometimes the integrals (4) may be computed directh', but the 
.successive functions converge slowly for not at all) to y 

except in the immediate neighborhood of xo. In such a case it 
maj' be po.ssible to use y'”‘(x) (for .sufficiently large n) to evaluate 
yi, Vi, yj directly (thus .riiortening step I), and then to find 
y*, Vi. ■■ ■ by .step II. 

The above method may be rcadilj- extended to higher order 
equations, and to system.^ of equation.s, but wo .shall not give thesfe* 
extensions here. Many other methods have bccji devised for 
approximating a solution y of (1), but in most cases the gist of 
these methods is to replace y in (1) or (2) b\' it.s Taj’lor series 
and then to manipulate this serie.s in some convenient fa.riiion. 
We shall give an example to illustrate the manner in which this 
manipulation may be efTected. Let us consider the wave cqualion 

§ + pWy = 0 (8) 

which occurs in connection with many forms of wave motion. 
If y = fix), we have 
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'y, = f{xo + 2/0 = f(zo) + 2hr(xo) + 4/j2^-^ + 

+ + ■ 


Vi 


■ — 4! 

= /(.To + /i) = /(to) Th /)/'(to) + + /i^£^ 

! + /i^4^ + • ■ • , (9) 


2/0 = /(to), 

= /(xo -h)= fix,) - hf'ix,) + 

A I 




Let us introduce the notation 


I 


Aoy = y\- y,= fix, + h) - fix,), 

Ai2/ = 2/2 - 2/1, A22/ = 2/3 - 2/2, • • • , 

A? 2 / = Alt/ - A,y = 2/2 - 22/1 + 2 /o, 

Aft/ = As?/ - Aj2/, • • • , 

Aly = Aiy - All/ = 2/3 - St/s + 3t/, - y,, 

Aft/ = A;!/ - A-y, • • • , 


and so on. It is readily verified from (9) that 

,.£^ + 

fUtr- \ rfoi/- \ 

■[Aist/ = 

-At^y = 


2! 

1 


4r 

er 


4! 

1/^0) 

4! 


6! 

+ 


6! 


( 10 . 1 ) 

( 10 . 2 ) 

(10.3) 


If we neglect terms of order higher than the sixth, it' follows by 
(10) that 


j,,mxo) 1 . , 

^r: = 

f" 


. ^41.„ - iAi,!, + 4-A‘-^- 


2! 


^6! 

4 V 


( 11 ) 


"6! 
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Let - —p<z)y - — p(z)/fe), Bv 

y" ^ c(x). y'" ^ - 


Hence, b}' (30.1). 

^ ^ —sT^ ‘ 


Since (II) hold? for an arbitrary- function /. '.ve ma^' replace/ 
and y in (11) by c and Fubnitute the results in fl2}. IVe find 
that 


Aid/ 


. 31 , 

‘ 00.450 “’“' 



( 13 ) 


Xotv suppose the values ye, yi. y.. • . y,. of a particular solu- 

tion y of (8) have been determined in some way [as by a power 
serie.? .solution of (S)] at the valuf-s zc, r.. • • • . z, of jt, and sup- 
pose the following table ha= b"cn constructed (neglecting A-<t 
and higher differences) as far down a? the line: 


1 

2 

1 3 , 4 

^.5 0 V 

s 

9 

.10 

C; 

V'l 

Vj 

-ijr 

’ a;c , fiafe 

\ 

\ 


1 A-.y 
' ^ly 

' r-*-, 

[ yi 
Vi 




\A\^ 


-iiy 

• !/i 



;/.ak 

1 ate zk- -rV:afs.- 

— iy 

. AiV 

* Vi 


a.s-- 



-i' 

' A 07 

' Vi 

•Cr. 

Ae_jC 



-L;I/ 

J A*_ry 

< 

i y- 

t 



U;.:v 

{ 

J 

i 



i 

i 

t 


Make preliminarj' estimates of and This is a 

simple matter when varies slowly; but if A*ip does not var>- 
slowly, then a smaller value of h should be used or should 
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exists a number N such that for all n > N, Sn < —0, then we 
shall say that {sn} definitely diverges negatively, or decreases 
without bound, and shall write s „— >— =0 asn— >+«>. Thus, 
if Sn — n-, s„-^ +<», while if a„ = ( — <Tn does not 
diverge definitely, either positively or negatively. 

A divergent sequence {sn} wdiich is not definitely divergent 
is said to be indefinitely divergent. Thus the sequence (o-„j 
mentioned above is indefinitely divergent, as is also the 
sequence 0, 1, 0, 2, 0, 3, 0, 4, 0, 5, • • • . 

If two sequences {s„} and {ff„}, neither necessarily convergent, 
are so related to one another that the quotient s„/cr„ tends, as 
n — > CO j to a definite finite limit K different from zero, then we 
shall say that {sn} and {<r„} are asij77iptotically proportional, and 
we write Sn ~ o-„. If i? = 1, we shall say that the two sequences 
{s„} and {cr„} are asymptotically equal, and we write s„ = cr„. 
Thus, for instance, ■\/n'^ + 1 = 71, since ■y/n^ + l/n—^l as 
n — > + 00 ; Y'n + 1 — s/n \f-\/n, since 

•\/n + 1 — -\/n 
Ijs/n 



EXERCISES I 


1 . Examine each of the following sequences for convergence, or type of 
divergence: 


(а) (n + 1), 

(c) (logn). 

(e) ((-l)Vn}. 

(б) ((-3)’'). 

(i) (n-* + (-l)»n|. 

2. Prove: 


(b) |n= - n}. 

(d) 

(0 H-D”). 

(h) (3" + (-2)"). 


(a) 1 + 2 + • • • -}■ 71 7^, 

(b) + 2s + . . . + S i7i\ 

(c) log (Tn’ + 17) ~ log n. 

3. If a > 1 , prove that -y/a — » 1 as n — > + «. (Hint: Let 


Xn = y/a — 1, 

show a = (1 4 - a;„)n > 14 - 7ix„ > nx„, and finally prove 


Tn 0 as n — * 4 - m.) 

4. Prove the theorem stated in Ex. 3 for the case where 0 < a g 1 . 

5 Prove that -> 1 as n — 4- ». (Hint: Pollow the method used 
m Ex. 3.) 
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2. Convergent Sequences. The following theorems indicate 
a few of the elementary properties of convergent sequences; 
"Theorem 2.1. A convergent sequence {s„) has a unique limit. 
We base our proof on the fact that if a number a is such that 
|o:| < e for every positive number «, then certainly a = 0. Sup- 
pose s„—>( and Sn — > Then for any arbitrary positive number 

e there exists a number N such that for n > N, |s„ — {| < e/2 and 
|s„ — {'I < e/2. Now 

If - f'l = K®. - f) - (Sn - f')l ^ ISr. - fi -f If' - 


By the preceding remark, f' = f. 

"Theorem 2.2. If a sequence js„) is eonvcrgenl, it is bounded; 
and if |s„) ^ K, where K is a finite number, then the limit f of 
the sequence is such that |{| ^ K. 

If s„ — » f, then for any given positive number e there e.xists a 
number N such that for every n > N, f — e < s„ < f d- e. 
Hence, if it is a number greater than the values |si|, l^:!, • • • , 
|s.v|, and greater than |f| -f e, then |sn| < K for every n. 

We shall leave to the reader the proof that j{| g K. 
"■Theorem 2.3. If Sn f, then |s„| — > |f|. 

Since ||s„| — |f|| ^ (s„ - f|, it is clear that (|s„| - (f() -> 0 
when (s„ — f) — > 0. 

‘Theorem 2.4. If {«„) is a convergent sequence all of lohose 
terms are different from zero, and if lim s„ = J 0, then the 

sequence {l/s„) is bounded. 

There exists an integer N such that for every n > N, 
|sn - fi < ^Ifl, and consequently |s„| > Ilf]. Let y be the 
smallest of the positive numbers |si(, (sjI, • • • , js.vl, f|fj. Then 
7 > 0 and for every n, |s„| ^ y, so that |l/s„| ^ K = 1/y. 

If {s„} is a given sequence and if 

k, < ;.-o < *3 < • ■ • <k„ < ■ • • 

is any increasing sequence of positive integers, then the numbers 
~ ®*.> « = li 2, • • • , are said to form a subsequence of the 
given sequence. 

‘-Theorem 2.5. Let {s'! be any subsequenee o/ {s„l. If 
Sn f, then s' — v L 
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Using N and e mth the significance given in Sec. 1, we see that 
for every ?? > N, is„ — < e. Hence for any n > N, 

|sn - ^1 = - ^1 < e, 

since k„ > N when n > N. 

'Theorem 2.6. If the sequence |s„} can be subdivided into a 
finite mimber p of subsequences, each of which converges to then 
{s„} itself converges to 

We shall prove the theorem for the case where p = 2. Let e 
be any arbitrary positive number. By hypothesis there exist 
numbers n' and n" such that for every n > n', js' — ^| < e, and 
for everj’^ n > n", js'' — $| < e. The terms s' and s'' have 
definite positions in the original sequence {s„}. Hence there 
exists an N sufficiently large m {s„} such that for every n > N, 
(s„ - |[ < €. 

Let K\, Kz, • • • , Kn, • • • be a sequence of positive integers 
such that every positive integer occurs once and only once in the 
sequence; the sequence {s'} formed from the sequence {s„} by 
letting s}} = Se^ is said to be a rearrangement of the given sequence. 

"Theorem 2.7. Let {s}}} be an arbitrary rearrangement of 
{s„} . If Sn-^ ^ then s' 

For every n > N, |s„ — ^| < e. Let n' be the largest of the 
indices belonging to the finite number of places which the 
terms si, sj, • • • , s„ occupy in {s'}. Then for every 7i > n', 
jSn C. 

Consider any sequence {sn}. If we alter this sequence {sn} 
bj'- omitting, or inserting, or changing a finite number of terms, 
or by doing all or a part of these things at once, and then renum- 
ber the resulting sequence {s'}, then we shall say that { s'} is 
obtained from {sn} by a finite number of alterations. 

"Theorem 2.8. Let {s'} be derived from {s„} by a finite number 
of alterations. If s„—> ^ then s' — > 

The proof of this theorem rests on the fact that for a suitable 
integer p and a sufficiently large number N, s' = s„+p for n > N. 

"Theorem 2.9. If s'„-^ ^ and s'f and if for a sufficiently 
large m, the sequence {s„} is such that 

s'nS Sn^ s'„', n> m, 

then Sn — > 
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W’e sliall leave the proof of this theorem to the reader. 
'Theohem 2.10. If s„—* ^ and cr„ — )?, Ihcn 

(a) (s„ + ff,) + (b) (Sn — O-n) — ‘ (J — •>?); (c) .tr.O-n — » flj', 

(d) if arrij s„ 0 and ^ 0, a„/s„ — > i;/J. 

The proofs of the v.arious parts of this theorem are verj' similar 
to the proof of Theorem 3.2, Chap. I. 

"ConoLt..ARY 2.101. If s „— and c is any constard. then 
cs„ —* c$. 

B}' repeated application of the above theorems, we have 
'Theorem 2.11. Let (4*’)' • ■ ■ , W/'') p given 

sequences converging respcclivchj to I'", • ■ • , If 

Rr. = R(s'^^, si-\ • ■ ■ , slf^) is any rational function of the p 
variables sj,”- • • • i numerical corfhcicnls, then the 

sequence R„ —* • • • . provided division by zero 

is not required cither in the evaluation of the terms Rn, or in that 
of the number • • • > s*^0- 

The symbols 0(z) andoiz). Let jj'nl and (r„| be two sequences. 
Then the sequence {{■«! is said to be of the order of the sequence 
{r„| if there exists a positive constant k, and a value A' of n such 
that, for every n > N, irn/r«l < 1: 9^ 0, and we write 

In = 0(r„). 

If lim (f„/=„) = 0, we write sn = o(r„). 


Example 1. ^ = 0^— \ Since — = 

1 + n’ \av 

lows that for n sufficiently large, [sV/r,! < k, 
greater than 7, 


Example 2. — 



ftfhy?) 


19 


b fol- 

where k is a real number 


EXERCISES n 

1. Complete the proof of Theorem 2.2. 

2. Complete the proof of Theorem 2.6. 

3. Prove the statement given in Theorem 2.3 that 

Iki - Ull ^ k - si. 


4. Provetliatif [s.j is a null sequence and |fl» I is any bounded sequence, 
then the numbers tr, = QbS, also form a null sequence. 
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5. Prove Theorems 2.8; 2.9. 

6. Prove Theorems 2.10; 2.11. 

7. If (pn j — » 0, show that s„ = aP" — 1 — > 0, o >0. 

8. If a > 0 and Sn -> S, then a*» aK 

Hint: Show that a*- — o^ = — 1) is a null sequence. Use Ex. 7. 

9. Let |s„} be a null sequence all of whose terms are greater than -1. 
Prove that log (1 + Sn) is a null sequence. 

10. If s„ > 0 for evcrj’’ n, ( > 0, and if s„ — > f, then 


log s„ log L 


^1 + is a 


Hint: log s„ — log J = log j = log ^1 + 


log 1 1 + 


null sequence. Use Ex. 9. 


Demonstrate that 


11. If {s„} is a null sequence all of whose terms are greater than —1, then 
= (1 + s„)'’ — 1 is a null sequence. Here p denotes any real number. 
Hint: Show that pn = p log (1 + Sn) —* 0. Next show Zn —* 0. 

12. If s„ > 0 for every n, and if s„ —> 5 >0, then sj — > f p, where p denotes 
an arbitrary real number. 


Hint; By Ex. 11 show that s' — ?<’ = {e 




1 -> 0 . 


3. Cauchy’s Theorem and Its Generalizations. We shall now 
prove certain theorems of great importance. 

"Theorem 3.1 (Cauchy’s Theorem). If s„— then the 
arithmetic means 


Sn = 


Si + Sj + 


-I" s„ 


n 


n = 1, 2, 


also approach 

Let e > 0. Then there exists an m such that for every n > m, 
is„ — Ij < e/2. Then for n > m, 

lo' _ M ^ i(®i — f) + • * • + (sm — {)| , e(n — m) 

K ^i< - 

The numerator of the first fraction on the right-hand side con- 
tains a fixed number m of terms of {s„}, so that we can determine 
an iV ^ m so that for every n > N, that fraction remains less 
than e/2. Consequently, for n > N, |s' — ^| < e. 

'Theorem 3.2. If s„ — > where each s„ > 0 and ^ > 0, then 

the sequence of geometric means 


ffn = -v/si 52 • • • S„ — > f . 
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Since ^ r,, = Jo? » X = iog ^ :T>y Exs. il. ? and 10). 

By Theorem 3.1, 



= log c, — >■ log <. 


The theorem follows at once srom Et:. S and the fart that 
d**" = r. 

EXERCISES m 


Prove: 



5. Prove -^'rA ^ n <•, {IT? Ex. 4.' 

Many generalizations o: Cauchy's theorem have been given. 
The following theorem (due to O. Toeplitr. 191 E is perhaps one 
of the most important and far-reaching of these grneralinations. 
Consider the system .If of real numbers c-,. 



where M is subject to one or more o: the following conditions: 
(a) Eveiy column of Jf is a nttll sequence; i.e,. for any fixed 

p S 0. o,- — " 0 as n — * -f =- 

(fa) There exists a poative constant K atch that for every .a. 

Xi°-i < 

J-O 
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(c) If .An = a„,-, then A„ 1 as 71 -^ + = 0 . 

/=o 

(d) For any fixed p ^ 0, a„.n-p — > 0 when n—>- +00 . 
"Theorem 3.3. If xo, xi, is a null sequence and if M is 

subject to conditions {&) and (b), then the sequence {a;^} formed by 

n 

the numbers x’„ = ^ is also a null sequence. 

} = 0 

Let € be any positive number. Select an integer m such that for 
every n > m, |a:„| < t/2K. Then for n > m, 


~ IctnOa^O "H * * * “h anmXi,i\ “f~ “h * ' * “}“ ^nn^nl 


< lOnoSJo + • • • + ( + 2 1®" 

< la„oa:o + • 


'2K 




“t“ Q-nm^mt "f" 


By (a) there exists an N > m so that for every n > N, 


Hence 



K|<|+J = 6. 


"Theorem 3.4. If Xn and M is subject to conditions (a), 

n 

(b), and (c), then the sequence x'^ = ^ 

Evidently, 


>•=0 


n 

-An? A" ^^a„g{Xq f). 

?=>0 

Theorem 3.4 now follows as an immediate consequence of 
Theorem 3.3 and condition (c). 

‘Theorem 3.5. Suppose M satisfies conditions (a), (b), (c), (d); 

n 

then if ^ and y„ -» n, the sequence z„ = ^ a„pXpyn-p — > 

p = 0 
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Write 

^pVn—p ” “ ^y^—p ^Vn—P' 

Then 

n H 

Zn “ ®np2/«— pC^P “ ”h ^ Onp^/n— p* 

p-0 P“0 

Since (xp — {) -+ 0 and the y„_p are all bounded, it follows from 
Theorem 3.3 and Ex. IV, 1 that the first sum in s„ tends to zero. 
From Theorem 3.4 and condition (d), it follows that the sum 

71 11 

f QnpVn— p — f On.n— pl/p 

p-0 p-D 

tends to (r). Consequently z„ -* (rj. 

EXERCISES rv 

1. Prove: (Corollary to Theorem 3.3.) If in Theorem 3.3, the at, are 
replaced by a,, = a„\„, where IXi.l are all less than or equal to a fixed constant r, 

n 

then l^nj is a null sequence, where = ^an,x,. 

I-O 

2. By setting o„o *= a«i = • • • = fl,, = l/(n + 1) in Theorem 3.3, 
n = 0, 1, 2, • • • , prove Theorem 3.1 with J = 0. 

3. Provo Tlicorem 3.1 from Theorem 3.4. 

4. Let Pc Pi, • • ■ be any positive numbers such that 


n 



y-o 

Prove that if — > (, then so does — * (, where x^ 

Hint: In Theorem 3.4, set 



a„t = pt/a-„; n = 0, 1, 2, • • • ; 


/; = 0, 1, • • • , n. 


5. From E.v. 4, prove Theorem 3.1. 

6. Prove Theorem 3.1 is true for { = + » and for f = — «. 

7. Prove Theorem 3.4 is true for { = + ® and for { = — “=, proidded 

Opj ^ 0. 

8. Prove Ex. 4 assuming, instead of the positiveness of the p/, that 


^IPjI 


+ =o, and the existence of a constant G such that 



Sec. 3J 


JNFI?.nTE SEQUENCES AND SERIES 


455 


^ IPif ^ Pi • 

y=o |i=o I 

n . n 

9 . Prove that if !/„/?«-♦ f. then ^ t/i / ^ Pi -* ? pro'^ded the proper 

/=0 ' j =0 

restrictions are placed upon the p,-. (Hnrr: In Ex. 4 or 6 , set p„z„ = j/n.) 
What are these restrictions? 

« n n 

10 . Let Fn = j/j, Pi' and suppose that 

y=o y=o 

Pr. = i 4 „ — - 4 „_j (n ^ 1 , po = 4 c) 
satisfj’ the restrictions given in Ex. 4 or 8 . Prove that if 

r. - y„_, ^ ^ r„ 

‘ t, then ‘ 

— - 4 «_| An 

11 . From Ex. 10 . show that 


S'-- 


(a) lim ^ = lim — ” 


1 


n-^ «: •" 1 )" 2 




(b) lim ■ = lim 


r.-* =Ti> - (n - 1)» 3 




(c) lim — = lim 


nr 


r.- snr-^' - (n - 1 )p+> p -}- 1 
where p is a positive integer. 


12 . Prove: If x, — t and p, — then ^ {n + 1 ) 

n 

13 . Prove: If x, -► 0 . and y. 0 , and for every n, '^\y,\ < K, where K 

n = « 

is fixed, then r„ = — • 0 . (Hint: Use Theorem 3 . 3 .) 

j = 0 
*71 

logt 


14 . Show 


fc=i 


m log m J ^ 
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4. Criteria for Convergence. In examining a sequence 
{sn} tTTO important questions present themselves: (1) Is the 
sequence {snj convergent, definitel 3 ' divergent, or indefinite!}’’ 
divergent? (2) If the sequence {«„} converges, vhat is its limit? 
In general, (2) is by far the more difficult. 

We now state what is sometimes termed the first principal 
criterion for convergence. 

Theohem 4.1. Every hounded monotone sequence is convergent, 
and every unbounded monotone sequence is definitely divergent. 

This theorem is proved in Chap. IX, Ex. Ill, 5. (A monotone 
sequence is defined in the same manner as a monotone function. 
See footnote to Theorem 26.4 of Chap. 11.) 

A second criterion of convergence is given b}' 

"Theorem 4.2. Let {s„} be an arbitrary sequence of real 
numbers, and let t be any preassigned positive number. A necessary 
and sufficient condition that {s„j be convergent is that there exists 
a number N = A’’(«) such that for every n > A' and every h ^ 1, 

|Sn4.t Snj ^ €. 

Necessity. If Sn — » {, then for a given « > 0, there e.\ists an 
N such that for n > N, |s„ — Jj < i/2, and for any n' > A', 
jsn' — ^1 < «/2. Hence 

|S„ - Sn'l = |(Sn - I) - (Sn- - ?) | 

^ jSn - r + i«n- - ?! < I + I = e. 

Sufficiency. The sufficicnc}- proof for this theorem will be 
deferred to Chap. IX, Ex. Ill, 5. 

Let {s„l be a given .'=equence, let ri, c;, • - • , r„, ■ • • be 
anj' sequence of positive integers (equal or unequal, monotone 
or not monotone) which diverges to + « , and let ki, • • • , 
hn, ■ • • be any positive integers (unrestricted); then we call 
the sequence {dnl, where 

dn — 

a difference sequence of {s„j. 

"Theorem 4.3. A necessary and sufficient condition for the 
convergence of a sequence {s„} is that every one of its difference 
sequences be a null sequence. 

The proof of this theorem follows quite easily from Theorem 
4.2. 



Sec. 5] 


INFINITE SEQUENCES AND SERIES 


457 


EXERCISES V 

1. Let Sn = — rr +'—^„ + • • • +;r‘ convergent. 

n +1 n + 2 2n 

Estimate its limit. 

2. Let s„ = 1 +-+•••+ -• Is |s„} convergent or divergent? 

2 n 


(Hint; Prove (s.) is unbounded.) 

Ill 

3. Prove: Ifs„ = l— - + + 

3 o / 

converges. (Use Theorem 4.2.) 


+ 


(-l)"-^ 

2n - 1 


the sequence js„) 


4. Let 


(a) that (ffni is monotone decreasing and bounded; 

(b) that {s„} is monotone increasing and bounded; 

(c) that (sn) and (ff„) converge to the same limit. 

(d) What is this limit called? 

5. Prove Theorem 4.3. 


6. Limiting Points of a Sequence. In this section we shall 
introduce certain general concepts which will be of considerable 
importance for our later work. 

If Sn — > then every neighborhood of f contains all but at 
most a finite number of terms of the sequence. Since every 
neighborhood of ^ contains an infinite number of terms of the 
sequence, ^ is sometimes called a point of accumulation or limiting 
point of the given sequence. However, divergent sequences 
may also have such points of accumulation, as for example 
the divergent sequence 1, 2, 2, 1-, 2, j, 2, 2, • ■ • , which has 

0 and 2 as points of accumulation. 

"Definition 6.1. A number ^ is called a point of accumulation of 
a given sequence {s„} if every neighborhood of ^ contai?is an infinite 
number of terms of the sequence. 

Perhaps the most fundamental theorem here is that due to 
Bolzano (1817): 

"^Theorem 5.1. Every bounded scqueJice possesses at least one 
point of accumulation. 

This theorem is proved in Chap. IX, Ex. Ill, 5, but owing to 
its importance we are including it here. Theorem 4.1 is a special 
case of this theorem. 

A particularly interesting theorem which brings out the rela- 
tionship betw^een the limit point and a limiting point of a sequence 
is the following: 
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^’Theorem 5.2. Ercry accuvxiilatiort poiixl of a sequence {5„1 js 
the unique accufnulalion poini of soxnc subsequence of {?,}. 

Let ^ denote a point of accnimilntion of {j,}. For ever\- 
e > 0. there exists an infinite number of indices n for 'n-hich 
!s„ — < (. We caTi pick a suitable n = pi for which 

l^r, ii 1 j 

a suitable n = pt > pi for which — t! < ‘ i RR 

n = Pr > Pr-i for which < 1/r, v = 2. S, 4, • - ■ . 

The subsequence = {s^\ thus selected converges to t. 

From Theorem 5.2, we may prove that every bounded sequence 
has a least accumulation point ux as well as a greatest accumula- 
tion point M. (See Chap, IX, Ex. III. 2.) 

The least accumulatioit point nx of a (bounded) sequence 
is frequently called its loices liuxit or inferior linxii. and is 
often indicated by 

lim = 171. or lim inf = in. 

« n— ♦ -r • 

Likewise, the greatest poitit of accumulation M is c.allcd the 
upper limil or superior limit of the sequence is»L aod is indicated 
by 

lim s, = 3f. or lim sup s„ = M. 

E\'idcntly, m g .11. 

If a sequence has no lower bound, we shall write lim s, = — a: ; 

“J— -f iC 

if it has no upper bound, lim = + « . 

u— + « 

For cx.aniple. if la'nj — a, b, c. a. b, c, a. b, c, ■ • • . a < b < c. 
then lim Jn = c, lim = a. If {x„} = 5 — 1, 5 — -I, 5 — 3, 

n-**f « r.— « 

5 — ^ , ■ • • . lim j. = — , lim x„ = 5. 

n— •'4* * 

EXERCISES Yl 

1. Distinguish between the definition of limit as given in See. 1 and point 
of accumulation as given in Sec. 5. 

2. rind the points of accumulation of i#,}, where 

(a) s. = ill - (-1)'). 

(cl = (n -I- l)/n. 


(b) =« 2', 

(dl s, = (n — 1) '!!, 
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3. Construct a sequence of rational numbers having ever}' real number as 
a point of accumulation. 

4. Do the accumulation points of a sequence necessarily belong to the 
sequence? Illustrate. 

5. In each of the following sequences determine lim inf s,. and lim sup .s„ 
(if they e.xist) : 

(a) s„ = n = 1, 2, 3, 4, • • • , (b) s„ = 3 - 

(c) s„ = -n. (d) 8n = (-!)"«. 

(e) 3, 5, 3, 5, 3, 5, • • • , 3. 5, • • • . (f) = 5 

(g) s„ = 7 + n" "" 

6. Prove the following theorems: 

(a) A sequence js„} is convergent if and onlj' if its upper and lower limits 
M and m are equal and finite. 

(b) A sequence {s„j is indefinitely divergent if and only if its upper and 
lower limits are distinct. 

(c) State and prove a theorem similar to (a) and (b) for the case where 
{s„l is definitely divergent. 

7. Let lim Xn = n, /i 7 ^ ± “. Prove: 

n— *+ « 

(a) The limit S of eveiy convergent subsequence of {a:„l is always 

(b) There exists at least one subsequence of l3:„) whose limit is /i. State 
a similar theorem for the lower limit. 


PART B. SERIES 

6. Infinite Series, Products, and Continued Fractions.* In 
the application of sequences to mathematics and applied fields, 
the sequences to be examined do not as a rule present themselves 
directly. Sequences appear indirectly in a number of common 
types, the most common of which are (1) infinite series, (2) 
infinite products, and (3) continued fractions. We shall first 
consider infinite series. 

‘"’’Definition 6.1. An infinite series 

to 

oi + ®2 + 03 + ■ • • , or Cfc, 

is a symbol for the sequence { s„ } , where 


Si — Oi, S2 — Ui “h O2, 


Sn = 


* See the excellent treatise, by K. Knopp, “Theory and Application of / 
Infinite Senes. ^ 

, .1 
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Considering the representation of a real number by a sequence, 
vre may state question (2) in Sec. 4 as follovrs: Given two con- 
vergent sequences c,. — ^ f and c, — + ij. How can we detc-mune 
if J is equal to 55 , or if $ and are in a simple relation one to the 
other? For example, if 


i‘. = 



f and c-r. 



•it 


it is not at all evident that i} = J-; nor is it evident that 1 , 4, 
-Jf. - ■ • and 1.414213563 - • - both converge to \/2- 


EXEP-CISES vn 


1 . Dos *= a - 1) -r (1 - li T • - - - (1 - I; -f - ■ - ? 

T, •0 

■= 1 - (1 - li - (1 - 1 ) - (1 - 1 ) - • • . ? 

2. Prove: 



r.-O 


^ ^ =1 

' -f 3)(r. -r2) 


n-0 


here z is real and 


r.-O 

z ^0. -1. -2. • ■ • 

3. Test /or convergence. If the series diverges-, does it diverge definitely 
or indefinitelv? 


<z) 2 ”- 


r.-l 

X 

n-.] 

fci 2t-lp(2n -i- 1). 

id) 

r. = ! 


4 . Prove: 

/a; If X be fived. 0 < x < 1 , 

b-k “ (n -t — 0. 

>‘-<■ = 25 -^ 

fc-i 


1 . 


(d) 






A 
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5. 


Let s„ = 


ct i + fla + • • • + On 
bi + &! + • • ■ 4" bn 


b„ > 0, then s„ is also monotone. 


Prove that if 


— is monotone and 


7. Series of Positive Terms. We shall now concern ourselve.s 
exclusively with series all of whose terms are real and nonnegative 
numbers. 


If (all On ^ 0), denotes such a series of positive terms, 

n = 0 

then the sequence {s„} of partial sums is monotone increasing 
since 


Sn == Sn_l + On ^ S„_i. 

It is easy to see (from Theorem 4.1) that 

THEOREAf 7.1. A scries of positive terms converges if and only 

if its partial sums are bounded; otherwise it diverges fo + <» . 

00 00 

Theorem 7.2. The two series and p being any posi- 

« 0 ri « p 

tive integer, converge or diverge together. 

Theorem 7.3. If each X„ satisfies the inequality 


0 < X' ^ X„ ^ X", 


where X' and X" are fixed finite real positive mmbers, then the two 
00 00 

series of positive terms and ]^X„a„ converge or diverge together. 

n = 0 n — 0 

Proof. If Sa„ converges,* then the partial sums of Sa„ 
are all less than some fixed number K, and the factors X„ are gX", 
so that the partial sums of SX„a„ are all gX"if, whence SX„a„ 
converges. 

A similar argument may be ghmn for the case where Sa„ 
diverges. 

Theorem 7.4 {Comparison Test). Let Sc„ and Edn be two 
series of positive terms, the first of which is known to be convergent, 
the second, divergent. Let Sa„ be a given series of positive terms. 


We shall often use the symbol for where no confusion will 

n = 0 


result. 
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I. 7/ there exists a positive integer m such that for every n > m, 

On ^ c„, then 2fl„ is convergent; (A.l) 

and if for a’ery n > m, 

a„ ^ then Ea„ is divergent. (A.2) 

II. If there exists a positive integer ni such that for every n > m, 

22±I g £i±l, fften Za„ is convergent; (B.l) 

flr. Cfi 

and if for every n ^ m, 

OnJj ^ then 2a„ is divergent. (B.2) 

fl-n 


Case A.l. The hj'pothc..‘;is permits us to write a„ = 7 „Cr.. 
7n ^ 1 for every n > m. Consequently, by Theorems 7.2 
and 7.3, Son and 2c„ converge together. 

A similar proof may be given for ease A.2. 

Case B.l. Consider the sequence {<7n), gn = a„/Cn. For 
everj’' n > N, g„j.i g ( 7 „; hence there exists an iV such that for 
n > N, {j 7 „j is monotone decreasing, and since all of its terms 
are positive, is bounded. Theorem 7.3 as.'ures the convergence 
of 2a„. 

Case B.2 may be proved in a similar manner by considering the 
sequence \h„\, h„ = a„/d„, and applying Theorem 7.3. 

In order that these comparison tests may be useful, it is 
necessary' to have a large stock of series whose convergence or 
divergence is known. The exercises given in the following 
sections of this chapter should form a nucleus. 

EXERCISES Vin 

1. Prove Theorem 7.2. 

2. Complete the proof of Theorem 7.3. 

to 

3. Consider the gcomclric series ^o". Derive an expression for the sum 

n = 0 

(if it tadsts) of this series. For what values of a does this series converge? 
diverge? 


4. Show that the partial sum s» of 


n{n + I) 


is 1 . 

n + 1 


Find 
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the sum (if it exists) of the series. 

eo 

5 A series of the form , p real, is called a harmonic series. Sbovi 

n’’ 

n®=l 

that if p ^ 1, the series diverges; if p > 1, the series converges. 


6. Show that is convergent to a sum g 3, where 01 = 1. 

n! 

n>=0 

Hint: Show that s„^2+“+^4--*-+ 

7. Prove Cases A.2 and B.2 of Theorem 7.4. 


Theorem 7.5. (Cauchy’s Root Test). Lei ^ Cn 5e a series of 

n « 1 

positive terms. If for N sufficiently large, On < a", n > N with 
0 < o < 1, that is, if \/^ ^ a < I for all n > N, then the scries 

CO 

^a„ converges; but if for some N, ^ 1 for all n > N, then 

n « I 

«9 

the series ^ an diverges. 

n = 1 

We shall leave the proof, depending on Theorem 7.4, to the 
reader. 

From Theorem 7.4, we see 

Theorem 7.6. (Cauchy’s Ratio Test). If for N sufficiently 
large, and for all n > iV, a„ > 0, 


^ ^ c < 1 
an 


> 


then ^ an converges; hut if for all n > 

n«l 


Qn+l 

an 


^ 1, 


then ^ a„ diverges. 

n»l 
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EXERCISES IX 


1. Prove Theorem 7.5. 

2. Prove Theorem 7.6. 

we 

3. (a) Use Theorems 7.5 and 7.6 to test for convergence. 

n — 1 

(b) Wliy is it essential that the root and ratio should not 

approach arbitrarily near to 1? 

4. Determine whether or not the following series are convergent or 
divergent. In each of the examples where x appears, assume z ^ 0 and 
determine the values of x, if any, for which the given series converges: 

(a) 2 S 

(convergent for z S 0) 

n-0 

K 


n — 1 

(convergent) 

4B 

(c) nfx', X > 0. p arbitrarj’. 

n«I 

e 

(convergent if i < 1) 
(divergent if z > 1) 

2 Vn(n + 1) 

n«»l 

(divergent) 

«e 

2 Vh(1 + n'-) 

n ** 1 

CO 

(convergent) 

n » 1 

(convergent) 

(log n)" 

n «2 

ec 

(convergent ) 

n =» 1 

(convergent) 


(divergent) 


n**! 
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®2 


(log 


(convergent) 


n = 2 


5. (a) Prove that — is divergent for p g 1, convergent 

(2n + !)'■ 

>1 = 1 

for p > 1. 

eo 

(b) Show that > a and b being positive numbers, diverges 

(an + t)!’ 

n = 1 

for p g 1, and converges for p > 1. [Hint: Prove l/(an + b)’’ ~ l/nK] 

«0 

6. Prove that “ is convergent if fc > 1, where p is a prime. 

p=i 

7. Let Zi, 2j, • • • , z„ denote any “digits,” 0, 1, 2, • • • , 9. Prove 

eo 

that 2o + ^ converges when 2o is any integer. 


n = l 


This example shows that every infinite decimal fraction may be regarded 
as a convergent infinite series, and therefore may be regarded as a represen- 
tation of a definite real number, the sum of the infinite series. 


Test each of the following series for convergence, 
does it diverge definitely or indefinitely? 

If the series diverges, 

8- 1 +^+^+ • • • +|;+ • • •• 

(converges) 


(converges) 

^ + • • •• 

(diverges definitely) 


(diverges definitely) 

12. ^ + ^4-^4....+ ^ j 

24-1 44-184-1 '2»4-l^ 

• • ■ . (converges) 

13. — 4- -i- 4- J_ 4. ... 1 1 1 

1-2 2-3 3-4 n(n 4- 1) 

• • . (converges) 

14. ^ 4- ^ 4- ^ 4. . . . [ ^ . 

l-l-l'44-lS4-l' + 

• • • . (converges) 
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15. 


36, 


2-3-4 ' 3-4-5 ‘ 4-5-6 


2n 


{ji -t- l)fn -f 2 ;(r -r 3) 
3,6. 0 , , 3n 


2-3'3-4'4-5' ■ <n4-l)'n-f2; 

Tf'-'t o: the 3'o!!!>-n5i2g s«raK)“f 2 !f.} for conrcr^-sce, 


(oonveTcesj 

Miver^l 


17. » 


19, 


21 


i-l 


i-1 


(coaverg«) 18 . t. = (converts} 

i-i 
r 

2 k\ 

3-5-7 - - - f2/;-fl)' 

i-I 

22 . = 

' ^ 1 - 3 • 5 - 7 • • - (2fc - 1) 


1-1 


23. 3:^?^ - <C02Vt'.-ses) 24. *. = 


i-1 


i-l 


(divt-ir^ 


(COTJVtrgSE; 


(cosruTges/ 


Theohem 7.7. L-fi '^a^bc a scries vrhotf: terms form a posUire 

r.-'l 

monotone decreasing sequence and let gc, gi ■ ■ ■ be any 

increasing sequence of positive integers. Then the two series 

■K. « 

and - 01 ) 0 .^ 

»!-0 t-'o 

are either both convergent or both divergent, provided that there 
exists a positive conAard 3f vuch that for every I: > 0, 

gt-i - at M(gt — g-r-i). 

Let e„ denote the partial sums of the given series and it the 
partial sums of the second series. Let A denote the sum of the 
terms (if any) preceding a,^. Then for n < gi. 
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s„ < ^ A + + • • • 4- Off.-i) + ■ • • 

+ + • • • + 

^ .4 + (gi - ga)ao^ + • • ■ + (gt +1 - gk)a„^ s A + f*; (1) 
for n > gk, 

s„ > > {a^.+i + • • • + a^,) + • * • + + • ■ ■ +ac,) 

^ (ffi — 9'o)Off, + • ' • + (<7* — gk-\)a„^ ^ik — to. 

Also, 

Ms„ > {gz — + • • • + (^i+i ~ 

Hence 

- io. (2) 

From Eq. (1), if {«„} is bounded, then so is {s„}; and from 
Eq. (2), if {s„} is bounded, so is {<„). Consequently {i„} and 
{s„| are both bounded or both unbounded, and so converge or 
diverge together. 

00 

Theorem 7.8. If ^ a„, o positive monotone decreasing series, 

n^l 

is to converge, not only must On-^O hut also nOn 0. 

If Sa„ converges, for every chosen « > 0, there exists an 7n 
such that for every y > m and every o- ^ 1, |s;,+, — s,,] < e/2. 
Pick n > 2m and y the largest integer not greater than n/2. 

n 

Then y and ^ «,■ < e/2. Therefore (n — y)an < 6/2 and 

71 € 

gOn < 2' Hence, na„ — > 0 as n . 


EXERCISES X 

1. Retaining the relevant assumptions of Theorem 7.7, prove that 

09 

^.On and converge and diverge together. 


n = l 


fc=0 


2. Show that 




together (use Ex. 1). 


n = l 


fc = l 


3. Show that 


2 


n = l 

p fixed but arbitrary. 


k=i 


2* 

(24'’ 


converge and diverge together. 
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4. Show that gt = 3‘, 4*, • ■ • , I:*, • • • arc examples of particular 

values of gt for which Theorem 7.7 holds. 

Exercises 1 to 4 clearly show the value of Theorem 7.7, for the divergence 
and convergence of 22*asi is more easily determined than that of the 
series 2a„. 

5. Prove that S(2/; + l)aii and Za„ converge and diverge together. 


6. Prove that 
together. 

7. Prove that 


2 1 ^ ^ 

(log 2)/; ~ ^ 2 * log 
t-1 i-1 

2/; log 2 • log (k log 2) 2^ 


and — 7-^ — diverge 

log n 


2 ‘ 


t-2 


i-2 


2"= • log 2‘ • log (log 2‘) 


and 


^ L 

-^Jn • log n • 1 


log n • log log n 

n "S 

8. Generalize Ex. 7. 


diverge together. 


9. Prove that, if 6 > 1, 

n log n • • • log;,-! n - 


n-2 


logy-i n - Oogp n)‘ 


converges 


and diverges together with 


3‘+> - 3‘ 


3‘flog 3‘) 


(log, 3‘)‘ 


10. Consider where a, = l/(n log n). Show that a„ — *0 and 

n-2 

na„— *0. Does diverge? (ICo.) 


11. Investigate the behaxior of a,, where for n ^ JV with N sufEci- 

n-AT 

ently large, a„ has the following values: 

(nil* ’ 

(a) nVnl, (b) 

(2n)! 

(d) 3"(n!)/n”, (e) -y/a - 1, 

(g) (V^Tl - V^), (h) V? t - V n, (i) 

1 


(f) ", 


12. Prove; - <1+-+- + 
2 2 3 


Cr> 


+ 


2 ” -■ 1 


< n for ever}- n > 1. 


13. Prove: The sequence |i„i, where z, = lH !-••• H log n, 

2 n ' 

is monotone decreasing. 
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14. Prove; If converges, then so does 

n»l 

15. Prove: Every positive real number x is 
form 


00 



n = l 

expressible uniquely in the 


,0= I I 




where o„ is a nonnegative integer with a„ S n — 1 for n > 1, and where 
On n — 1 for every n after some definite value N of n. The series ter- 
minates if and only if x is rational. 

8. Series of Arbitrary Terms. In this section we shall assume 


that the terms a„ in are arbitrary real numbers. 

n =5 0 

From Theorem 4.2 follows immediately 

"Theorem 8.1. A necessary and sufficient condition for the 
convergence of the series 2a„ is that for any preassigned positive 
mtniber e there exists a number N = N{e) st(ch that for every n > N 
and every ^ 1, Is„+r. — s„j < e, that is, that 

[Cn+l + On+Z -!-•••-{- On+ti < «• 

"Theorem 8.2. Let {m„1 and {fc„} 6e two arbitrary sequences 
of positive integers, the first {at least) of which tends fo w . The 
series Sa„ converges if and only if the sequence 

Tn = + • • • + 

is always a mdl sequence. 

This theorem is an immediate consequence of Theorem 4.3. 

An immediate corollary to Theorem 8.1 is 
"Theorem 8.3. A necessary condition that Sa„ converge is 
that a„ — ^ 0. 

Is Theorem 8.3 true if the condition necessary is replaced by 
sufficient? 

so oe 

"Theorem 8.4. If ^ a„ converges, and if r„ = ^ a,- denotes 

n=0 i=n+l 

the “remainder" after n terms, then r„ — > 0 as n -> -f- oo . 

«e 

Since ^ a„ converges, for every e > 0, there exists an N such 

n = 0 

that for every n> N, and every fc ^ 1, 
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6. Explain the absence of comparison tests in the case of series of arbi- 
trary terms. 

ALGEBRA OF CONVERGENT SERIES 

9. Algebra of Series. We have already pointed out that the 
term “sum,” used to designate the limit of a sequence of partial 
sums of a series is quite misleading, because it is apt to foster 
the belief that an infinite series maj' be manipulated by the same 
rules as an actual sum of a finite number of definite terms. This 
belief is, of course, erroneous. 

In the following paragraphs we shall show to what extent the 
principal laws (the associative, distributive, and commutative 
laws) of the algebra of actual finite .sums hold for infinite series. 

We first consider to what extent the associative law is valid 
in the theory of infinite series, this law being o.xpressed by the 
relation 

Uo + (Oi ri" O;) = (flo -f- 0]) fl;. 

"■THEonEM 9.1. Let n\, fii, • - • denote any increasing sequence 
of distinct positive integers. Suppose that 

flo + Oi ri" uj -f- • • * = jS 
is a convergent infinite series. Jf 

Ak = + ' ■ ■ + k = 0. 1, 2, • • • 

(po = — 1) 

where each Ai is considered as one term, then the series 


Ao + Ai .4” + • • • -f- -4t + • • • 
converges to S. 

ee 

The partial sums S, of ^ At is a subsequence s„^, Sp., • • • , 

i-l 


s„j, • • • of the sequence of partial sums s„ of '^a„. So, from 

n 0 

Theorem 2.5, we sec that Si tends to the same limit as s„. 

ae 

Thus the convergence of implies that of 

n — 1 
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2k 1 2 ( 2 A; - 1) • 2k 

and 

fc<=2 

to the same sum S. 

The following example shows that, while Theorem 9.1 permits 
us to introduce brackets, we may not omit brackets occurring 
in an infinite series without special consideration. 

In the convergent series 0-|-0 + 0+*--+0+--‘ with 
sum 0, replace each 0 by (1 — 1). We obtain 

(1 - 1 ) + (1 - 1 ) + • • • = 0 . 

However, upon omitting brackets we have the series 
l-l + l- l + l- H;--- 
which is divergent. 

00 

"Theorem 9.2. If ^ A* is a convergent infinite series and the 

tenns Ak are themselves actual sums, then the brackets enclosing the 

00 

Ak may be removed if and only if the series ^ On so obtained is also 

n = 0 

convergent. 

We shall leave the proof of this theorem to the reader. 

oe GO 

"Theorem 9.3. If = A and '^bn = B are both con- 

n = 1 n = 1 

vergent, they may be added term by term, i.e., 

<o 

2 (a» + b„)= A + B. 

n = l 

Also without braces, 

ni + 5i + tta + 62 + • • • + On + bn + • • • = A -\- B. 

Let s„ and o-„ be the partial sums of the first two series. Then 




476 


HIGHER MATHEMATICS 


[Chap. IV 


(sn + c„) 'are the partial sums of the third. By Theorem 2.10 it 
follows that (s„ + c-r.) (-4 -f B). The proof of the remainder 

of the theorem is left to the reader. 

Similarly, it may be shoum that 

‘^Theorem 9.4. T wo convergent series may be subtracted term 
by term. 

K 

‘■^nEOREii 9.5. If 2) = s converges and if c is an arbitrary 

n " 1 

constant, then the series may be multiplied by the constant c, that is, 

«c 

^ {can) converges to cs. 

n “ 1 

Theorem 9.5 provides a partial e.vtcnsion of the distributive 
law to infinite series. 


EXERCISES Xn 


1. Prove that S in the c.vample following Theorem 9.1 satisfies the 
inequality ■f;<S< JS. 


2. Prove that 


- — 1 — _ — 5 — - _ i I convergent as well as 

4p - 1 2pJ 

p-l 


the series resulting from it by removing the braces. 

3. Show that the sum c of the series in Ex. 2 is J times the sum S of the 
series in Ex. 1. 

4. Prove Theorem 9.2. 

5. Prove Theorem 9.4. 

6. Prove Theorem 9.5. 

7. Prove: The scries Eo, deduced from tn Theorem 9.1 is conrergenl 
if the quantities 


[Up 




form a null sequence. 

8. Complete the proof of Theorem 9.3. 

10. Absolute Convergence. The following definition enables 
us to extend further the laws of algebra to infinite series. 

‘^Defikitiox 10.1. A convergent scries 2a„ is said to be 
absolutely convergent if 2ja„| also converges, oihcrmse it is said 
to be nonabsolutely convergent. 

For example, the convergent series 

1 - J + I - J + i - I- + • • • 

is nonabsolutely convergent, for 1 + J + ^- + • • • is divergent, 
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while the convergent series 1 — ^4-^ — p + * ' 'is abso- 

111 

Intel}' convergent since + ^ + ' ' *is convergent. 

«Theorkm: 10.1. If Sjonj converges, then so does San. If 

Za„ = 5 and S]a„| = a-, ihm ^ a. 
k k 

Since l^Qn+pl g ]^|an+pl, the left hand number is < e if 

p-=i p~i 

the right-hand number is. The first part of the theorem then 

n 

follows from Theorem S.l. Since [snl ^ ^lopj < <r, then by 

p-O 

Theorem 2.2, [sj ^ <r. 

■Theorem 10.2. Let Sc„' be a convergent seines of positive 
terms. If, for every n > in, la„j ^ Cn, then So„ is absohtlely 
convergent. 

Comparison of Sjonl with Sc„ together nith Theorem 10.1 
makes this theorem emdent. 

Theorem 10.3. Let pi, ps, • • • , Pn, • • • form a hounded 
sequence. If So„ is absolutely convergent, then so is Sp„a„. 

The sequences {|p„|l and {pnj are both bounded. From 
Theorem 7.3, Slp„l • |a„I s Sjp„o„j converges vith Sia„|. 

We shall now show that the fundamental laws of algebra for 
finite sums are essentially maintained in the case of absolutely 
convergent series, but not for nonabsolutely convergent series. 

'DEFIKITIO^'■ 10.2. Let Za„ be a given series. If m, ys, ps, • • • 
js any rearrangement, of the sequence 1, 2, 3, • • • , then the series 


^oid to be generated from '^a^ by rearrangement. 

n = l Ti = l 

'Definitiois 10.3. A convergent infinite series which remains 
convergent, without alteration in sum, under every rearrangement 
{i.e., obeys the cotnmidative law) is said to be unconditionally 
convergent. If a convergent series is such that its convergence^ can 
be altered by rearrangement {i.e., docs not obey the commutative law), 
the series is said to be conditionally convergent. 


For example, the series 


2 (-l)n+l 
2« 


is unconditionally con- 


vergent; but the series 


— 1 )"-^ 
n 


is conditionally convergent. 
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'Theorem 10.4. Every absolutely convergent series is uncondi- 
tionally convergent. 

(a) Case when 2c„ = S Is a Series of Positive Terms. Let 

n 

iS„ = Consider an arbitrary rearrangement s 

p-i 

of Scn. Then if .S' be the partial sums of 2c'. tl'eo .S' < S.v, 
provided A' is greater than all of po, Pi, ‘ ■ ‘ > P«- Since 
Sa- < >S, S'n < S for every n > N. Hence by Theorem 7.1, 
2c' converges. If S' be the sum of 2c', then b 3 ' Theorem 2.2, 
S' g 5. But 2c„ can be thought of ns a rearrangement of 
2c', so that as before, S g S'. Hence S = S'. 

(b) Case when 2o„ Is an Arbitrary Absolutely Convergent Series. 
Let 2a' be an arbitrarj' rearrangement of 2a„. Bj. (a), 2[a'j 
is convergent; so bj' Theorem 10.1, 2a' is also convergent. 
We shall now .show that an}' rearrangement of 2a„ does not alter 
the sum. Let e > 0. From Theorem 8.1, there exists an M 

k 

sufficiently large that for ever}' k S 1, ^|ar,+p| < e. Next 

p-i 

select an integer N„ so large that po, Pi, • • ■ , ps„ contain at 
least all of the integers 0, 1, 2, • • • , M. Only terms ay+i, 
Oit+i, • • • of index > M remain in the difference S'„ — S„ 
for all n > A''o. Hence for n > No, |S' — Sj < e. From this 
we infer that = S„ + (S' — S„) converges to the same 
limit as S„, so that 2a„ and 2o' have the same sum. 

'Theorem 10.5. If 2a„ is nonabsolutcly convergent, it is only 
conditionally convergent. 

To prove this we shall show that by a suitable rearrangement 
of 2a„ a divergent series 2a' can be obtained. Denote the terms 
of 2a„ which are § 0 by pj, pi, • ■ • , and the terms which are 
<0 by — 9 i, — gs, • • • . At least one of the series of positive 
terms, 2p„ and Xq„, diverges, for if they both converged, then 
2a„ would bo absolutely convergent. Suppose 2p„ diverges. 
Consider a rearrangement 2o' of 2a„ as follows: 

Pi + P2 + • • • + p„, - ?i + p„,+i + p„,+: + • • • + p„. 

— + Pn,+ 1 + • • • . 


Since 2p„ diverges its partial sums are unbounded, so that" we 
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nj 

catt select an integer 7U sufficiently large that '^pj > 1 + 9i, an 

j=i 

nt 

7*2 > SO that > 2 + 9i + §2, * ■ ■ , a 7 i{ > nt-i so that 
y=i 
nt 

'^Pf > t + '^qj. E^udently ^o' diverges. A similar argument 
= 1 /=! 

holds vhen 2g„ diverges. 

“Theorem; 10.6. Lei iii, Hi, Pn, be any increasing 

sequence of posUii^e integers. If San 7S absolutely convergent, 
then so is the snbseries HayL . 

This theorem follows from Theorem 10.1. 

Let Son be any absolutely convergent series. Let Sa^, be 
any subseries of S<j„ (Suite or infinite). Arrange this snbseries 
in any order and denote the resulting series by = o-O’h 

k 

where is its sum. (Whj* does this sum exist independently 
of the arrangement selected?) Pick a second subseries of Sa„ 
(finite or infinite), arranged in any order with sum 

k 

Continue this process in such a manner that each term of 
So„ appears exactly once in exactly one of the subseries. The 
series + * ’ • + + • • ' is said to be a rearrange- 

ment of in the extended sense. It can be shown that 
“Theorem 10.7. If an absolntcly convergent series be rearranged 
in the extended sense, the series is absohttely convergent 

k 

and its sum is equal to the sum of Za„. 

W « 

Theorem 10.8. Lei z^®' = • • • , 

*=o ,=o 

^ik) ^ • • ■ be an infinite set of absolutely convergent series. 

s = Q 

os 

If converges to f, where ^ jo«l = then for each fixed s, 

r =0 *=0 

«o 

(s = 0, 1, 2, ■ • • ) the series = o-w ig absohdely convergent 

r =0 
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ot ae 

and ~ ti'ords, in the infinite matrix 

8»*0 r»0 

(a’'>) the smns of the rows and the sums of the eohim7is are both 
absolutchj convergent to the same su7n.) 

Arrange all the terms in (a'*^’] = A in some simple sequence, 

m 

say, flo, fli, fli, • • • . Now ever}' partial sum I g<r, since if 

7-0 

we pick A- large enough that Qo, a,, - • • . a„ all occur in the first A 

n f: 

rows of A, 2^|a,| g Hence ^n„ is absolutely 

j**Q j •• 0 

convergent. A new rearrangement of the terms in A, aj, oj, 
O;, • • • would produce a series 2o' which is merely a rearrange- 
ment of 2a„, and consequently absolutely convergent to the same 
sum c. 

Both 22<''> and So-'*’ arc rearrangements of 2 q„ = o in the sense 
of Theorem 10.7,* hence tlic.se series both converge absolutely 
to the same sum o. 


EXERCISES Xm 

i. Examine each of the following series for absolute convergence: 


(a) 7’ > 

<"> 2 ^- 



(l/n”), ^ < 1. 



(- 1 )’ 

n’’ 


I J) > 1. 


2. Prove Theorem 10.2 with the condition ln„| < c„ replaced by the 
condition |a„^i/a„| £ c„+i/c„. 

3. Prove that if Sa„ is absolutely convergent, then the series generated 
from it by an arbitrarj' alteration in the signs of its terms is absolutely 
convergent. 


4. 


Prove that 



is nonabsolutely convergent. 


Rearrange the 


n = l 

scries to give a divergent series. 

5. Prove RicmanTi’s theorem: The terms oj a nonabsolutely convergent series 
can always be rearranged (1) so that the new series is convergent to any arbi- 
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irarily given number, (2) so that the new series oscillates between arbitrarily 
assigned bounds, (3) so that the new series is definitely divergent. 

6. Illustrate Riemann’s theorem by means of the series 


to 



1 

2 « + 1 


n “O 


1 

2n+2 


) 


7. Prove Theorem 10.7. 

11. Multiplication of Series. The distributive law for finite 
sums is 


V=o 


<s = 0 


a = 0,...,m 


irrespective of the order in which the products afi}, are added. 

00 CQ 

Let "^ar = A and — B he two convergent series wth sums 

r«=0 a«0 

A and B. Under what conditions does 


(xo'Yi*") - 

independently of the order in which the products Urh are added ? 
Let po, p\. Pi, ■ • • denote the series of all the products afi, 
in any chosen order. Under what conditions does 2pn con- 
verge? Converge to AB’t These questions are partially 
answered by 

'Theorbsi 11.1. If Ear = A and Eh, = B are absoluiely 
convergent, then the product series Epn converges absolutely to the 
sum AB. 

(a) Let 71 > 0. Denote by M the largest of the indices r and s 
in the products 0,6, which were denoted above by po, Pi, • ■ • , 

n / M \/ M \ a 

P.. Then 16,1 j < a/3, where ^|a„| = a 

1 = 1 \r = 0 /\a = 0 / n = 0 

ce 

~ shows that the partial sums of ^^Ipnl are 

bounded, so that Sp„ converges absolutely. 
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(b) The sum S of 2:p„ can be determined quickly by the 
“squares arrangement,” aobo = Po, 

(oo -f ai)(ho + hi) = Po + Pi + P: + P’) ' ' ' » 

(uo + • • • + a»)(hti 4- * • ■ T hn) = Po + ■ • ■ + Pf-i+n’-i 

= Cn- 

By Theorems 2.5 and 2.10, <r„ — » .S = AB. 

EXERCISES XIV 

1 . Let Sa, = .4, = li be two absolutely convergent series. L«t 

.If = (orA.) be the infinite matrix n-ho'-e element in rth row and sth column 
is Orb,. Show that AE is equal to the sum of the diagonals of M, 

0(bc -r fotAi -f- OiAd -p (ocAj + oiAi "f ojAj) + • • ■ . 

This form of the product is c.alled Cauchy’s product. Write the product in 
the form indicated when squares of the main diagonal of M arc used, starting 
from the upper left hand comer of M. 

2. Ivct 'Zh^ bo two power senes. Indicate the Cauchy’s product 

of these two .series. 


,n «*0 


3. Prove:! ^ X*" * *■ 


n»»0 


Hint: If x\ ^ xu prove that 



= "S'?*. 


n—O 


4. Prove that if the .•series 




be rearranged so that we have 


alternately r positive terms and r negative terms, that the resulting series 
converges. What results if the number of positive terms used is different 
from the number of negative terms? 

5. Prove that any conditionally convergent series can be grouped together 
in such a manner that the resulting scries is absolutely convergent, 

6. Let = »• Shoiv tlmt l-f^-i-:|-+g;+ - - =-s; that, 

n » 1 

23 4» 51 7’ S’ ~ 10= 

7. ’’Abel’s Partial Sum. Lrl at, Oi, • • • ; be, 6,, ■ • • be arbitrary num- 
bers. Show that for every A ^ I, and for every n ^ 0, 

n+Z: n-rfc 

— &r*l) “ Anhr.^1 + -4 

r=n+l r^n+l 


4 

~ 9** 


where An - 

r = 0 
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8. ^Mertens’ Theorem. Suppose that at least one of the two convergent series 
2o„ = A and Sb„ = B converges absolutely. Let 


c„ = (flobn + ai6n-i + 


+ Onbo). 


Prove that Scn converges to the sum AB. 

9. ’’Abel’s Theorem. Show that if Sa„ = A, Z6n = B and 2Cn = C each 
converge, then AB = C, where Cn = aob„ + aibn-i + ■ • • + a„bo. 


PART C. POWER SERIES 

12. Power Series. In this section we shall consider series of 

eo 

the type where x is assumed to be a real variable. Such 

n = 0 

series are known as power series in x, and the (real) numbers a„ 
are called their coefficients. 

We shall first consider the question, for what values of x is the 
series convergent and for what values is it divergent? 

eo 

It is quite obvious that every power series is convergent 

n = 0 

for X = 0, no matter what the coefficients a„ may be. However, 
as will be seen in Exs. XV, 1 to 5, power series exist which con- 
verge for all values of x, which converge for only certain values of 
X, or which converge for no values of x different from zero. In 
the first case, the series is said to be everywhere convergent and 
in the last case the series is said to be nowhere convergent (even 
though convergent at 0). 

eo 

The totality of points x for which the given series ^o„x" con- 

n=0 

verges is known as its region of convergence. (Thus the region of 

eo 

convergence for ^x" is the set of all points x for which |x| < 1.) 

n =!0 


"Theorem 12.1. Let ^a„x” be any power series which is neither 

n = 0 

convergent everywhere nor convergent nowhere. Then there exists a 

go 

positive number r such that ]^a„x” converges {even absolutely) for 

n ’=0 

every [xj < r hut diverges for every (x| > r. 
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The number r in this theorem is called the radius of convergence 
and the region of convergence of the given power series is the 
interval — r < x < r. 

It should be remarked here that the question of the convergence 
of the series at x = r and x = — r is not answered. A separate 
investigation must be made for the values r and — r of x. 

We shall base our proof of Theorem 12.1 in Chap. IX on the 
following two theorems: 

■TnEonEM 12.2. Let be a given power scries convergenl 

?i 0 


for X — xo, X(i 0. Then '^Or.x’' is absohitelg convergent for 

r . •«0 

every x = Xi for which |xi| < |X(i|. 

«e 

If ^OnX" converges for xo, then there exists a positive number 

n a *0 

K such that )a„xjj < K for everj’ n. Then 

M = |a„xSl • g A' • g 


The theorem now follows immediately from Theorem 10.2. 

ce 

'Theorem 12.3. If ^anX" diverges for r = xp. then it diverges 

n “ 0 

for every x = Xi for which |xij > Ixpj. 

If the series were convergent for xj, then bj- Theorem 12.2, 
it would also converge for xo since Ixoj < |xil, contradictorj- to 
the hypothesis. 

Theorem 12.1 merely assures the e.xistcnce of the radius of 
convergence without giving us any information as to its magni- 
tude. To supplj' this need we .shall now prove 

K 

'Theorem 12.4. Let be a given potcer scries. Let 

n «=0 


/i = iim 

Then, (a) if y = Q, the power series is everywhere convergent, 
(b) if y = + “ , the power series is nowhere convergent. 



Sec. 12] 


INFINITE SEQUENCES AND SERIES 


485 


(c) r/ 0 < M < + °° I ^^*6 power series converges absolutely for 
every js] < l/n, but diverges for every Iz] > l//i. Thus, r = l/fi, 
is the radius of convergence of the given power series. 

(a) Let xo 3 ^ 0 be an arbitrary real number. Then there 

exists an in large enough that < l/2|xo|, or |c„xS| < 1/2” 

for n > m. By Theorem 10.2, Sa„x? converges absolutely. 

(b) If Sa„x” converges for some Xi 0, then (a„x"} and 
{-{/lanx;!} are bounded. From this we can conclude that 
{•^Ml is bounded. This contradicts hypothesis (b). Hence 
So„x" cannot converge for any Xi ^ 0. 

(c) Suppose X 2 is any number such that jxsl < l/y. Select a 

positive p such that [xol < p < l/p. Then 1/p > ju. Then for 
m sufficiently large, 'V^junt < 1/p, and -v^janXjj < Ixjj/p < 1 
for n > m. Sa„Xo is e^'^dently absolutely convergent. If 
jxsl > 1/p, \l/xz\ < p, and there must exist infinitely many n’s 
such that > [l/xsl, or la„xsj > 1. Hence the series 

cannot converge. (Why?) 

«o 

‘Theorem 12.5. If 2^a„x" has the radius of convergence r, 

n >=0 


then so has ^nonX""*. 

n =0 

Let na„ = a'. Then = ■^On’ '\/n. Since \/n— > 1, 

the sequences {''^1^} and {'v^la„|} have the same upper limits, 
and the theorem follows from Theorems 12.4 and 9.5. 

So far we have considered only power series of the form 

00 

]^a„x”. However, our results are essentially unaltered if we 

Tl =0 

CD 

also consider power series of the more general type ]^a„(x — Xo)". 

n »0 

By setting x — Xo = x', we see that the series converges abso- 
lutely for all x’s such that [x'l = \x — xo] < r, but diverges for 
lx — Xol > ?■) where r denotes the number determined by Theorem 
12.4. Evidently, the region of convergence of the series is there- 
fore an interval (or the point xo) the middle point of which is xo. 
The interval of convergence may or may not include one or both 
end points. All the considerations given above for the series 
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^a„x" are valid, except for the translation of the interv'al of 

n "»0 

convergence. 

For each value of x in the interval of convergence, the power 

ae 

series — xo)" has a definite sum S. In general the value of 

n ”0 

S is dependent on the value of x. To denote this dependence of 
S on I, we shall write 

«e 

- Xo)” = ,S(x), |x - Xoj < r, 

Tl •■0 

and say that the power series defines, within its interv'al of con- 
vergence, a function of x. 

EXERCISES XV 


1. Prove that the geometric series is absolutely convergent for 

n “ 0 

Is| < 1 and divergent for jx] g 1. 

2. Prove that is absolutely convergent for all real x’s. 

3. Prove that X(i"/n) is absolutely convergent for |xl <1; is divergent 
for |x| > 1; is convergent for i = —1; and is divergent for x = 1. 


4, Prove that 




X--* 

(2t)! 


is absolutely convergent for all real x’s. 


5. Prove that is absolutely convergent for [xj S 2, and diver- 

fc-"! 

gent for [ij > 2. 

6. For what values of x is convergent? ^rts. 0, 


7. For what values of x is convergent? 


.dns. X > 1. 


8. Prove Theorem 12.2 if the first sentence is changed to read, “If the 
sequence |a„xj} of its terms is bounded at x = xc, Xo ^ 0." 


9. Show that — 


lim Vlcui 


is not necessarily equal to lim 


^/Ki 
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10. If a power series is everywhere convergent, then "%/ |an| — > 0 as 

n — > + ». 

11. Prove that "x/l/n! -+0 as n -♦+«!. (Hint: 'S,x’'/n\ converges 
everywhere.) 

12. Show that each of the following have the same radius of convergence 


as 


=0 

«0 

+ l)a„+ia:"; 

:0 
ao 

]^n(n - 1) ■ • 


n = 0 


n «0 


ea ec 

* ^,Tt(7t — \)anX''~^; • ■ • 

n =0 n =0 

(n — fc + l)a„a:'*"*, for all positive integers k. 


n = 0 


as 


13. Show that each of the following have the same radius of convergence 

CO 


n = 0 


n + l’ (n + 1 


rn+J 


n = 0 


n «0 


(n + l)(n +2)’ 


On* 


■n+i 


n = 0 


l(n + l)(n+2) . . . (n + fc) 


Find for what values of x (if any) each of the following series converges: 


. . x’ z-* X* 

14. X f- 

22 ^ 3 = 42 ^ 


+ (-I)"-*-! + 


15. 1 + X + x’ + ■ ■ • + x** + • • • . 


Atm. — 1 ^ X g 1. 
Atts. —1 < X < 1. 


— Jn 

16. 1 + - + 5- + ... 4 . + 

^21^4!^ (2n)!^ 

17. X + x< + x® + • • • + X"’ + • 

10 X* . x’ x^ 

18. X + . 

2 3 4 


• . Ans. — « < X < + 00 . 

Ans. —1 < X < 1. 


+ (-l)"->- + 
n 


19.1+x + -+...+^-h.-.. 


Ans. —1 < X g 1. 
Atm. — » < X < + “. 


20. — H -f... -f- L . . . 

31^5! 7!^ ^ (2n-l)!^ 


(2n - 1)! 

Atm. — « < X < + m. 
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X- x’ X" 

21 . x+— p+- 7 =+-- - + - 7 =.+ 
V2 VS Vn 


1 , 2i . . Tix"-* 

22 *4" " ' ' *4" — ■ -4- • ♦ • ————— 

3 2 • 3* 2^ • 3* 2-“* • 3" 


Ans. — « < X <" + ®. 


jlns. -G < I < +6. 

23. 1 - 2(1 - 1) + 3(i - 1)’ - 4(i - l)s + • • • 

+ (-I)»-'(n)(x - 1)'-' + • • ■ . 0 < I < 2. 

For what values of x, if any, docs eacli of the followinp sequences (*„j 
converge, where; 




/ln,<. —1 < X < 1. 


'Sn X* 

= 2irr: 


Am. —3 £ X < 3. 


2‘x* 

- = ^FTT- 


.4n.t. — - £ X £ -• 

2 2 


+ l )x^ 

2(. s„ - 


.4n.<i. — X < j < + X. 


8. s, = 


(21- - 1) 


»■ ■ 2^.- 


0. «» = 


31. = 


+ I) 


.'Itis. —2 £ X < 2. 


.32. s, = 1 + 


I (i - 2)^* 

I (k - 1)= 


.4tis. 1 < X < 3. 


13. Properties of Functions Represented by Power Series. 

09 

Let the power series f(x) — ^a„(x — Xo)" deSne a function of x 


c 
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■v\ithin tlie (open) interval |x — xo! < r. As a general rule the 
most important problem concerning this series is to deduce from 
the series the principal properties of the function represented by 
the series. 

‘Theoeem 13.1. The function /(x) defined (in its mierval of 

CO 

convergence) by the power series '^an(x — xo)" is continuous 

n = 0 

atx = Xo (i.e.,f(x) — »/(xo) = Oo as x-^ Xo). 

K 

Suppose 0 < p < r. B}’- Theorem 9.5, ^|a„jp"“i = K (K > 0) 

n = 0 


and ^|a„|p" converge together. Then for every |x — Xd] < p, 

n «0 


l/{x) - Col = 


(x - Xo)'^an(x — Xo)"' 


g jx — Xo| • K. Let 


1 n = l 1 

€ > 0. Then if 5 > 0 be less than both p and e/JC, then for every 
jx — Xoj < 5, |/(x) — Ool < €. Theorem 13.1 follows from Theo- 
rem 4.2 of Chap. I. 


<rHEOBEM; 13.2 (Uniqueness Theorem). Lei and 

n s=0 
ee 

2^5„x" be two power scries both having a radius of convergence 

n=0 

r ^ p > 0, tvhere p is some positive number, and both having the 
same sum for every ixj < p. Then, for every n = 0, 1, 2, • - • , 
the two series are entirely identical, that is, a„ = b„ for all n. 
Consider 


Oo + Oix + Uox- -h- • • • = 6o + bix 4- 52X- 4- • • • , 

lx| < p. (1) 

Let X 0. Then by Theorem 13.1, Oo = bo. Subtracting 
flo = bo from (1) and then di^^ding bj’- x, we find that 

tti 4" Oox 4" aox- 4- • • • = 5i 4" b^x 4~ 63.x" 4* ■ • • , 

(0 < lx| < p). (2) 

Again let x — > 0 and apply Theorem 13.1. We find Oi = bi, 
and 
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0: + aji + CiX- + ' • • = bi + bix ba’ + • ‘ > 

(0 < izl < p). 

By a complete induction proof, we are then led to the conclusion 
that a„ = b„ for evcrj’ n. 

A corresponding statement holds for the more general series 
- xo)". 

71 “O 

It should be remarked in passing that this theorem holds for 
series involving but a finite number of terms as well as for infinite 
series. 

"We shall now prove a number of theorems which are without 
doubt among the most important theorems in the theory of 
infinite series. 

'TuEonEJi 13..3. Let '^OrX^ — xo)” be a power scries with 

n-O 

radixis of convergence r, representing the function f{x) for all values 

0 1 —I 0 of X for which \x — Xo] < r. Then 

^ f{x) may also be expanded in a power 

series with any other point Xj of the 
interval of convergence as center; in fact, 

f(x) = '^b^{x - XiY, 

k*"0 

where 



and where the radius ri of this new series is 
ri g r — |xi — xoj. 

Suppose xi is such that jxi — xo] < r. Then (see Ex. X^T, 2) 


fix) = + ix - 


71 *® 0 


-2- 


n 

- a:o)"-*(x - Xi)’= 

JL*-0 ' 


( 3 ) 
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so that 

fix) = ”” 

jt = 0 n«A 

eo n , 

= 2 1 0^*' " 
fc«l n»0 
00 

s '^bkix - 2:l)^ 
it =0 

provided the indicated rearrangement (see Theorem 10.8) of the 
series is valid. Theorem 10.8 is applicable, since the series 

00 

[anKlxi - Xo| + lx - XiD" 

n “0 

converges if jxi — xol + |a: — xi\ < r. Hence, if x is closer to xi 
than either (xo + r) or (xo — r), the rearranged series (4) 
converges to /(x). 

Theorem 13.4. A function f(x) represented by a power series 

oo 

'^Unix — Xo)" is continuous for every value Xi of x interior to the 

n = 0 

interval of convergence. 

From Theorem 13.3, within a certain neighborhood of xi, we 
may write 


where 


fix) = ]^a„(x - Xo)" = 2)6„(x - xi)", 

n “0 n «=0 


bo = ^UniXi - Xo)'' =/(Xi). 
n =0 

By Theorem 13.1, as x Xi,fix) — >/(xi), from which the theorem 
follows. 

‘Theorem 13.5. A function fix) represented by a power series 

00 

^a„(x — Xo)" has a derivative at every point Xi interior to the 

n =0 
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g(xo) — S{xb) = 0, SO that C = 0. Thus g{x) s S{x), and 

as 

r /(O dl = — a-o)"+'. Theorem 13.8 now follows. 

n «»0 

It should be emphasized that Theorem 13.4, on the continuity 
of the function represented by a power series, is valid onl}’ for the 
open inter\ml of convergence. In fact, we are unable to conclude 
directly that the function is continuous even if the series con- 
verges at one or both of the end points of the inter\-al. However, 
the following theorem is of interest in this connection: 

Theorem 13.9 (Abel’s Limit Theorem.)* If the power series 


n *0 


has a radius of convergence r and converges for x = -f-r, 


and if f{x) denotes the function defined by the scries, then lim f(x) 

I— r-O 


exists and is equal to '^a^r"; t.e., f(x) is continuous on the left at 

n — 0 

a: = r. 

If Sa„a:" has the radius r, then with = Onr" has the 
radius 1. We shall accordingly simplif 3 ’ our proof by assuming 
r = 1, and 2a„ = S, and then show that lim /(x) = 5. By 

Theorem 11.1, since 




n •«0 


n— 0 n«*0 


where S„ = it follows that/(x) = (1 - x)]^S„x’*. Since 


(1 — x)Sx" = 1, 


S - fix) = (1 - x) V (S - S„)x" = (1 - x) ]£r„x", |x| < 1, 

n-O n-0 

where r„ = S — jS„ — > 0. (Why?) 

* Abel: Jour, reine angew. Math., Vol. 1, p. 311, 1826. This paper is one 
of the most famous in the historj’ of infinite series. The serious student will 
find it well worth studjdng. 
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Select a positive number e. Then for n sufficiently large, say, 
n> N, lr„i < e/2. Then for 0 g a; < 1, 

e(-l - x) 


\S -/(x)| ^ 


(1 — a;)^,rnX” 


ns=0 


+ 


^ P(1 - a:) + 


e(l — a:) 


2 

n = N+l 


1 - X 


N 

where P = l^fcl- Hence for 1 — S < x < 1, 

i = 0 


|5-/(x)| <i + i = e, 
so that f(x) — > )S as X — ^ 1 — 0. 

A similar theorem can be stated for the left end of the interval 
of convergence. 


EXERCISES XVI 


1. Complete the inductive proof begun in the proof of Theorem 13.2. 

2. Apply the result of Theorem 13.2 to prove that 



Hint: Since (1 + a;)'’(l + x)’’ = (1 + x)^’’, then 

2p 





is a symbol for the binomial coefficient; 

P(P - l)(p - 2) ■ ■ ■ (p - V + 1) 

1 ■2-3 ■ ■ ■ V 


Thus, 



f ^ p. 


(a + b)p = ap + 
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3. Lctf(,x) be defined by n power series convergent for |zl < r. 


n —0 


(a) If fix) is an even function (i.e., fix) = fi—x)], show that only even 
power? of X can have nonvanishing coefficients. 

Oj) Show that if fix) is an o'M function [i.e., /(x) = — /(— x)) only odd 
powers of x can have nonvanishing coefficients. 

K 

4. Show that in Theorem 13.5, /'(xi) “ 2/ + lln»»ifxi — Xc,/". 

T1 "O 

5. The distinction between Taylor's series and Taylor's theorem of 
Chap. I should be carefully noted. State these distinctions. 

0. Prove: If ^a,x" converges for x = — r. then limit fix) exists and is 

^ n «0 

equal to ^ ( — 
n^O 

7. From Theorems 13.4 and 13.0, show that lim (-o»x") = pro- 

vided the .'cries on the right converges and x — • { from the origin side. 


8. If is a divergent series of positive terms and n^x" ha.® a radius 

n-O n~0 

c 

of convergence 1, sliow thnt/(x) = ^o,x' — » + x a.s x — 1 — 0, 

n «»0 

14. The Algebra of Power Series. It follows imrncdiatclj’ 
from Theorems 9.3 and 9.4 that convergent power series may be 
added and subtracted. From Theorem 11.1 we see that two 
power series maj- be multiplied provided, of course, that we 
remain within the ulterior of the intervals of convergence. Thus 

«e «e ae 

V a„x'' ± V b„x" = (On ± b„)x’'. 

n =0 n =0 n -0 

) ~ joobn + Olbn^l + ■ ■ • + G„6o)x’‘, 
- 1=0 /\ r .=0 / n =0 

provided that x lies in the interior of the intervtils of convergence 
of both series. 

Sinee power series maj' be added, subtraeted, and multiplied 
(within the interior of their common region of convergence), it is 
natural to suspect that, under certain conditions, one can divide 
by power series. That this is the case follows from 
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Theorem 14.1. Let ^c„a:” be convergent with sum A{x) and 

n «0 

eo 

suppose bny" is convergent with radius R and sum B{y). If in 

n«0 

09 re 

^ fin?/”, y be replaced by ^ anX", obtaining 

Ti »=»0 n =0 


&0 + 6i{ 




>1 = 0 


then ^ CrX' converges to the sum B[A (a;)], if x is such that jana:"! 

n=0 Ti = 0 

camerffes. 

This is a special case of Theorem 10.8. Write 

(« \ i « 

2“'^' ) " = 0 , 1 , • • • . 

,„o / y=o 

Then the series bo = bo^'^a[P^x^, biy — • • • of 

array a s [a^”’] corresponds to the z'*’ series of Theorem 10.8. 
Next, consider the series 


Ifeol = 16o|( 


\,fc = 0 




Lfc=o 


of array a = wth |a:| = ^, >7 = ^ lona:"|. Each element 

n = 0 

of a is ^ 0. Since Sj6fclTj*= is convergent by assumption, Theorem 
10.8 applies to a. Since every element of a is in absolute value ^ 
the corresponding element in a, Theorem 10.8 applies' to a, and 
Theorem 14.1 is now an immediate consequence. 


EXERCISES XVn 
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== (1 - 

n —0 n "0 

n “ 

where s„ = 2)ai, [x] < 1, [i] < R where R i.s the radiiis of '^a,x'. 

k-o r-O 

•0 

(b) Consider 1/(1 — y) = ^V" "'hich ronverRes for ly) <1. 

n “0 

i:|n„i"l be convergent. SIiow tlint the rcstdting power scries 

1 + (So,!-) + (rn,x")s + . . . c Xc,x- 

con verges to tlic sum : : < 1. 

1 - (Sa„i") 

2. Let = cp + cix 4- cjx’ + ■ • • . We mav 

Qo + aix + a-i’ + • - • 

express the c’s in terms of tlio n’s (for, of course, the common region of 
convergence of Sn.nnd Xc„) E\'idcntly, (Za„r’') • (ScpX"') cr 1, from which 
wo find 

OcCo = 1, 

OcCi + a, Co - 0 , 

fleCs 4* OiCi 4" n*Co = 0. 


From these equations, if oo 0, the coefficients may bo uniqueJy determined, 
(a) Find the c’s if sec x = y- ^ — ca ScnX*. 


, X* X* 

1 — — 4~ — — “4" 
4! C 
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(b) Determine the cocfTicicnt-s 7?o. B,, 


Ans. Bo = 1, Bi = -i, B. = J, B, = 0, ZJ, = -s>o, Bi =0, B, = 
Bj — 0, B, = — jV, B> = 0, Bio = I*;, • • . 


These numbers are called Bernoulli’s numbers. 

(c) Show from your nork in (a) that 



n — 2, 3, • • • . 

(d) Show that (B 4- 1)» - B" = 0, where B^ = Bt, from which the B’s 
may be determined successively. 
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16. Reversion of Power Series. Let 

2/ = ^ an(a: - a:o)" + Vo = fix) 

n = l 

be convergent for \x — a:o| < r. It is easy to see that if 

= fli 0, 


dx 


0,0 


(see Sec. 20 of Chap. I) the given series determines uniquely a 
function which may be expressed in the form of a power series 


= Siy) = ^&n(2/ - 2/o)’‘ + a:o, 


n = l 

which converges in a certain neighborhood of yo. 

Furthermore, /[gCy)] = y and 6i = l/oi. 

EXERCISES XVm 

1. Let Ko = 2/0 = 0, By substituting x = Xb„tj’' in ?/ ~ SonX", giving 

y s Oi(Sb„2/’') + as(S6„2/’‘)= + aj(Sb„2/")» + • • • , 

find a set of equations from which 6i, bi, ■ • ■ can be found in terms of 
^2) ' * * . 

2. Determine the first few terms of the series, obtained by division, for 

1 


X X - 

^+ 2+1 + 


3. From 




1, 


determine Eo, Ei, E;, 


Show 


Fin "h ^ 2 ( 4 ^®*'*-* ■('■•■+.^0=0. 

These numbers Eh are called Exder’-s numbers. 

Ans, Eo = 1, = 0, Ei = —1, • . • . 


4. Show that: 




715=0 


71 = 0 
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(d) (1 + x)>’ 


(e) 


20 - 

n“0 

_ 'S’5;£. 

^ n! ■ 


1-0 


2»B, , 

(f) ictn X = 1 - —X- +•••+(- 1)‘ ^2k)\ 


(g) tan X 


2 <- 


1-1 




2«(2»* - l)Btt 
•1 X 

(2k)\ 


Hint: tan x = ctn x — 2 ctn 2i; use (/). 


(h) 


sin X 


1)' 




.(2i* -2)B^ 

I j 

(2fc)! 


Hint: 1 / (sin x) = ctn x -{- tan (x, 2). Use (f) and (g). 

5. From the scries for y = sin x, determine by reversion a scries for (a) 
X = Sin“‘ y ; (b) Tan"* y. (A simpler method for the finding scries for Sin"* j/ 
would bo to integrate the scries for (d Sin"* i)/dx ■= (1 — i’)"''.) Discuss 
the validity of this method. 

G. Exp.and into power series: (a) o'/(c’ + 1), (b) x*/(l — cos z). 

7. By integration, find scries for: 


(a) Sin"' X. (b) log (1 + x). 

(c) Tan"* I. (d) log cos i. 

8. By differentiation, find scries for: 

(a) sec’ X. (b) esc’ i. 

9. Bj’ integration, find approximate values of: 

(a) /; tfx. (b) /J* log (1 + a/x) dx. 

(c) /J "v/^ — cos X dx. (d) SI dx. 

(e) /jeos^/xdx. (f) /Jsini’dx. 


PART D. OTHER TOPICS 

16. Euler’s Transformation. In computational tvork it Is 
frequently desirable to replace a given convergent series by one 
which converges more rapidly. Many devices for doing this are 
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known. One of the most useful and one which often leads to 
more rapidly convergent series is due to Euler (1755). 

Consider any sequence of numbers Xo, Xi, Xi, • • • . Con- 
stnict the first differences of {x„} : 

Axo = Xq — Xi, Axi = Xi — X2, • • • , Axfc = Xfc — xa-+i, • ■ • . 
Construct the second differences of {xnj : 

A^Xo = Axo — Axi, A*Xi = Axi — Axa, ' ’ ' , 

A‘Xi = Axjt — Axx+i, • • • . 

Continue this process, constructing the nth differences of {x„l : 


A"Xo = A"~'xo — A"~'xi, A"Xi = A"~*Xi — A"~*X2, ’ ' ‘ , 

A"xa- = A"-*X/: — A"~*xt+i, • ‘ , 

and so on. 

In carrying out this computation, it is quite convenient to 
arrange the work in a triangular array: 


Xo, 


Xi, 

Axo, Axi, 

A^xo, 

A^xo, 



Axz, 

A-"xi, 

A^Xn, 

A*Xi, • • • 

A^Xo, 

. . . 


X4, • • • 

Axs, • • • 


Euler’s transformation of series is given by 


'Theorem 16.1. 7/ 2) ( ~ 1)*®* o® arbitrary convergent series, 

*=0 


then^{-l)^a, = ^^. 

k = 0 f*s=0 

Example 1. Consider log 2=1— J + | — slowly con- 

verging series. Arrange the array of differences in the form 


1 . 


1 

, 

1-2 


1 1 

2 3 

1 

2 • 3’ 


1 -2 
1 • 2 • 3’ 


1 -2 


1 •2-3 
1 • 2 . 3 ■ 4’ 


1 
— % 

4 

1 1 
3-4’ 4 ■ 5’ ■ 

1-2 
3 ■ 4 • 5’ 

1 •2-3 
2 . 3 • 4 ■ 5’ 


1 
— J 

5 


2-3-4 
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In general, 


A"ao 


, A'at 


n + 1 ’ ' ' (/: + l)(t + 2) 

By Euler’!- transformation: 


(/; + n + 1 ) 


2 11 1 1,1 

“ n "^ 2 ^= ■^rT> 

t-i 

this series converging more rapidly than the given one. 

EXERCISES XrX 

1. Show that 

JT 111 . 

Tan~' 1 — 7 = 1 ~;+7— - + ' ' ' 

4 3 o / 


if 1 1-2 1 -2 -3 


2. Show that for h fixed. 

A’a* = It — 2 xt+t + it+s. A’lt = It — 3 ii.i + 3 it+s — ii.n. 


A"it 


= it-(;‘)it.. + (”)it., — -f f-iEQiw, 


3. Given 

n —O 


Find the corresponding .‘-cries generated by Euler’s 


transformation. Anx. 

Which series converges the most rapidly? dris. 

This shows that Euler’s transformation does not always lead 
rapidly convergent series. 

4. Apply Euler’s transformation to 


iXii)-. 

ri*»0 

The first, 
to a more 


eo «e K 



n e»0 n «=0 n =0 


17. Infinite Products. Consider the sequence of products 
Pi = «i, P 2 = ViUi, • ■ ■ , Pn — Hills • • • w„, ■ • • . Such a 
sequence of products, called an infinite product, might be said to 
be convergent to the value U if the sequence of partial products 
\pn} tends to J7 as a limit. If this definition were used, then 
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everj'- product would be convergent for which a single factor was 
zero. Similarlj’-, if for everj’' n > m, m being a fixed integer, 
junl ^ 0 < 1, then p„ — > 0. However, such trh-ial cases are 
quite inconvenient, due to the part played by zero in multiplica- 
tion. To exclude these special cases, we shall adopt the following 
definition; 

Definition 17.1. The infinite product 

ec 

= U1U2U3 • • ■ , 

n = l 

is said to be convergent {in the neto and stricter sense) if for every 
n > N, N being some fixed integer, no factor vanishes, and if as 
n -f CO , t/ie partial products 

p„ = w.v+iMx +2 ■ ■ ■ Un {n > N) 

approach a finite limit Uy different from 0. The number 

U ~ U1U2 • • ' UkUs 

{which is independent of AO is called the value of the product. 

The following elementary theorems follow immediately from 
the definition. (Note the analogy vith similar theorems for 
finite products.) 

'Theorem 17.1. A convergent infinite product has the value 0 
when and only when at least one of its factors is 0. 

'Theorem 17.2. In a convergent infinite product, the sequence 
of factors always approaches 1. 

If p„_i — > Uy, then so does p„ Un. Since Uy 9 ^ 0, 


Theorem 17.2 suggests the more convenient device of denoting 
the factors of an infinite product by = 1 -f a„. The infinite 
products under consideration then have the form 

ee 

JJ (1 + On). 

n = l 

The numbers a„ are usually called the terms of the product. 
Obviously, a necessary condition for the convergence of an infinite 
product is that a„ — > 0. 
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^Theorem 17.3. The producl JJ (1 + a„), vnth a„ ^ 0, con- 

m 

verges if and only if the positive series converges. 

n “* 1 

The product sequence |p„| is monotone increasing since each 
^ 0. Since 1 + fli ^ c"*, p„ g c*. for each n, where 

Sn = Hi + • ■ ■ + On. 

Moreover 

Pn = (1 + Rl) ■ ■ ■ (1 + 

= 1 + Ol + • • • + Hr + HlOj + ■ ■ ‘ > Sn 

(wh}'?), so for each n, s„ < p„. From the first inequality, we 
see that s„ is bounded, so that p„ is bounded. Converselj’’, by 
the second inequality, when p„ is bounded, s„ remains bounded. 
This completes the proof. 

Remark. Theorem 17.3 answers completely the question of 
convergence. 

'Theorem 17.4. The product n(l — On), where a, 0 for 
every n, converges if and only if 2a„ converges. 

In case the a„ have arbitrarj’’ signs, it can be shown that 
'Theorem 17.5. The infinite product n(l + o») converges if 
and only if, for every preassigned positive number e, there exists a 
number N such that for every n > and every fc & 1, 

[(1 + "b H»+i) •■•(!+ Or.+i) — 1] < e. 

'Definition 17.2. n(l -{- a„) is said to be absolutely convergent 
i/n(l + (a„|) converges. 

'Theorem 17.6. The convergence of 11(1 + lonj) implies the 
convergence o/n(l + a„). 

Eiddently, 

1(1 + an+l)(l + On+t) • • ■ (1 + a„+i) — 1| 

= (i + |aT,+i|)(l + |an+:l) • • ■ (1 + (a,+i|) — 1. 

So if n(l + |a„() converges, n(l + a„) must also. 

As an immediate consequence of theorems 17.3 and 17.6 we 
can state 

'Theorem 17.7. n(l + a„) is absolutely convergent if and only 
if 2a„ converges absolutely. 
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The question of the convergence of products may be reduced to 
the corresponding problem for the convergence of series by means 
of 

00 

^Theorem 17.8. (1 + converges if and 07 }ly if the series 

n«I 

tc 

^ log (1 + On), ^oith av appropriate integer N, converges. 

n = N+\ 

ae 

JJ (1 + o„) converges dbsolxdcly if and only if ^ log (1 + a„) 

n«=I 

DO 

converges absolutely. If a is the sum of log (1 + fln), then 

n = JV + l 


IX (1 + On) = (1 + ai) • • • (1+ o^•)e^ 

n~l 

'Definition 17.3. If n(l + a„) remains convergent with value 
unaltered, no matter how its factors are rearranged, the product is 
said to he unconditionally convergent. 

'Theorem 17.9. n(l + a„) is unconditionally convergent if 
and only if it converges absolutely. 


EXERCISES XX 

1. By means of Theorem 17.3 construct se^'cral e.xamples of convergent 
products 11(1 + On). 


2. Show that Hi 


G+i-.) 


converges if fc > 1, diverges if fc ^ 1. 


3. Show that 11(1 + x") converges for 0 g a: <1. 

4. Prove Theorem 17.4. 


5. Prove 


converges if fc > 1, diverges if k g 1. 


■ Prove: p„ = ^1 — 2^^^ s) ' ~ n) show 


6 

p„ = l/n.) 

7. Show that 




diverges to zero. Discuss carefully the rea- 


son for divergence in the light of Definition 17.1. 
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Remark. An infinite product is said to be divergent (in the sense of our 
Definition 17.1.) if its partial products form a null sequence. 

8. Prove Theorem 17.5. 

9. Give scv’cral examples of absolutely convergent products; also non- 
absolutcly convergent products. 

10. It 11(1 + |a«|) is convergent, does it follow that 11(1 + a„) converges 
in tlie strict sense? 

11. Prove Theorem 17.8. 

12. Show that converges to the value. 


13. Prove 11(1 : 1 is absolutely convergent for cverj' x. 

14. What is value of product in Ex. 13 when i = 1? 

15. Examine for region of convergence 
IG. Show that the symbols 




tl ** I 

have the same meaning. 


. t « “2 ' ' 


Hikt: is a symbol for the sequence ls„| of its partial sum.s; 


(1 + a„) is a symbol for the sequence |p„| of partial products 

n *= 1 

n 

p" = n (* + 

X=1 

17. (a) Show that the sequence Ip™ I may also be represented by the scries 

pi + (Pi - Pi) + (Pi - Pi) +•• • 

^ pi 4- ^ (1 + Oi) • ■ • (1 + a«-i) ■ a„. 

n»2 


(b) Show that the sequence {^nl withsn = a\ may be represented by 

X«s*l 


the product 



Sec. 18] 


INFINITE SEQUENCES AND SERIES 


507 


Si 


Sj S3 
Si S: 


Si 


n 


Sb 

Sfi— I 



\ 

fli + Q: + • ■ ■ + cin-i / 


pro^aded that each 5„ 9 ^ 0. 

This shows that every series niai' be written as a product and that every 
product may be written as a scries. 

IS. Prove Theorem 17.9. 

19. Construct unconditionally convergent infinite products; also, condi- 
tionally convergent products. 

20. Prove: If n(l + o„) is not absolutely convergent and has no zero 
factor, then the factors may be so rearranged that the sequence of partial 
products has arbitrarily prescribed upper and lower bounds, subject, how- 
ever, to the restriction that these bounds have the same sign as the value 
of the given product. 

21. Illustrate Ex. 20 bj' constructing appropriate examples. 

22. Prove: n[l + (J)="] = 2. 


23. Prove: 


00 

n 


1 - 
1 + n’ 


2 

3' 


18. Divergent Sequences and Series. If a series 


+ <12 + ■ ■ * + On + ■ ‘ ‘ 


does not converge to a sum S, it is still often possible to associate 
with the sequence a “sum” indirectly. Many such methods 
have been studied, the simplest of which is “summation by 
arithmetic means.” 

n 

Let Sn = Construct the arithmetic means 

it=i 


<Si + 1S2 + • • • + <Sn 

Vn = 

n 

of the partial sums of the series Sa„. If Sn — > 5 as k — > -j- 00 , 
then by Theorem 3.1 so does It sometimes happens 

that (Tn will tend to a limit even though S„ does not tend to a 
limit as 72 — ^ -f «> . If <rn tends to a limit »S as 72 — > -f 00 , the 
sequence {)S„j is said to be limitable Ci, the series SOn is said to 
be summahle Ci to S by arithmetic means, or by Cesaro’s means 
of the first order, or summahle (C, 1) ; S is called its Cl-s^^m. 

Example 1. The sequence 1, 1, 1, • • ■ approaches the limit 5 = 1, 
and is also limitable Ci to S = 1. 
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Example 2. The scries l-14-l-l+l---is divergent but 
is sumraable Ci to } since o-. — • i as n — ♦ -r 

If cr„ does not tend to a limit, but the arithmetic means 

<rj + ■ • • + ffn 
— — — 

71 

fends to a limit >S a.s « — > + », then Ea„ i.s .said to be sumniable 
Ci, or (C, 2). This process is readily generalized. 

EXERCISES XXI 

1. Construct a senes which is divergent but suinmnble (C, 1); a scries not 

summable (C, I), but summnble (C, 2); ■ ■ ■ ; (C, «)• 

2. Show that 1+0 — I+l+O — l + -- is summnble (C, 1) to 
the "sum” 1. 

3. Show that 1— 2+3— 4 + •••is sumin.able (C, 2) to the "sum” 
i, but not summable (C, 1 ). 

4. Show that 1 + r + i’ + • is summable C , on the circumference 

|:| =lto1he“sum” — — except fori = +1. Here r is a comple.\ number. 
1 — r 

PART E. SEQUENCES OF FUNCTIONS 
19. Sequences of Functions. In the following sections u-e 

.ehall consider serie.s ^/n(i) and sequences whoso tenns are 

n ""O 

arbitrarj' functions /„(x) of an independent variable x. We shall 
assume that all the functions fnix) have at least one common 
intciwal of definition. 

'Definitiox 19.1. An interval I is said to be an interval of 
convergence of the scries Zf„{x) if, at every point of I (except possibly 
one or both the end points), all of the fimciions fr.(x) arc defined 
and the series converges. 

A very simple example of a series whose terms are functions of 
X is the geometric series Zx". This series has an inteiwal of 
convergence —1 < x < 1, and no other inten'al of convergence 
exists. Another example is formed from the harmonic series, 

ae 

which converges in 1 < x < + w ; no other interval 

n =» 1 

of convergence outside of this one exists. 

Since a series Za„ is simplj' a sjmbol for a certain sequence 
of numbers, so the series 2/„{x) is no more than a symbol for a 



Sec. 19] 


INFINITE SEQUENCES AND SERIES 


509 


sequence of functions^ namely, the sequence of its partial sums 
'SnCx) ==/o(.t) +fi(x) + ■ ■ ■ 

Thus, it is immaterial whether the terms of the series or its 
partial sums are considered, since each set determines the other 
uniquely. 

In view of this fact, we shall usually state our definitions and 
theorems in the language of series, and leave as exercises for the 
student their formulation for the case of sequences. If a given 
series S/n(a:) is convergent in the interval I, then to every point in 
7 there corresponds a definite value of the sum of the series. 
This sum is itself a function S(x) and is defined or represented 
by the series. 

\^Tien a series of variable, terms is given, it is usually quite 
important to know whether properties possessed by all the func- 
tions fn(x) are also properties of its sum. 

If each f„{x) is continuous it does not follow that the sum of 
the series 2/„(x) is continuous (see Ex. XXII, 2). If each/„(x) is 
differentiable (or integrable) it does not follow that the sum is 
differentiable (or integrable), or that, if the sum is differentiable, 
its derivative is equal to the sum of the derivatives /;I(x). 

In \’iew of this situation, we shall be forced to investigate 
under what additional conditions a property of the terms fn{x) is 
transferred to the sum S(x). The mere fact of convergence does 
not insure the transfer of a property of f„(x) to the sum S(x). A 
study of a few examples vdll soon show that the viode of con- 
vergence is at the heart of the problem. This leads us to the 
concept of uniform convergence in an interval. 

Before giving a general formulation of this concept we shall 
consider the following example: 

Example 1. Consider the series whose partial sums are 

Sn{x) = n = l,2, 3, 

1 -f- 7VX- 

Since S„(a:) = 0 for everj' n when x = 0, since 


1 


nx 

1 1 

o 

A 

S„(x) 



1 

1 



\nx 


( 1 ) 
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when X ^ 0, and since lim 
n-*+ * 


nx 


E{x) = 


= 0 for cacl) x 0, it follows that 
lim <S„(x) = 0 


n— * 


for ever}' value of x. 

By (1), S„{x) < l/nx g 1/n when 1 g z < *, and in particular, when 
1 g z g 2. Hence the nth curve &’,(z) of approximation to S(z) lies above 
,5(i) = 0 for 1 g z g 2, but at a distance less than 1/n from the limiting 
curve S(x) — 0. The larger n, the smaller this distance all along the curve. 

However, the situation over the intcn-al 0 g z g 1 is quite different, 
even though .S(z) = Dover this interval. In this case the nth approximation 
curve Sn{x) docs not lie close to the limiting curve S{x) = 0 throughout the 



intcia’al, for any n whatever. For z = 1/n, Sn(x) = } for cverj’ n. Hence 
the approximation curve S„(i) in the interval 0 g z g 1 has a hump of 
height i for every n. The larger the n’s, the closer the hump to the ordinate 
axis. However, it is still tnio that, for every fixed x. the ordinates of the 
approximation curves ultimately shrink down to a point on the z-axis. so 
that lim >5»(z) = 0 for crery fixed z. 

-J- « 

We say that the series under study converges uniformly in 1 g z g 2, but 
not uniformly in 0 g z g 1. 

Uniform Convergence. Suppose 2/„(x) is convergent for 
every value of x in an interval I. Write the sum of this series as 
S(x^ = S„(x) + 7-„(x), where »S„(x) is the nth partial sum. 

‘'Definition 19.2. A series 2/„(x), convergent in I, is said 
to he uniformly convergent in a suhinterval T of I, if for every 
-positive number e, there exists a single number N = N(e), inde- 
pendent of X in r, such that |r„(x)| < « for every n > N and for 
every x in 

EXERCISES XXH 

1. Show that the series 1 + z + z’ + • • • converges and has for its 

sum — — t when —1 < z < 1. 

1 — z 
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2. Show that the function S(x) defined as the sum of the senes 


2(sin s — ^ sin 2x + i sin 3a: — • • • ) 

over —IT < X < +5r is discontinuous at a; = (2r + 1)’^) r being an integer, 
(x")" 

3. If S„{x) = ^ ■> show that S„(x) -> 0 as n — » + w if |a:| < 1, 

1 + (x-y 

S„ -+ 1 if lx] > 1, and Sn -> i if lx] = 1. 

4. Let iS„(a;) = lim (cos= nka:)*. Show S(x) = lim Sn{x) is 1 for 

^ 00 n— * + « 

rational values of x and 0 for irrational values of x. 

This function S{x) was discovered by Dirichlct and is an example of a 
function which is everywhere discontinuous, and is consequently not 
integrable. 

5. Show that 5n(x) ^ (2 sin x)” defines a series with an infinity of 
isolated intervals of convergence, namely, 

— tt/G < X ^ ir/6, 5ir/6 ^ X < Ttt/G, • • ■ . 


Prove that the sum of the scries is 0 ever 3 '’whcrc in the interior of these 
intervals, but equal to 1 at one end point of each interval, 

G. Examine the series + . . . , x ^ 0, for 

convergence. Show that the sum S(x) of the series is 1 if x > 0 and 0 if 


X = 0. 


Hint: S„{x) = 1 — - — ; Examine the approximation 

1 + nx J 


curves Sn(x) = 1 — 


1 


1 + flx 


Plot S{x), Si{x), Si{x), Sio{x). 


7. Examine the series whose partial sums arc <S'„(x) Plot 

1 + Tv’x- 

the sum S(x) and the approximation curves Si{x) and iSio(x). Show that 
the sum of the series is continuous but that the approximation curves differ 
greatly from the curve S(x) =0 in the neighborhood of the origin. 

8. Show that a power series Za„(x — Xo)" of positive radius of conver- 
gence r converges uniformly in every subinterval of the form 


|x - xoi g p < r 


of its interval of convergence. 


9. Show that 


sm nx . 




Hint: r„(x) g 


n = i 
1 


+ ' 


is uniformly convergent in all finite intervals. 


+ 


(n + 1)^ (rt -f- 2)2 

10. Prove that the geometric series Sx" is not uniformly convergent in 
the whole interval —1 < x < +1. 



512 


HIGHER MATHEMATICS 


JChap. IA' 


, 1 ^ 

11. Pro'.'c ths*. the senes ^ ~ ^ Jj — - • • cesnver^es 

iiniforraly in the inten-a! r ^ 0. 

12 Prove that — ^ r — ^ • - 'convtrpre nnifoTnJy ia say 

1 -2 ‘ 2 -3 3-4 

fcced iater>-a5 0 ^ ~ £ b but not in the inSnite interval r g 0. 

13. Consider the series 


Shov.- that this series cenvenres in ihe inrervsl — I < r g —1. and that 
in the interval 0 g rr g 1. the sum is .?ir‘' ~ 'j ^ ^ ^ 7 ^ ^ Prove 

that the ccna'erccnce is not iinifcm in 0 g r < !. Piet 5.{r) tor 


r. = 1. 2. 12, 20. 

Plot Sl,zj aho. 

14. Consider the senes (2 -j — 1 -r - ~ -r ■ h’hov that this 

series is trniforrnly convergent in 0 < r g j. even thonch the term 1 >'r is 

unlxiunded in 

15. Ptk<: a scries 2/,/r> is unttorroly converrent over the interval I it 

for any set ci positive inte^rs C;. fcj. . and any set of points r-. r;. • • - 
of /, the quantities 'r,: -r • • alivaj-s form 

a null so^ueufc. 



20. Properties of Unifonnly Convergent Series. "We fiitrt 
prove 

'Theoee!! 20.1. .4 mccssary and suflcicnt condition for the 

uniform conrcrgcnoc of the ccrics Zf^{z) in an interval I ti that for 
any positive number <, there shall ezist a positive iV.,Vcfr .V such that, 
for n ^ X.for every positive integer and for cU valuer of z in I. 


Jr^fz) ri- /,v-r(r) 4- • • ■ -r jV-t(v) < t. 

Necessity. Let s be any positive number. If Efr.{z) is uni- 
fonnly convergent there e.vists an .V such that for alJ n ^ .Y. 
|r..(r); < s/2 quite independent of z on 7. Tnen for everv 
ri ^ . for every /: = 1, 2. • • - , and for all values of r on 7. 


- Sr.{x)\ S - S(r)j 4- \S{x) - S.„{r); 


2 ‘ 2 ^ 



Sec. 20] 


INFINITE SEQUENCES AND SERIES 


613 


Sufficiency. By Theorem 8.1, S/„(a:) converges to a function 
S{x). Select a positive number e. By hypothesis, there exists an 
integer N such that for every N and for every positive integer 
k, \Sn+k{x) - Sn(a:)l < e/2, with both N and k independent of 
X on I. Hence 

S^’{x) ^ < Ss’ix) + 

Since lim SN+k{x) = S(x), we know 

jt- ►+« 

S^{x) - I g S{x) ^ S^ix) + 1- 

Since - 5(x)| ^ |5n(a:) - 5 a-(x)| + |5.v(x) - 5(x)|, it fol- 

lows that for 11 ^ N, (/S„(a:) — (S(a;)| < (e/2) -k (e/ 2 ) = e, and 
furthermore, this is true for all values of x on I. 

'Theorem 20.2. If the k series 2/ni(a:), S/„ 2 (x), • • • , 
Xfnkix) are all uniformly convergent in the same interval I, the 
series 2/„(a:) in which 

f„(x) = Cif„i{x) -f Clfniix) -}-•••+ Ckfnkix), 

with Cl, C 2 , • > • , Cfc constants, is also uniformly convergent in 1. 

This shows that uniformly convergent series may be multiplied 
by constant factors and then added term by term. We leave 
the proof of this and the following theorem as exercises. 

'Theorem 20.3. If 2/n(a:) is uniformly convergent in I, so is 
the series Xh(x)fn(x), where Ji(x) is any function defined and 
hounded in the interval I, i.e., a uniformly convergent series 2/„(x) 
may be multiplied term by term by a bounded function. 

The determination as to whether or not a series converges 
uniformly is frequently a difficult problem. However, the 
following important test is quite easy to apply. 

'Theorem 20.4 (Weiersirass Test). If each of the functions 
fnix) is defined and bounded in I, i.e., if 

l/n(x)| ^ M„ 

throughout I, and if the positive series 2M„ converges, the series 
S/„(x) converges uniformly in I. 

If {x„} be an arbitrary sequence'on I, then 

|/n+l(Xn) +/n+2(Xn) + ‘ ' +/n+fc^(x„)| 

g Mn+l + M’n+2 +•••-!- Mn+k^. 
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By Theorem 8.1 the right-hand side — > 0 as n — ♦ -f ro hence, so 
does the left-Iiand member. By Ex. XXII, 15, IS/n(a') is uni- 
formly convergent in 1. 

Wliile, in general, properties possessed by/„(a;) are not neces- 
sarily posse.sscd by the sum .S(x) of 2/„(3-), it will now be sho^^•n 
that if 2/„(x) converges uniformly, many properties of /„(x) are 
retained by <S(x). 

“THEOnEM 20.5. If 2/„(x) converges uniformly in an interval 
I, and if its tciuns fn{x) arc each continuous at a point Xo of 1, the 
function S{x) represented by the scries is also continuous at this 
point. 

Select an « > 0. Then there exists a o ^ 5(6) > 0 such that 
for evciy- x for which [x — xo] < 6, |S{i) — S(xo)| < « in 7. 
Write 

Six) — S(xe) = S„(x) — iS„(xo) -|- r„(x) — r„(xo). 

Since Ef„lx) converges uniforml}', there exists an so that for 
every x in 7, |r.v(x)| < «/.3. Hence 

lS(x) - S(xo)| g |S.v(x) - S.v(xo)| + h. 

Now for N, jS.v(x) is the sum of a fixed number of functions each 
of which is continuous at Xol hence S.\(x) is continuous at Xo (see 
Theorem 4.3 of Chap. I). As a consequence, we can select a 5 
sufiicicntly small that |S.v(x) — <S.v(xo)| < e/3 for every x in 7 for 
which |x — Xo| < 5. Hence, for these x’s, we conclude that 
|S(x) - S(xo)| < e. 

Remark. While uniform convergence is a sufficient condition 
for the continuity of the sum of a .scries of continuous functions, 
it is not a necessary condition, since nonuniformly convergent 
series are known whoso sum is continuous in the interval of 
nonuniform convergence. (Sec Example 1 , Sec. 19.) 

‘Theorem 20.6. If each /„(x) is continuous in the closed 
interval a ^ x ^ b, and if the scries 2/„(x) cojivcrgcs uniformly 
in a < X < b, then it converges for x = a a7id x = b, and the scries 
is uniformly convergent in the closed interval a ^ x ^ b. 

Since the series is uniformly convergent in (a, b) open, then 

|<S„(x) - S.y(x)| < for 71 > A’’ ^ jVi, (1) 

where Nj is sufficiently large that the inequality holds for all x 
in (a, b) open. 
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Suppose n and N are fixed.- Since each term in the series is 
continuous in (c, b) closed, then there exist positive numbers 
and ^2 such that 


|S:„(a:) - S„(a)| < | for 0 ^ (x - a| g Si, 

I-Sa-Co:) - S.v(a)l <1 for 0 g jx - aj S 62 . 

Let 5 be a positive number not greater than Si or So and let x be 
such that 0 ^ |x — a| g S. Then 

\S„{a) - 5;.(a)| ^ |£[„(a) - S„(x)| + |S„(x) -S a’(x)1 

+ |Sa-{.t) - ;Sa-(o)| < 6 (2) 

for Ti > AT ^ A^i. Similarly, 

\Sn(b) - Sa-( 6)1 < € for n> N ^ Ni. (3) 

We conclude from ( 2 ) and (3) that the series converges for x = a 
and for x — b. From (1), (2), and (3), we conclude that S/„(x) 
converges uniformly in (a, b) closed. 


■^Theorem 20.7. Let S{x) — '^f„{x) be uniformly convergent in 

n «0 

X 9 < X < Xi, and suppose that lim /n(x) = a„ exists when x 

X-*>Xo 

approaches Xo from the interior of the interval. Then the series 


]^a„ converges and limit S(x) exists as x xo as specified. 

n — 0 

Furthermore, 


that is. 


lim S{x) = 

x~>xo 


lim 

X— »xo 


'^fnix) 

n — 0 






Thus, in the case of uniform convergence, we may proceed to 
the limit term by term. 

Let e > 0 . Select an Ni (see Theorem 20 . 1 ) such that for 
every n > Ni, for every ^ 1 and for every x in Xo < x < xi. 
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|/„+i(x) + • ■ • +fn+t{x)\ <t. Fix 71 and k, and then let 
X — > xc. By Theorem 3.2 of Chap. I, jon+i + • • • + Cn+il ^ f 
for every n > iVi and for cvcrj’' ^ 1 , po that Sor. converges. 

Let the partial sums of be A„ and let the sum of 2a„ be 
/}. Wc shall show that S(x) — > A a.= x — ^ xo. Write 

S(x) = s„(3-) + r„(x). 

Let A'^i bo so large that for every ti > iVi, both jrr,(x)( < e/S and 
|.4 — An\ < «/3. Then if in be fi.xcd and m > N\, 

lS(x) -Al = l[s„(x) - A „]- {A - A„) + r.,(T)| 

= |Sr>(x)— .4„I + I "F 

Since s„{x) — » as r — > Xo, we can find a 6 so that for every x in 
Xo < X < Xi .such that 0 < |x — xo] < 5, |s„(x) — /1„1 < t/3. 
Hence, for these same x’s, i<S(x) — 41 < t. 

Theorem 20.8. If 2/„(x) = S(x) is uniformly convergent in 
the interval I, and all (he functions f„(x) arc continuous throughout 
the closed subinlcrval I' '.a g x g 6, then the sum S{x) is continuous 
in r and the integral of S(x) over /' may be found by term by term 
integration; that is, 

i.c., the series on the right converges and has for its sum the indicated 
integral of <S(x). 

Let « > 0. Select an N sufficiently large that for everj* x in 
{a, b), and for everj’^ n > N, |r„(x)[ < t/ib — a). Since 

S(x) = s„(x) + r„(x), 

l/J S(x) dx — s„(x) dx| = IjJ r„(x) rfx| < t. From Theorem 

n 

27.4 of Chap. II, S(x) dx — ^J’J'fiix) dx < e. But this 

tr-O 

implies the convergence of 2/i//.(x) dx to <S(x) dx. 

Uniform convergence is not a neccssar 5 ' condition for term by 
term integration. This fact is illustrated in Ex. XXIII, 5, 6. 
In neither case is the convergence uniform. In the first case 
term by term integration leads to an incorrect result. In the 
second case term by term integration leads to a correct result. 
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Theorem 20.9. Let S(x) = be a series each of whose 

T1 =0 

terms has derivatives in the interval I: a < x < b. If the series 

w 

^s(a;) s obtained from it by differentiating term by term 

n *=0 

co?iverges uniformly in I, then so does the original series, provided 
the given series converges at least at one point c in I. If S(x) has 
a derivative, then 


S’{x) = Xf^ix)- 

n =0 

(a) We shall show that 2/„(x) is uniformly convergent in the 
whole interval I and consequently represents a definite function 
S{x) in that interval. 

By the Theorem of the mean, 

X [m-Mc)]^{x-c) XfM)> 

J‘=n + l }=n+l 

where x < ^ < c. Select an e > 0. By hypothesis, there exists 
an N so that for every n > N, every A: ^ 1, and every x in I, 

n 

J=n + 1 

Hence for these conditions, 

n+A 

y = n + l 



This shows that fj(F)], and hence is uniformly 

j=0 

convergent throughout I. 

CO 

(b) We shall next show that S'{xo) = = <p{xo). 

n—O 

Suppose xo is a particular point of 7. Let 


_ /,(xo + h) - /,-(xo) 


, (y = 0,l,2, • • • ) 
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where (so + h) is restricted to belong to 1. By the Theorem of 
the mean, 

Tl~^k 

% g>ih) = % S’iixo + Oh), (0<0< 1). 

i-Ti-fl j-r.-fl 

Following an argument similar to that given in (a) we find that 
^j 7 n(/i) converges uniformly for all the values of h permitted 

n “O 

m 

above. The series represents the function 

n •* 0 

^(Tq + h) - S{xo) 
h 

From Theorem 20,7, letting A — * 0 term bj* term, we conclude 

1 = 

J r.-O 

EXERCISES XXm 

1. Since 1 4- 2-/ -r 3r’ 4- • • • is convergent for 0 § -y < 1, show that 

I 4- 2i 4- 325 4- • • • 

is uniformly convergent in — v < 2 < ■>. Is it in —i S 2 S y? 

2. Prove that x cos a + x- cos 2a 4- 2 * cos 3a 4- • • • is uniformly 
convergent in any intcn'al interior to — 1 < 2 < 1. where a is any real 
number. 

3. If /.(x) are all continuous throughout I and if S/,{ 2 ) = S(z) con- 
verges uniformly in I, then S{t) is continuous throughout I. 

4. From the logarithmic series 

X — ix- + ixr — • 0) 

form the scries 

I 4- 1x5 - ix- 4- ?x5 4- 125 - }x‘ 4- ■ • ■ (yj 

b 3 ’ taking two consecutive positive terms and then one negative term. 

(a) Prove that this series is convergent for — 1 < x g 1. and that its 
sum is i log 2 when 2 = 1. 

(b) Show that the logarithmic series is absolutelv convergent for fx] < 1. 
Will the sum of the logarithmic scries be altered by taking the terms in 
another order? (Xo.) 

(c) Show that the sum of the scries (ii) is log (1 -f- x) when jxl <1. 

(d) Is the sum of (i) continuous at x = 17 (Xo.) Does the interval o' 

uniform convergence of (i) extend to and include 2 = 1? (Xo.) 


that S'(xc) exists and 5'(zo) = g„(h) 
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5. Show that the series for which S„(a;) = nosc~’'^'^^ converges, but not 
uniformly, for every x. Prove that the sum is S(x) = 0. Is term by term 
integration possible? [No, for /J Six) dx = 0, while 

n 

'^pMx) dx = 5„(x) cte = 1 - -> 1.] 

jt=o 

6. It was shown in Example 1 of Sec. 19 that the series for which 
S„(x) = nx/il + n^x-) converges nonuniformly over (0, 1), and that its 
sum is Six) = 0. Show that term by term integration gives 

sr fkix) dx = Snix) dx—*0 = 'S(x) dx. 

7. Prove that Theorem 20.8 holds when the continuity assumptions 
placed upon/„(x) arc replaced bj' the assumption tliat/n(x) all be integrable. 

8. Let 2an(x — xo)" have the radius of convergence r > 0. If 0 < p < r, 
prove that the series ’Znonix — Xo)”~‘ converges uniformly whenever 
|x — xo| ^ p. Is term by term differentiation permissible in the open 
interval |x — Xo| < r; in the closed intenml jx — xo| ^ r? Is term by term 
integration permissible? Discuss. 

9. Show that if Sn„ converges absolutely, SOn cos nx and 2an sin nx 

converge uniformly for cverj’^ x. (Hint; |a„ cos nx| g On.) Are these series 
continuous anywhere? Ans. Everywhere. Wliy? 

CO 

10. Show that Six) s ^(sin nx)/n^ has a derivative and that 

n ol 

«■<-> = 2 " 

n 

11. Prove; If the power series Six) = So„x" converges for either of the 
ends of its interval of convergence, (he interval of uniform convergence extends 
up to and includes that point, and the corUinuily of the sum Six) of the series 
extends up to and includes that point. 

12. Show that 


x^ x’ 

^ (1 + a:"-) (1 + x"-)= ^ 

is convergent everywhere, but is not uniformly convergent in any interval 
containing the origin. 


13. Examine for continuity; 2 


n(l + nx“) 


Ans. Finite and continuous. 
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For what values of x is this series uniformlj' convergent? 


14. From Tan"' x — 



dx 

1 + 2 ’ 


show that 


Tan"* z = a: — Ji’ + }x' — - • • 


What is tlie interval of convergence? 


15. Develop a series for Sin"' x. [Hint: Sin"' z — /J dx/'s / 1 — z’.] 


10. Evaluate 
your method. 
17. Evaluate 


r Sin"' 

Jo =• 

p Tan"' 

Jo I 


■ dx. (Hint: Use series for Sin ' z.) .Justify 


- dx. 


18. Prove 


j: 


Tan"** X 


dx 


-2<- 


D' 


1 


(2n + 1)» 


19. Evaluate /; Tan"* z dx for |z| < 1. 

20. Evaluate /J log (1 + z) dx for jz] < 1. 


21. Evaluate 


f 

Jo 


log (1 + z) 


rfzforO < z < 1. .ilns. 




n — 1 


22. Find the derivative of S(x) = -r— r — Justify your rc.sult. 

n' + n‘z’ 


23. It is known that 


, la cos z a cos 2z 

TT cosh ax — 2 sum a- h _ . . . 

l_2a U+a= 2»+n’ J 

Find V sinh ax. (Hint: Dirfcrontiatc.) Justify your method rigorously. 

24. Determine the interval of convergence of sin z + c*' sin 2z + • • ■ ; 
also the interval of uniform convergence. Can you differentiate term by 
term for all values of z? 

r z-' 

25. Evaluate I dx, n > 0. 

J 1 +x 

« 00 

26. Consider the aeries Si — ^ — — ? z g 0, and iS. = , 

(n + z)* (n + z)’ 

n =• 1 n *= 1 

z S 0. Prove that term b 3 ’ term integration over a finite interval is per- 
missible in each case. Prove that the second series can be integrated term 
by term over the interval (0, »), but not the first. 
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27. Prove Theorem 20.2. 

28. Prove Theorem 20.3. 

29. Construct exsimples of a series nonuniformh' convergent in an interval 
I but Tvhose sum is continuous in 7. 

PART F. FOURIER SERIES. ORTHOGONAL FUNCTIONS 

21. Introduction. One of the most interesting and important 
applications of the theorj’’ of series of variable functions is 
provided by the theory of trigonometric series and, more par- 
ticularly, bj’’ the theory of Fourier series. 

By a trigonometric series we shall mean any series of the form 

ae 

^ + 2 (a„ cos nx -f b„ sin nx), 

n = 1 

where a„ and are constants. 

We sa 3 * that 2n- is the fimdame/ital period of cos x and sin x; the 
fundamental period of cos 2x and sin 2x is r, not 2^; • • • ; and 
the fundamental period of cos nx and sin nx is 2r/n. 

Since cos n(x -f- 2-) = cos nx and sin n(x -f 2-) = sin nx for 
all integer values of n, we see that cos nx and .sin nx have the 
period 25r. Emdentlj’-, anj^ sum of a convergent series of cosines 
and sines of integral multiples of x will have a period 2r. By 
altering the coefficients in such a sum, or series, we may build up 
manj' functions of x with period 2r. 

If a trigonometric series T converges in some intenml of the 
form $ ^ X < ^ -f 2-, then, in \-iew of the periodicity' of the 
trigonometric functions involved, the series T converges for 
every real x, and the series T represents o function of period 2 k 
defined for all values of x. 

Trigonometric series are capable of representing many of the 
so-caUed “arbitrary functions” and as a consequence constitute 
a far more powerful tool in higher analy'sis than power series. 

The power of the method of Fourier series is very great indeed, 
but its importance is not confined to pure mathematics; in fact, 
perhaps the most important applications of the subject occur in 
phj'sics. It is significant that Fourier series were first obtained 
and studied in theoretical phj'sics. 

j\Iore explicitly, Fourier series were first encountered inciden- 
tally to a serious theoretical study of periodic motions in acoustics, 
optics, the theory of heat, and later in electrodymaraics. 
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The first thorough study of trigonometric series was made by 
Fourier in his “Thdorie de la chaleur” (1811). Although Fourier 
did not discover any of the principal results of the thcorj', his 
paper has been of greatest importance and has led to a vast field 
of investigation which even today .^eems to be onlj" in its youth. 

22. Euler’s Formula. We shall begin by asking certain 
questions, the complete answers to which have been the concern 
of investigators for manj* j'cars. (I) What functions are repre- 
sentable by trigonometric series? (II) How can we obtain 
the repre.sentation of a given representable function? 

To begin with, we shall .suppose that fix) Ls a certain function 
of the independent variable x, represented b}' a trigonometric 
series which is convergent cverj^vhere, namely, by a series of the 
form 


fix) ~ lao + ^ (a„ cos nx -f b„ sin 7ix). 

n •• 1 

Since the sine and cosine are periodic, fix) is e\-idently of 
period 2ir. Hence, it is sufficient to consider any intcr\'al of 
length 2r. For convenience we shall choose (for the balance of 
the section on Fourier series) as this inter\-al the particular 
interval 0 g x g 2- (where we maj' omit one of the end points 
if desirable). 

Evidently, fix) is represented bj' a series of continuous func- 
tions. From our studies in Sec. 20, we know that fix) may or 
maj’’ not be continuous; although, if the series converges uni- 
formly in [0, 2^-],/(x) vill be continuous. 

We shall now prove the following theorem due to Euler. 

Theorem 22.1. If the scries 

2 °o + ^ (a„ cos nx + b„ sin nx) (1) 

n ** I 

converges uniformly to the sum fix) in the interval 0 g x ^ 2-, 
then for n = 0, 1, 2, • • • , 

1 C~^ 1 

Cn = fix) COS 7!X dx, b^ = - \ fix) sin nx dx. (E) 

Relations (E) are known as Euler’s formulas. 
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Proof. Since 

cos px • cos qx — i[cos (p + q)x + cos (p — q)x] 


for any two positive integers p and q, it follows that 



cos px cos qxdx = 



for P 9^ q, 

for p = q > 0, 

for p = g = 0. 


Similarly, 



cos px sin qxdx = 0; 


sin px sin qx dx 


/O for p 9^ q, and 
(tt for p = g > 0. 


p = g = 0, 


( 2 ) 

(3) 

(4) 


We shall now multiply the series (1) for f(x) by cos 7ix. Since 
(1) is assumed to be uniformly convergent in [0, 2ir], so is the 
series for f(x) cos nx uniformly convergent (see Sec. 20). In 
view of Theorem 20.8, we may integrate term by term from 
a: = 0 to a: = 27r. We then obtain 


fo’' 

the remaining terms each being equal to zero. (The student 
should write out each step indicated here in detail). Hence, by 
(2), we find 

1 

a„ = - I /(x) cos nx dx, n = 0, 1, 2, • • • . (6) 

ttJo 

In a similar manner, we obtain, upon multiplying equation 
(1) by sin nx and integrating term by term, the relations 

1 

= - I /(x) sin nx dx, n = 1, 2, 3, • • • . (7) 

ttJo 

This completes the proof of Theorem 22. 1 . It should be noted 
that, subject to the restrictions of Theorem 22.1, we have shown 
the uniqueness of the Fourier series generated from/(x). 

It is now clear that the representation of the constant term by 
ao/2, rather than ao, is a means of making the general formula for 
a„ applicable without change when n = 0. 


j n = 0, 

dnj'g’' cos nx cos nx dx, for n > 0, 


(5) 
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The very restrictive assumptions in Theorem 22.1 diminish 
its value. Moreover, ve still have no intimation as to whether 
or not a given function can be represented by a trigonometric 
series; or if the function is so representable, what the values of 
the coefficients of the series arc in the general case. 

We should note however, that Euler’s formulas (E) certainly 
have definite values if the arbitrary function f{x) is integrablc 
Eiemann over the inten'al 0 ^ x ^ 2ir. We shall call the 
numbers ao/2, oj, o:, • • • ; 5i, 5;, • • • defined by Euler’s 
formula [when f(x) is integrablc Riemann] the Fourier coefficients 
of the function f(x), and we shall call the corresponding series 


^ 4- (a„ cos nx + b„ sin tjx) 

fl “ 1 

the Fourier scries generated by fix), or the Fourier series of fix)', 
symbolically we shall express this by 


fix) S. ioo + ^ (a„ cos nx + b„ sin nx). (G) 

n •“ 1 

We should emphasize that (G) docs not imply that the scries 
converges or not; nor docs it impl}' that if the series converges, it 
converges to a sum equal to fix ); — relation (G) implies only that 
certain constants ao/2, ai, aj, ♦ • • ; bi, bi, • • • have been 
deduced by means of (E) from a function fix) assumed to be 
integrablc Riemann, and that the scries so generated has been 
written down. 

In general, the series (G) maj' not converge anjn^-here; and 
even if it does converge everj'where on 0 g x g 2n-, the sum of 
the series is not necessarily equal to/(x). 

It is usually impossible to say at sight which of the various 
cases mentioned occur in a particular example. This very diffi- 
cult restriction makes it impossible for the theory to be entirely 
simple. For these reasons, mathematicians have found the sub- 
ject to be very attractive for investigation. 

Mathematically, the most outstanding problems that have 
arisen in connection ■wdth the theorj' of Fourier series may be 
listed under the following types: 
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(I) If /(x) is integrable Riemann, is the Fourier series generated 
by f{x) convergent for some or all values of x in 0 ^ a: ^ 2arl 

(II) If the Fourier series generated from /(x) converges, does 
it converge to a sum equal to /(x)? 

(III) If the Fourier series generated from/(x) converges every- 
where on f g X g 77 , is the convergence uniform on this interval? 

(IV) ' If a function is capable of expansion in a trigonometric 
series, is it possible for the function to possess several such 
expansions? 

No complete answers to these questions have ever been given. 
The subject is a very vast one. Hence we shall confine ourselves 
to a beginning of the study of certain partial answers to questions 
I, II, and III. 

23. Dirichlet’s Integral. We shall now consider the first of 
the problems listed in Sec. 22, namely, the question of the 
convergence of a Fourier series. 

eo 

If the Fourier series -1- ^ (a„ cos nx -1- b„ sin nx) generated 

n=>l 

by a given integrable function /(x) according to Euler’s formulas 
(E) is to converge at the point.x = xo, its partial sums 


Sn(xo) = ioo + ^ (Op cos pxo + bp sin pxo) ( 1 ) 

pel 

must tend to a limit as n — > -f- «> . It is frequently possible to 
determine whether or not this is the case by expressing s„(xo) in 
the form of a definite integral. By (E), we see that 


Up cos pxo -f- bp sin pxo 


-[if" 


f{t) COS pt dt 


cos pxo -}- 


[ij:- 


/(O sin pt dt 


sin pxo 


1 

= -Jq /(O cos p{t - xo)dt. (p = 1 , 2 , • • ■ ) 


Hence 


5 + cos (/ ~ Xo) -1- cos 2(<|l a;o) 


+ • • • -H cos n’i^xo) 


dt. ( 2 ) 

X 
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Thu 5 , it appears that a neccsssxy and suSdent condition that 
StX^o) converge at a point th as n — ♦ -r » is that the integral in 
( 2 ) should tend to a (finite) limit as n — *• -r = - 
TTe shall notr prove the follotving important res^rlt: 

Thxohem 23.1. .1 ncccstary and sufictcni condUion ihat the 

Fourier faeries generated by a function Jir), 7nlegrahle (bounded^} cw.d 
periodic of period 2 r, converge at a point ~e. i-s that the DiricMel 
integral 



2t) -h/iT- - 2t) 
o 


sin (2n 4 - l)t 
.dn t 


dl 


(3) 


should tend to a finite limit as n — • -f ~ . This Um:t {if it erists) 
is (he sum of the Fourier scries at the point z-.. 

Proof. We shall need certain identitie.' from trigonomctiv-. 


cos (a -f t:) -f cos (a -r 2 r) -h • • • -r cos {a -r mz) 


sin 


a -h (2m d- 1)5 




■I sra 7: 


sin • co: 


s' a -r (m -h 1)5 j 


(4) 


m 


sin ^ 


i d- cos (t — zd d- • • • d- cos n{l — 


1 , 
2 " 


sin 


sin 




" (S^) 


a sin 

Bj' (2) and ( 6 ], we see that 


C^) 


16 } 


s..{xX) 




Sin 


m- 




C-^’) 


dl. (7) 
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If fix) is defined and integrable only on [0, 2iv], we extend the 
definition oi fix) as follows: 

fix) = fix — 2fcir), 2kT ^ X ^ 2(fc + l)7r, 

ik = ± 1 , ± 2 , • • • ) 

Now fix) is defined for all real values x and it is of period 27r. 

We shall use the well known property of any periodic function 
<pix) of period 27r; namely, the fact that for every c and d, 

ff p(i) dt = p(!) dl - f” r,(d + t) dl, (8) 

f%ll)dt^l>f^\(t)dt. (S) 

Applying (9) and (8) to (7), we find that 


Sn(2Jo) — 




sm 


+ t) 


(2n + 1)| 


. t 

sm- 


dt. 


( 10 ) 


Now (7) may be written in the form 


In the second integral, set — i = t. The latter integral becomes 


1 

By (9), this becomes 


sin 


(2n + l)g 


sin^ 


dx. 



sin 


- t) 


(2n + 1)1 


sin I 


dr. 


Hence, since the letter t indicating the variable of integration 
may be replaced by t and not change the value of the integral, 
we see from (11) that . 


_ 1 r/(a:o+r) + fix, - r) 


Sn(a:o) = - f 

^Jo 


sin 


(2n + 1)1 


sin I 


dr. (12) 
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s„(a:o) 


2 r^^ fjxg + 21) - 21 ) , sin (2w + 1)1 

ttJo 2 sin / ' 


(13) 


We have thus proved Theorem 23.1. 

The integral (13) is known as Dirichlet’s integral,* and is an 
expression for the partial sums s„(xo) of the Fourier series gen- 
erated hy fix). 

Let lim s„(xo) = s(io). We consider question II of Sec. 22, 

and e,xpress s{xn) in the form of a Dirichlet integral. 

By Eq. (6) with a:o = 0 and f/2 replaced by t, we have 

(14) 

r Jo sm t 

Multiplying (14) by s(a-o) and subtracting from (13), we find 


s„(xo) — s(3:o) = 



Six, -k 21) +f{xo - 20 
2 


six,) 




sin (2?i -j- 1)< 


sin t 


dl. (15) 


Whence, 

Theorem 23.2. A necessary and sufficient condition that the 
Fourier series generated hy a function fix), integrahle of period 
2r, should converge to the sum six,) at the point x,, is that 


where 


lira 

n— ♦ *e 



•pit] Xo) 


sin (2n -k l)t 
sin t 


dt = 0, 




( 16 ) 

(17) 


A partial answer to question III is given by the following 
obvious modification of Theorem 23.2. 


* More generally, any integral of the form 


j: 


, , sin kl . 
fit) • — - dt 

sin t 

is knoivn as a Diriehlet integral. 


... sin kt , 
vit) • — — dl 
0 I 
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Theokem 23.3. If the partial sums Sn(x) converge to s{x) at 
every point of the interval a ^ x ^ they will converge uniformly 
to this limit in the interval, if and only if, given e > 0, we can 
assign an N ^ N{e) so that 



sin (2n + l)t 
sin t 


< 


(18) 


for every n > N and for every x in a ^ x ^ 

The reader should note that while questions I, II, III of Sec. 
22 are only partially answered by Theorems 23.1, 23.2, and 23.3, 
these theorems have given us a new mode of attack for their 
solution. 

24. Further Theorems. We shall now prove a number of 
theorems in preparation for our main purpose of modif 3 dng the 
above theorems so as to construct immediate tests of conver- 
gence for Fourier series. 

Theorem 24.1. If f{x) is integrable (bounded) over the interval 

09 

[0, 2ir], the series (al -f bl), formed by the sum of the squares 

ft = l 

of its Fourier constaTits, converges. 

The integral 


J ' 2 ir 
0 


f(i) — 2) (®p pt -f bp sin pi) 

p = 0 


dt, ( 1 ) 


where 5o = 0 and Oo is written instead of a^/2, is nonnegative, 
since its integrand is never negative. Also, by squaring, we find 


n 

I = f/(i)]2 dt - 2^ cos pt 

p = 0 
n 

-p — Q 

r ^ 

X " ^ (op cos pt -b 6p sin pt) 


Lp=o 


dt 


= X'" dt-27raS-^^ (al + 5|). 


7)«1 
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Hence, for all values of n,* 





where co now has its usual meaning. Thus the partial sums are 
bounded and the series (of positive terms) is convergent, for the 
last integral is independent of n. 

Moreover, we have proved 

Theorem 24.2. Tfic Fourier coeficicnls a, and hr. of an inlc- 
grahle function form a null sequence, i.e., 

lim a,. = 0. lim hr. = 0. 

Theorem 24.3 {Riemann-Lehe.’^guc Theorem). If <h(f) is inlc- 
grable in a i ■Ah, then as n -r^. 

.4r. — ^(0 cos f/t di — ‘ 0, 

and 

Br — ^(t) sin ni dl — » 0. 

Suppose that a and b both belong to the same interval I, 
2/;r A / A 2(/: -r 1)" where h is some fixed integer. Let f{t) 
he a function defined as follows: 

/(/) = '!’(/) for a A t < b, 

f{l) = 0 for all other values of / in /. (3) 

f({ -f 2pr) = /(/) for all other values of t and for all 

integers p. 

Then 

.4,. = fj 4‘{t) cos nt dl — cos nl dt = -a,. = rh,, (4) 

where Or. and hr. denote the Fourier coefiicients of /{/). Bv 
Theorem 24.2, .4,. — ^ 0 and B„ — » 0 as n — ^ -r . 

If a and b do not satisfy the conditions imposed above, split 
the interval a A i A h into a finite ntimber of subdivisions, each 
of which satisfies the conditions. Then .4 „ and Br. are expressible 

* Relation (2) is known as BcttdCs irj^qualilii if < bold?. Pcrtcre.rs 
equclion if = holds. 
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as the sum of a fixed finite number of terms each of which tends to 
0 as »—>+'» , and hence An — » 0 and Bn — > 0. 

Theorem 24.3 is quite important, for it enables us to simplify 
the problem of the convergence of Dirichlet’s integral. 

Let 6 be any arbitrarily chosen number vuth 0 < 5 < 7r/2. 
Then the function 

^ ^ M/fa + 20 + f{xo - 2t)] - s(a:o) 

^ sin t sin t 

is integrable in the interval S ^ t ^ 7r/2. Hence, for a fixed 6, 
it follows from Theorem 24.3 that as « — > + “ , 


jp(t) sin (2n + l)t dt — > 0. (6) 

The Dirichlet integral (15) of Sec. 23 will therefore tend to 0 as 
?i + CO , if and only if (for a fixed arbitrary 6 > 0), 


lim 
* 1 " « 



^ ’ smt 


= 0 . 


(7) 


The integral (7) involves only the values of Sixt, + 2t) in 
0 5 ^ 6] [i.e., of f{x) in xo — 25 ^ x ^ a:o + 25]. 

Since 5 > 0 may be assumed arbitrarily small, we have the 
very peculiar result 

Theorem 24.4 [Riemann’s (1854) Theorem]. The behavior 
about the ■point Xo of the Fourier series generated by fix) depends 
only on the values of fix) in the neighborhood of xq. This neighbor- 
hood may be assumed arbitrarily small. 

As an illustration of this theorem, we note the following conse- 
quence of it: Consider the set T of all possible functions fix), 
integrable in [0, 27r], all of which coincide at a point Xo of the 
interval [0, 27r] and in some neighborhood of this point, however 
small, the length of the neighborhood possibly being dependent 
upon the particular function. Then the Fourier series of all 
these functions in F, irrespective of how much they may differ 
outside the neighborhood in question, must, at xo itself, either 
all converge or all diverge; and in case they converge, all the 
members of F have the same sum s(xo), which may or may not 
be equal to /(xo). 

We shall now restate the criterion obtained above and formu- 
late a theorem which we shall substitute for Theorem 23.1 in the 
discussion to follow. 
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THEonEM 24.5. .4 necessary and sufficient condition for the 
convergence of the Fourier series generated by f{x) to the sum s(io) 
aiXB,isthatforany arbitrarily chosen Tositice number 0 < 5 < r/2. 
Dirichlct’s integral (7) tends to 0 as n + x, i.c., 



sin (2n -r l)t 
sin/ 


dt = 0. 


( 8 ) 


We can assert nothing as to the uniformity of convergence in 
this theorem, because tve do not know whether the integral in 
(S) tends to 0 uniformly for everj' z of the specified intert'al. 
This is true, actuallj', but we shall not enter into this question 
here. 

We shall leave it as an exercise for t!ie student to show that 


0 < 6 < |. (9) 


and then prove 

Theorem 24.6. A necessary and sufficient condition for the 
Fourier series generated by a function f{x}, periodic of period 2n-, 
and integrablc (bounded) over [0, 2r], to converge to s(xf) at the 
point xo, is that for any arbitrarily chosen positive number o. 
0 < 3 < r/2, the sequence of the values of the integral 

forms a null sequence as n — + + =c . 

25. Conditions for the Convergence of a Fourier Series. We 
are now in a position to tackle problems I and II directly, and 
for convenience we shall restate these problems in the following 
form; 

Let tp{t) be a pven function integrablc in 0 ^ ^ 0 . What 

additional conditions must be imposed upon <p{t) in order that the 
sequence of integrals 


= 2 r 

"Jo 


t(i) 


sin pi 


dt, 


h 2 , 


should tend to a (finite) limit L as p — » + =c ; and if L exists, what 
is its value? 
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In view of Riemann’s theorem and the fact that S has a fixed 
arbitrarily small positive value, it follows that this question 
depends only on the behavior of <p(i) immediately to the right 
of 0. We are thus led to ask the question: What properties 
must ^£>(0 possess immediately to the right of 0 in order that L 
may exist? 

In the attempt to answer this question many papers have been 
published giving suflScient conditions for the existence of L- 
We shall present two very general sets of sufficient conditions; 

Theorem 25.1 {Diriclilet's Rule*). If (p{t) is monotone in 
some interval Q < t < where Si ^ S and 5 is a fixed 'positive 
number arbitrarily small, then lim Jp exists and is equal to ipo, 

p-*+ CO 

where <po denotes the right hand limiting value lim <f>{t). 

(->+0 

Proof. From Chap. V, Sec. 23, Example 2, lim J dt = ~ 

3'-*+ “Jo ^ * 

By Sec. 23, Equation (14), 


/„ 



sin (271 + 1)^ 
sin i 



for 


7 ? = 0 , 1 , 2 , 


Hence J„ — > ir/2 as n — > + « . Bj’’ Theorem 24.3, as t? — > + oo , 

" i ' {si - f) "■ 

This proves that 


/<« = 7„ - = r ^ dt -> 5. 

Jo t I 

X (2n-H)ir 

But + f - 

JO f Jo I 

1/:^ 


E^ddently, a constant Kn > 0 exists such that 


sin t 

T 


dt\ 




for every a: ^ 0; hence for every a and b such that 0 g a ^ b, 
I ^dt < 2Z2 = K. 


* Due to Dirichlet, Sur la convergence des sdries trigonomdtriques, 
Jour, reine angew. Math., Vol. 4, p. 157, 1829. The first exact condition for 
the convergence of a Fourier series was given in this very fundamental paper 
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Let e > 0 be given. Select a positive number o; < oi so that 
- V'ol < Let J”> = dl. By Theorem 

24.3, {Jp — ./j,'’) —^0 as p— > + «. Hence ve can select a pi 
sufficiently large that \Jp — ./{,*'( < «/3 for cverj' p > p\. Write 




2r*’r /.N i5«n p< J, , 2 f*=sin 
~ z\^ 1^^^) ~ — i — ^ — f 


pi 


dt. 


Let JJ,-' denote the second of these quantities on the right-hand 
side and the third. Then JJ,*’ = -b J'-pK Evidently, 

2 f'-'^Fint., 2 r+‘sint,, 

J”’ = -tpo — j- dl —V 2^0 — j~ dt — tpo. 

Hence there exists a Pd > pi such that for cverj' p > pa, 
|Jp’ — ^rol < </3. By Theorem 30.1, Chap. II, for an appropri- 
ate nonnegative number 03 g 5.. 

J? - I £' MO - <// - Im‘,> - 

Tp^t ejn t 

The latter integral is equal to I dl, and as .shown above, 

Jpit I 

is <K. Hence ^ consideration of the 

sum Jp = {Jp — J^*') -4- J'p”’ + J'^^ shows that for a given 
c > 0, there exists a po such that for everj- p > po, 

\Jp - ^-ol S \Jp - -f !./!,=> - co\ ^ 3| = e. 

This completes the proof of Theorem 25.1. 

Theorem 25.2 {Dini’s Rule). If lim y(0 = co exisls, and if 

t -*+0 

the integral 


i: 


V^(t) — <rO 

t 


dt 


is numerically less than some fixed positive number for each positive 
value of <T < 0 , then lim Jp exists and is equal to 

p—* 4 - « 

Proof. The integral 


X‘ 


1^(0 — yo| 
i 


dt 
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is monotoiiically increasing but bounded as a +0, and con- 
sequently tends to a definite limit L which we shall denote by 

^ Let € > 0. We can select a positive number 



5i < 5 so that 



k(0 — 

I 


dt<i. 


Let + Jp^ denote the same integrals as used in the 

proof of Theorem 25.1. As before, we can select a pi so that for 
every p > pi, \Jp — < e/3, and a po > Pi so that 

1J<=> - ^o| < e/3 
for e\'ery p > po. Now 




= 2 p 

5rJo 




r 


1^(0 


<Po\ 


dl, 


so for a properly selected 52, < e/3. We thus conclude that 

for every p > pa,\Jp — ^sol < «• 

Theorem 25.3 {Lipschilz's Ride). If two positive riumbers 
A and N exist such that for every t in the interval 0 < i ^ 5, 


^(0 — *Po\ < At^', 


then Jp-^tpoasp—^A-^. 

Since J* ^ ” a fixed number 

for all cr < 5, it follows from Dini’s rule that Jp —>■ <po as 
p — -b °o . 

Theorem 25.4. If <p'{0) exists, then lira <p{t) = — ^(0) 

/— *- 1-0 

exists and Jp-^tpgasp—^A-^- 

If lim — exists, then the ratio is bounded 

<-♦+0 t t 

in some interval 0 < t < 5i. But this is an example of a 

Lipschitz condition ndth iV = 1. 

As a consequence of Theorems 25.1 to 25.4, we have 

Theorem 25.5. If ^(<) is expressible as the sum of a finite 

number of functions, each of which satisfies the conditions of one 

of the four Theorems 25.1, * • • , 25.4, then lim (p(t) = <po exists 

i-*+o 



538 HIGHER MATHEMATICS (CnAr. IV 

Theorem 25.11. If ip{x) is any function continuous in [0. 27r] 
except for a finite mimber of fmitc jumps, 

Urn r*' <fi{x) sin (n + l)x dx = 0. 
n — ^Jo 

Theorem 25.12 {.Jordan's Test). If f{x) is of bounded variation 
in a neighborhood of Xo, then the Fourier series generated from f{x) 
converges to the sum Uf(^o + 0) + /(xo — 0)]. 

Proof. Since f{x) is of bounded variation over an interv^al 
about a:o, the condition a-'^surcs convergence ov-cr that interval. 
The function 

v(.h) = /(a- + h) + f{x — h) - f{x + 0) — f{x - 0) 

is of bounded variation (see See. 8, Chap. IX) in any interval 
to the right of h = 0, and as h — > 0, ^(/i) — » 0, for f(x) being of 
bounded variation, f{x + 0) and fix — 0) c-rist. We can thus 
write 

w'here and arc both positive increasing functions of h. 
But <pi and <p 2 botli tend to the same limit L as h —* 0. Bj' 
subtracting L from each of the quantities y?, and we can 
construct the limit of the two new functions to be zero in both 
cases. 

Let 5 > 0 be selected small enough so that ,p{h) is of bounded 
variation in [0, 5]. Then 


X 


« sin {n + l)h „ ^ , 

— <p(/i) dh = .7, - 


where 
J 


. - . £ “ ■ - (■ ■ ■ + - £ H' j . " + »'■ ,,(„) 

Let € > 0. Select a positive number m Small enough that 
<Pi{li) < €. By Theorem 30.1 of Chap. II, 


X 


sin (n + h)h 


<Pi{h) dh — <p\ifi) 


X 


" sin (n + i)h 


dh (0 < S < fi) 


r(n+H)M sin t , 
= ¥>i(m) j — y- dt. 
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Since for all n, //, the last integral is bounded, 

where A is some positive constant. With fixed we find from 
Theorem 24.3 for n large enough, 

f" sin (n + l)h ^ ^ 

I — —<pi{h) ah <6, n > no. 

This shows /i — > 0. Likewise, we can show J«—*0. 

An immediate consequence of Theorem 25.11 is 

Theorem 25.13 (Dirichlet’s Conditions). If f{x) is continuous 
except for a finite number of finite discontinuities in 0 ^ x ^ 2Tr 
and if f{x) has only a finite number of maxima and minima in the 
interval, then the Fourier series generated from fix) converges to 
+ 0) + fix — 0)] for all values of x. 

It is not very difficult to extend Theorem 25.11 to prove 

Theorem 25.14. The Fourier series generated from fix) con- 
verges uniformly to fix) in an interval interior to an interval through- 
out which fix) is contimious and is of bounded variation. 

26. Application of the Convergence Criteria. From the general 
character of the theorems given in Sec. 25, it is clear that very 
general classes of functions may be represented by Fourier 
series. 

As stated before, the function fix) to be expanded should be 
given in the interval 0 ^ x < 27r and must have the period 27 r; 
that is, fix + 2/c7r) = fix). The Fourier series then generated 
from fix) is of the form 

00 

2^0 + 2 ) i^’' "^^x). 

n = l 

Suppose fix) is an even function, that is, a function having 
the property that fix) = fi-x). Then since fix) is of period 27r, 
i.e., fix) =/(-x) =/(27r-x), the Fourier coefficients all 
vanish, for 

J ‘* 2 t 

^ fix) sin nx dx 

/•2jr 

Q fix) sin nx dx + fix) sin 9ix dx = 0. (1) 
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Thus, if /(x) is an even function* the Fourier series generated from 
fix) reduces to a pure cosine series. 

Suppose fix) is an odd function, that is, a function •with the 
property that/(x) = — /(— x). Then since /(x) is of period 2-, 
/(— x) = /(25r — x) = —fix), and hence the Fourier coefScients 
a„ all vanish, for 

xa„ = / " fix) cos TJX dx = 0. (2) 

Thus, if fix) is an odd function, the Fourier series generated 
from fix) reduces to a pure sine scries. 

We now conclude that there are three ways in which a given 
Fix), defined and integrable over the intciwal a ^ x ^ b, may 
be prepared for the generation of a Fourier series: 

I. Case (6 — a) S 2r. In this method a portion, say 

a ^ X < a + 2x, 

is cut out of the interval (a, 6), and the origin is then transferred 
to the point a. In this wa}' we obtain a function fix) defined 
in 0 g X < 2x, fix) being defined elsewhere bj" the condition 
fix ± 2/:r) = fix). ■\\Ticn Q) — a) > 2-, a portion of F(x) is 
omitted altogether. Tliis omission can be avoided by changing 
the unit of measure on the x-axis so that the interval of definition 
of Fix) has the length 2 r-, This change can readily be made by 
replacing x by 2xx/(5 — a). 

Case ib — a) < 2x. In this case define fix) to be some con- 
stant Fib), in b £ X < a + 2- and then proceed as before. An 
alternate method is to make the interval of definition of F(x) 
exactly the length 2 t bj' changing the unit of measurement on 
the x-axis. 

II. This method is similar to that in I, e.xcept that we define 
the function fix) to be F(x) in 0 g x ^ fix) = /(2 t — x) in 
TT g X g 2;r, and define /(x) elsewhere by/(x + 2/xr) = fix). 

III. In this method we define fix) as in II for 0 g x < -, set 
fi~) = 0, /(x) = — /(2x — x) for X- < X g 2~, and define fix) 
elsewhere by fix ± 2k-) = fix). 

We shall denote by/i(x),/»(x),/3(x), respectively, the functions 
obtained by methods I, II, III, respective!}’’, from a given func- 

* The graph of an even function is symmetric -with respect to the y-axis; 
that of an odd function is sjunmetrie to the origin. 
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tion F{x). A function of type/ 2 (a:) will always generate a pure 
cosine series and a function of type fs(x) will always generate a 
pure sine series. 

We shall further modify our functions fi, fn, fs, by defining 

/(O) = fi2kTr) = lim h[fi^) + /(SjT — a:)], (3) 

whenever this limit exists. This additional definition is neces- 
sitated by the fact that our rules for con^'^ergence enable us to 
detect the convergence of a Fourier series at points a;o for which 
lim |[/(a;o -f 2t) + fixo — 20] exists. In case the limit in (3) 

f — ^+0 

does not exist we can not discover (with our present Icnowledge 
of the subject) whether the Fourier scries converges or not; con- 
sequently, in this case, we need not concern ourselves with the 
value of /(2Z:7r). 

Example 1. Given F{x) sh 3. Expand F(x) in a sine series. 

We shall use method III. Define 


! 0 for a: = 0 and x = ir, 

3 for 0 < X < ir, /j(x ± 2kTr) ~ /j(x). 

—3 for IT < X < 2x, 


Evidently, A fulfills Dirichlet’s conditions at every point including the 
“jump points.” Consequently, the Fourier scries obtained from A must 
converge everywhere and actually represents A- 
By Euler’s formula we find 


b„ 


If 

•n-JO 

-[ 

■x-Jo 


2>- 

A(i) sin Tix dx 

IT 

sin Tix dx, 


3 r . 3 T" . , 

- I sin TIX dx I sin nx dx 

■xjo 


or 


bn = 0 for n an even integer, b„ == 12/nx for n an odd integer. 
Hence, the Fourier series for A(®) is 


A(») = 


12 


, sin 3x sin 5x 
sm X -1 — + — — + 


sin (2 n + l)x 
2n + 1 


Figure 144 indicates the function fzix) and the partial sums of the Fourier 
series, Si, S^, Si. 

Example 2. Expand F(x) = x by method III. We define 

! x for 0 g X < X, 

0 at 0 and at x, 

— (2x - x) for X < X g 2x. 
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ly 



(See Fig. 145.) From Eulor’s fonnuln we readily obta'm 




21 sin X — 


sin 2x sin 3i sin 4z 

~r~ ~3 5 “ 


> 


which converees to /»(x) over the interval 0 g * S 2^. 

Example 3.* E.vpand F(x) = s by method I, Here wo define 



0 < j: < 2v, 

for X = 0 and z = 2x, 


/i(r i 2M = 


* For a large collection of such examples, see H. Burkhardt, Trigo- 
nometrisehe Rcihen und Infegrale bis etwa 1850, Ert:tih. vtath. Tl'tss., Vol. 
IIA, pp. 902-920. 
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- - 2 , 


sin 2a: 

sm a: H ;; f- 


sm na; ^ 


2 n 

which converges to fi (x) over the interval 0 g a; g 2n-. 

EXERCISES XXIV 



1. Verify (2), (3), and (4) in Sec. 22. 

2. Carry out in detail the steps leading to the proof of relations (5), (6), 
and (7) in Sec. 22. 

3. Subject to the assumptions stated in Theorem 22.1, prove that the 
convergence of series (1) is uniform for everj' x. 

4. Prove relation (2) in Sec. 23. 

5. Verify formida (4) of Sec. 23. (Hint: Multipij- each term of the 
left member bj* sin (z/2) and then represent each product as the differencp 
between two sines.) Also verifj- (5) and (6) of Sec, 23. 

6. Prove the statements given in (S) and (9) of Sec. 23. 

T. Prove Theorem 24.3 without the use of Theorem 24.2. 

8. Prove relation (9) in Sec. 24. 

9. Prove Theorem 24.6. 

10. Prove that another condition for the validity of Theorem 24.6 is: 
If for every e > 0, w can assign a 5 < x/2, and an N > 0, so that for every 
n > N, 



sin (2n + 1)1 



< e. 


11 Find a Fourier series expression for the function F{x) given in 
Example 1, using methods I and II. 

12. Repeat Ex. 11 for F{x) = fc, a constant, using methods I, II, and III. 

13. From the results of Ex. 12, find a series for Tr/4, tt/S. 

14. Prove Theorems 25.7 to 25.13. 

15. Expand F{x) = x by method II (see Fig. 146). 



16. In each of the following exercises find a Fourier series and plot 
F(.X), So, Sy, So, • . ■ : 
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(a) F(i) = I- for 0 < s < 2 r. 


s. s’ = -f- ~ 2 “ ' 

3 n 


fu’i _\4jfor0<2<x 

- i 42 -S-forr <r < 2 r. 

Am. F(x) — SJsin 2 — I sin 2 ^ -f } ain 3 r — - • • ]- 
(dor 0 < I < t/2, 

(c) F(i) = -jo for x/2 <x< Zx/2, 

I -c for 3r/2 < 2 < 2r. 

2cr 2 1 1 . . . 1 

Am. f’(2) = — sin 2 -f- - sin 22 -r - sin 32 -f : s’n ox -r - • • )• 
' 2 3 o J 

IVhat is the value of this series at the discontinuity of Ft 2 )? 

tA\ t-/ ^ 0 to 2 / 2 , 

(d) f( 2 ) = 

„ , 4 rEin X sin 3x sin 02 sin lx _ *1 


-•Ini. fix) 


4 sin a 


sin lx I 


(cl Same as (d) but niih corinc scries, 
(f) f ( 2 ) = 2 = for 0 g 2 £ 2 . 


.•Ins. /(x) “ ;[ (y - f,) S'" 2 - Y S'" ^ + (y “ ^ 

— - sin 42 -f I — - — I ri- • 

4 \.-> o7 

fgi F(x) = sin 2 

,, 2r 2 cos 22 2 co« 42 2 cO' 62 

.4ns. fix) = - 1 - — ^-:r- - 

tL 13 3 o o / 


.4ns. fix) = - 1 


2 cos 22 2 co« 42 2 co~ 62 


(h) Ffx) = 2 sin 2 

j4ns. ffx) = 1 - 


cos 2 2 CO- 22 2 cos 32 2 cos 42 


(i) F(i) = — (■ for — 2 < 2 < 2. 

2 sinh r 

. 4 ns. fix) = i -f [ cos 2 4 - sin 2 j 

r 1 2 1 

Prove that /(— 2 -r 0 ) 4-/(2 — 0 ) = 2 ctnh r, and hence that the sum 
of the series is (2/2) ctnh r for 2 = ±x. 

(j) F(z) = 2 4 - 2- for —I- < 2 < 2. 


jlns. o, = — cos nx, 6 , = 

n- 

.Also obtain an expansion of Ffx) = 2 -r 2 ’ for 0 <2 < 2r. 


(-l)'-t: 
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X* 11 

Using this result, find = 

Evaluate this Fourier series for s = +x. Show that 


x» 1 1 

- = l+-+g; + 


(0 F(s) = sin= j for — r < a- < x. 

7. Show that the Euler coefficients valid for the range t = Oto I ~ 21 arc 




-fX ‘'"rX 


, 

. njrf , 
Sin — dl 

0 I 


where (p(t) = /(•a-l/l). 


,r> rr ■ x. , ~ J n/ % ^ 0 < 3: < (/2, 

18. Using Ex. U, expand F(x) = j ^ 1/2 < x < /. 

2fr 2xx 1 6xx 1 lOxx 

.dns. /(x) = — cos — — h - cos — h — cos — h • 

27. Theorem (of Fejer) 27.1.* If fi^) is intcgrablc in 


0 ^ X g 2x 

and periodic of period 2x, arirf if at xo in Die interval, the limits 
/(.To + 0) andf{xo — 0) exist, then the Fourier series generated from 
fixi) is suinrnablc (C, 1) at Xo to + 0) + /(xo — 0)]. 

Proof. From (13) of Sec. 23 the partial sum 5n(^o) of the 

cc 

Fourier series -l-uo + ^(un cos nxo + 6n sin nxo) at xo may be 

71 =1 

MTitten 

s„ s s„(xo) - - r"^'^[/(xo + 2t) +f(xo - 2f)] ± 

■JTjo ^ sin t 

(n = 0, 1, • • • .) (1) 

The arithmetical mean (r„_a formed from the first n partial sums is 

* This remarkable theorem was discovered by L. Fejer, Untersuchungen 
fiber die Fourierschen Reihen, Math. Ann., Vol. 58, p. 51, 1903. 
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O-n-l = 


So + Si + • • • + Sti-l 


^ sin (2r — 1)< 


[/{;ro + 20+/(a:o-20]^- 


But 


“-f 

n-Jo 

• /-o i\j f if I ^ fe, I sin-nl 

V sin (2r — 1)/ = / an / > since — > 

(O if/ = /::rJ 


( 2 ) 


0 as 


I — > /;z-. Hence (2) is equal to 


- ir’ ® 

This integral is called Fcjcr's integral. Comparison of (3) nith 
Dirichlet’s integral (13) of Sec. 23 shows that (3) is much the 

easier to iiaudle, since { 

\ sin 

let’s integral the corresponding factor oscillates over posi- 

tive and negative values. Now 


ni\" . 

r) ‘ 


is positive in (3) while in Dirich- 



(4) 


(Why?) From (4) and (3) we have 


Cr.-l 


2 p-r/(To-i-20+/(xo-2/) 
7!-Jo 2 



(o) 


Hence, a necessary" and sufficient condition that the Fourier scries 
be sumraable (C, 1) to the sum « is that the integral (o) should 
approach zero as n — > -F . 

We show now that if c(0 is integrable in (0, -/2) and if 

lim <j(I) = 0, then as n ->• -f == , — f ^^(0 • dt 0. 

ro n-J \ sin / ) 

Since ^{f) — * 0, for every' « > 0 there exists a S < 7r/2, such 

that jc(/)i < </2 when 0 < f ^ 5. Hence 
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Since l^sCOl is bounded for 0 < i < 7r/2, there exists an ilf > 0 
such that l<p(0i < Then it is easy to show that 



( sin nt \' 
sin t J 




^2M7r 1 ^ 

” jiTT 2 sin" 5 


( 7 ) 


when M and 5 are fixed. Select an N sufliciently large so that the 
right member of (7) is less than e/2 for all n > A'. Combining 

this with (6) and replacing by pfo"- — ~ ^ — s , 

we have Icn-i — s] < e for all n > N. Hence (r„_i — S. This 
proves Fejer’s theorem. 

An immediate corollary to this theorem is 
Theorem 27.2. If f(x) is continuous in 0 g x ^ 27r, if 
/(O) = /(Ztt), then for every x the Fourier series generated from /(x) 
is s:ummahle (C, 1) tof{x). 

The truth of this theorem follows immediately from the 
observation that the hypotheses of -Theorem 27.1 are met every- 
where, that it is understood that /(x) = /(x — 2kx), and that 
fix) = 5 [/(x -h 0) -h fix — 0)] for all values of x. 

An important consequence of Theorem 27.1 is 
Theorem 27.3. Under the assumptions of Theorem 27.1, the 
Fourier series of fix) is uniformly summahle (C, 1) in any interval 
included in an interval ivherefix) is contimious. 

Proof. Since fix) is periodic and everj^^vhere continuous, it is 
uniformly continuous for all x’s (Theorem 8.7, Chap. IX), so 
that for any fixed e > 0 there exists a 6 > 0 such that for every 
X, |/(x + 2t) — /(x)l < e/2 when jfj < 5. Hence 


k(0| = Wit, x)l = 

||[/(x -h 2t) - fix)] -h [fix - 20 - /(x)]l < I (8) 


for all values of x. Furthermore fix) is bounded since fix) is 
periodic and continuous everywhere, so that there exists a 
K > 0 such that |/(x)j < K for all values of x. 

Hence Wit, x)| < 2iv for all values of x and t. A repetition 
of the argument given in the proof of Theorem 27.1 shows that 
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We thus conclude that there exists a definite number N such 
that the right member of (9) is less than e/2 for everj- n ^ W. 
Hence — sj < e for n S A*. Thus for everj- given e there 
exists a definite number A' independent of x such that for n > A', 
lo'„_i(x) - f{x)\ < e. 

THEOREit 27.4 ClTcfcrstrass’s Theorem for Polynomial Approxi- 
maiion). If f{x) is caniinvous for a ^ x ^ b, and if e is any 
positive number, it is possible to construct a polynomial Pn{x) so that 
for all a ^ X ^ b, i/(a-) — Pr>(ar)j < «. 

We shall merely outline the proof of tins theorem. Transform 
the variable x so that (a, b) lies ■nithin (0, 2r). By Theorem 27.3 
vre know that there exists a “trigonometric pDlj-nomial” crn{x) 
such that |/(t) — o-,(a:)j < ej2 for all z’s on the interval. Replace 
each sin hx and cos ]:x in Orlx) bt* their corresponding power series. 
By using a sufficiently large number of terms in these power 
series we can obtain a pohmomial Prlx) .mch that 

\Mx) - P„(3-)i < e/2 

for eveiy x on the interval. Theorem 27.4 then follows. 
EXERCISES XXV 

1. Show that 5 -f cos x -f cos 2x eos nx -r ■■■ is summable 

(C, 1) to tho “sum” 0. ii I 2/rT. 

2. Show that sin i -r rin 2x -j- • • • is convergent to the “sutn” 0, for 
X = At; if a ?£ At, the scries is divergent but summablc (C. 1 ) to the “srim ” 
i ctn (x/2). 

3. Show that cos i + cos 3r d- cos or u- • • is suraraable (C. 1) to 
the "sum” 0, if x At. 

4. Show that sin x + sin 3r -f sin or — • ■ • is summable <C, 1 ) to tho 

“sum” if I pi At. 

2 sin X 

28. Fourier Integral Formula. A Fourier .serie,s of the form 

t£ 

f(x) = ^0 -f T 

t: = 1 ' 

represents at points of convergence a function of period 2 tX. 
Subject to the proper restrictions, the coefficients are obtainable 
from the relations 
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The entire theory of Fourier series may be applied to series of 
type (1). 

Substituting (2) in (1), we have 


II 

? 

Tl=“l 

( 3 ). 

Let 



n 


( 4 ) 

and ip{w) = - 1 f{t) cos 'io(x - t) dt. 


Then the right-hand member of (3) may (under suitable condi- 

ee 

tions) be approximated by means of (w„+i — Let 

■n » 1 

X ..j. CO . Thus (3) becomes 

1 ^ 4* * r* 4" * 

f{x) = - I I f{t) cos w{x — t) dt dw, (5) 

provided, of course, such a limit exists. This is known as 
Fourier’s integral formula. The right member of (5) represents 
a function on ( — «> , «> ) in much the same manner that a 

Fourier series represents a function over a finite period. 

In this development we have overlooked many difficulties. 
Thus, we have ignored the fact that is a function of X and 
that the approximating series is infinite. A rigorous proof of 
(5) is quite difficult and will not be undertaken here. (See 
Bochner, “Fourier Series and Integrals.”) 

It can be shown that under suitable conditions 

1 4- “ to 

f{x) = - I j /(O cos w{x — t) dt dw 
= l[fi^ + 0)+f(x-0)], 


— 00 


< a; < -f = 0 . (6) 
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If f{x) is an even function, (6) becomes the Fourier Cosine 
Integral: 

n /’+ « “ 


vjo Jo 


f(t) cos wl cos wx dl dw 


= f/(=s + 0) +f(x - 0)], 


and if f(x) is an odd function, (6) becomes the Fourier sine 
integral: 

2 r+ “ r + “ 

f{x) = - I I f(t) sin irt sin wx dt dw 
rrjo Jo 


= + 0) + fix - 0)1 (8) 

jjrovided, of course, that these limits exist. 

EXERCISES XXVI 

1. Let f(t) = 1 for 0 < / < 1, /(/) = 0 for / > 1, f(l) == Jt-t). Show 
from (7) that 

„ r+ « . , /I for 0 < ( < 1, 

2 I sm w cos tri , 1 , ^ , , , 

die = ili for t = 1, 

~Jo <. 0 for t > 1. 


2. Let f(i) = c“^' for < > 0, /(t) = — /(— t). (a) from (7) show that 

" w sin trf , . T " oos irt , a- „ 

: dw = (h) from (8),showthat I dw = — e*^'. 

0 u'* + p* 2 ' Jo w'- + g-- 2g 


29. Harmonic Analysis. Let the interval 0 ^ x g 2r be 
divided into n equal subintervals bj’’ the points xo = 0, Xi, 
X 2 , • • • , x„_i, x„ = 2-. Let/(x) be periodic of period 2-. We 
wish to construct a trigonometric pclj-nomial 


Smix) 

such that 


m 

k = l 


Sr.(x,) =/(x.). (i = 0, 1, 2, • • • , n — 1.) 


( 1 ) 

( 2 ) 


Since Sm contains (2at + 1) undetermined coefBcients, and since 
we are imposing n conditions bj’’ (2), we shall require n to be odd 
and we shall determine m from the relation 2n! + 1 = n. By 
(2) for the case f = 0 (xo = 0), 
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2^0 + — /(O)- 

A: « 1 


Likewise, 

m 

l-ao + ^ (tti- cos A:a;i + bt sin kxi) = f{xi), 

fc = i 


( 3 ) 

( 4 ) 


§ao + ^ (Qfc cos + bk sin kx„-i) = (5) 

fc = i 

If we add Eqs. (3) to (5) and collect together terms having like 
values of k, we find that 

II -1 

Oo = 

1=0 

n-l 

since, for fixed k > 0, ^Ok cos kx,- = sin kx,- = 0. In 

t = 0 » = 0 

close analogy with the Euler formulas of Sec. 22, it is easily 
shown that 

11-1 

ak = kx,)f(xi), 

1=0 
n — 1 

bk = kxi)f(xi), fc = 1, 2, • • • , (7) 

1=0 

If the period I of f{x) is not 27r, then it can be made equal to 
27r by a suitable change of scale along the a:-axis. Formulas 
(6) and (7) then hold in the new scale; if desired, we can return 
to the original scale by writing a: = (2ir/l)x' in (6) and (7). 

Another set of formulas, based on an even number n of inter- 
vals, is obtained by omitting the term bm sin mk from Sm in (1), 
where now 2m = n. It turns out that formulas (6) and (7) 
hold for A: = 0, 1, 2, • • • , (n/2) — 1, and in addition, 

n — 1 

an/2 = ^ 

f = 0 
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For a description of other and more sj'stematic methods 
of analysis, see Whittaker and Robinson, "Calculus of 
Obsen-ations.” 


EXERCISES XXVn 


Represent the folloninp functions over the interval 0 g x g 2r br 
trigonometric sums; 


1. /(x) = 3x. Talic n = 5. 

_ J — 1 when 0 g I < X, 

3- IW - -J 2r - X rvhen x g x g 2r. 


2. Six) = x=. 
Take n = 7. 


Take n = C. 


30. Further Results. We shall not have space to pursue this 
subject further than to make a few general remarks. We do 
not knotv at the present time what are the necessarj* and sufficient 
conditions that a function be representable by its Fourier’s 
series. 

It is knotvn that not all continuous functions are representable 
b}' their Fourier series. Continuous functions exist whose 
Fourier series are divergent. Furthermore, it is knonm that 
Fourier series may sometimes represent functions which are 
nowhere differentiable. The theorj* of summability has aided 
materially in studjnng the question as to whether a Fourier series 
of a function represents that function. 

It can be shown that any Fourier series S, whether convergent 
or not, may be integrated term by term between any limits; 
f.e., the sum of the integrals of the separate terms is the integral 
of the function /(i) which generate.? the given Fourier series. 

In 1898, J. W. Gibbs discovered a very curious phenomenon 

“T * 

in connection with the series Gibbs noticed that in 

n«*l 

the neighborhood of the discontinuity at x = 0, the curt-es 
y = s„(x) "overshoot the mark.” Let a„ be the abscissa of the 
greatest maximum of s„(x) onO <x <~ and let be the cor- 
responding ordinate. As a„-^0, does not approach -/2, 
but instead approaches a value h = (■z/2) (1.0S9 * • • )• Thus 
the curves y ~ s„(x) approximate as a limit the configuration 
consisting of the graph of the function /(x) = (x- — x)/2 in 
0 < X < 27r, and a strip of the j/-axis from y — —h to y = +h, 
where h exceeds the "jump” of the function by about 9 per cent. 
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This strange behavior is known as the Gibbs 'phenomenon and has 
been extensively studied in general Fourier series (see Fig. 147). 



31. Systems of Orthogonal Functions. The inner product over 
a ^ X ^ b of two real-valued functions f(x) and g(x) is defined 
to be 

if, g) = fj’fi^) g(^) 

^ if , g) = 0 ) the functions / and g are said to be orthogonal* 
The norm of / is defined as 

Nif) = if, f) = £pdx. ^ ( 2 ) 

If N(f) = 1, / is said to be normalized. If, for any .function /, 
we let <P=f/VW), then Ni^) = if/VW), f/VWI)) = 1- 

A system of normalized functions • • • for which 


i^r,, ^n) = I 1 


when m 7 ^ n, 
when m = n, 


( 3 ) 


are said to form a normalized orthogonal, or orthonormal system. 
For example, over 0 ^ x ^ 2:r, 


1 cos X sin X cos 2x sin 2 x 

V^‘ v ^’ ® 

form a normalized orthogonal system. 

The first n functions (n = 2, 3, 4, • • • ) of an orthogonal 
system <pi, , are always linearly independent. 


See CoTjBAia^HiiiBERT, “ Mathematische Physik,” I, pp. 40-47. 
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For suppose 91, • • • , 'were Iinearl5' dependent. Then there 
■would exist constants Ci, • • - , c„ such that 

Cici -7- == 0 . ( 5 ) 

MultipKdng ( 5 ) bj' i?. and integrating wc find that 

7i 

Hence c, = 0, r = 1, • • ■ , n. 

We shall now show how, from gi^'cn real continuous linearly’ 
independent function^ ai(x), ai(x), • ■ - , ar(x), • - - we can 
construct linear combinations ci(x), ci(x), • • • , s^n(x), • - - 
of them wliich are orthonormal. Let ci = aj/'\/j\'(ai), so that 
jV(c;i) = (cJi, Cl) = 1 . Select cn such that cf = a« — cuci is 
orthogonal to ^ri; i.c.. so that (ci. = (ci, a:) — CnCci. c.) = 0. 
Then Cn = (v'l, a;). To normalize cl, let 1^2 = 

It i« evident that (ci. cj) = 0 . Ne.xt let cj = 03 — c-ici — c;;c;, 
where the c’s are such that 

(4=0 ^3) — (».. 03) — c-i = 0 , (c;, cl) = (c;, aj) — c:: = 0 . 

Thus c:i = (91, aj), C21 = (c;, aj). Let cj = o\l \/ A’ (cl). 
Then cj is orthonprmal to ^^i and s?:- In general, let 


S^n-l 




'Pr—X = OTr-I — ^ j C, (Vi. Ct,_lj, 


The set ^^i, c;. • - ■ so constructed forms an orthonormal 
S3'stem. 

Let <px, ‘? 2 , ■ ■ ■ be an orthonormal sj-stem. and let /(x) be 
anj* real function of the real variable x on a ^ x £b. Let 
Ci = (J, Ci). It can be shown from the fact that 


that 



tfx S 0 


n 

Xcl^Nif), 

k^l 


( 6 ) 
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pro'^'ided ci, • • • , Cn are independent. This inequality is 
called Bessel’s inequality. 

Let /(x) be a given real function of the real variable x. What 
values must the coefficients yjt have in order that / be approxi- 
mated in the sense of “least squares” by means of the linear 

n 

relation ^ 7 m-, ’'vhere<pi, • • • ,<??„ form a normalized orthogonal 
system; i.e., in order that M = f — ^ykipk 

\ t=i 

mum? Now 


^ dx be a mini- 


n n 

M = Cf dx+ -2, (yu - cuY - (7) 

it=i fc = i 

Hence in order that ilf be a minimum, yk = Ck for all values of 

fc = 1, • • • , n. 

If M = 0, then (7) with c* = (/, <pa) gives 

eo 

Xcl^NiS). ( 8 ) 

*■• = 1 

An orthonormal system (p\, <?«,••• is said to be complete if there 
exists no orthonormal system ai, as, • • • of which ^a,' • ■ • 
is a proper subset. 

In order that ipi, ip 2 , ■ • • form a complete orthogonal system, 
it is sufficient that completeness relation (8) hold for all con- 
tinuous functions /. 

Suppose that throughout a ^ x ^ b, f{x) can be represented 
by a convergent series of the form 

00 

f(x) = ^cm-(a:), (9) 

1 

where ipi, <P 2 , • • • form a complete orthogonal system. If, 
furthermore, (9) is uniformly convergent, then the series obtained 
from (9) by multiplying by (pn can be integrated term by term. 
Since the <p’s are orthogonal, we have 

‘Pr.ix) dx = Cn£ dx, 


( 10 ) 
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from which we have 


= (« = 1 , 2 , • • • ) 111 ) 

K<Pn, <Pn) 

If the Ip’s are normalized, then 

Cn = (/, ¥>n). (n = 1, 2, • • • ) 

EXERCISES XXVin 

1. Show that (4) is nn ortiionormal system of functions over the intcivnl 
0 g X g 2 j-. 

2. Sliow that the system of Legendre polynomials form an orthogonal 
system. Find the normalizing factors for the I.«gcndre polynomials. 

3. Show that if the system viix), vAx), • • • i s orthogonal, then the sys- 
tem • • • with = ytCil/Vwi, vt) is orthonormal. 

4. Two complex functions / and a of a real Tarinblc i arc said to be 

orthogonal if (f, g*) - (/*, g) = 0, where /* is the conjugate of /, • • • . 
If A'(f) = = 1, thcn/(i) is said to be normalized. Show that o\cr 

— s- g X g -fir, • • • is a normalized 

orthogonal system. 

5. Show that (/, g) satisfies Schtrarz’s inrguolit!i 

g (/./)(!?, 17). m 

Hikt: (/, gy = (/,/)(!/, 17) - i//xl/(x)(7(« - /({)p(i)l‘ ax de. 

0. Show that the equality in (12) holds if and only if /and g are propor- 
tional. 

7. Constnict from 1, x, x-, ■ • • , x"“’ a set of orthogonal functions fer 
the intcr\'al — 1 g x g 4-1. Do not normalize. 

Arts. 1, X, X* — J. x’ — . 

8. Show that /o(x). /i(x), • ■ • ./,(i), where 

d" 

/4x) = — l(x - a)"(x - h)”!, 
dx" 

is a set of nonorthonormal orthogonal functions. Construct this set of 
functions from the set, 1. x, x', x’, • • • . 

9. Prove Bessel’s inequality (0). 

10. Prove; If condition (8) is satisfied, any function orthogonal to eveiy 
member of the system y,, ¥’:,••• vanishes identically. 

11. Show that if any member of a complete system S be removed, the 
remaining system will not be a comyildc system. 

12. Show that (/, g) has the following properties, where / and g are 
suitable complex functions of the real variable x and where o is a complex 
number: 

(/, ag) = a*(J, g). 

(f, gi 4- gs) = (J, gi) 4- (/, gs). 
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N[af) = \a\'N(f). 

\(f, S)t ^ Nm(s). 

N{f, +/2) g Nf, + NU 

[Nil + ff)P g ^N(J)? + 2[N(jmm + 

N(f 0. 

N(f — g) = 0 if and only if / = g. 

N(j -h) ^NU -g) + N{g - h). 

13. Prove: 

+ » 

If V 1 1 Vn) ••• is an orthonormnl set of functions, then ^ oibk* 

fc<=i 

is absolutely convergent for every/ and g. Here m = (/, ip^), hk = (g, n). 

+ “ 

When/ =3, ^ 

fc = l 

14. Let VI) V 2 ) • • • be a complete orthonormal set and suppose / and g 
are suitable functions. Show; 

(a) If (f vn) = 0 for every n, then / = 0. 

+ 

(b) For every/ and g, W,g) = ^ Okht*, a„ = (/, <p„), = (p, vn), {Parse- 

k^l 

ml’s identity.) 

15. The functions viix), • • • are said to be orthogonal (over the 
interval o g x g 5) relative to the weight Junction p{x) if 


r 


p{x)>pm{x)<pn{x) dx - 0 whcn 


m n. 


Verify that the following systems of functions are orthogonal with respect 
to the weight function indicated : 

(a) The Legendre pol 3 momials over the interval —1 g a: g 1; p(x) = 1. 

(b) The Hermite polynomials over the interv'al — «> <»<+«>; 
p(x) = 6“'’’. 

(c) The Laguerre polynomials over the interval 0 g k < co;p(x) = e~^. 
(Hint: consider the differential equations satisfied by these functions.) If 

J ’*' 2 

p{x)y(x)\’ dx, show that N(p„) — — 

„ 2n + 1 

in (b); and iV(vn) = («.')- in (c). 


in (a); N(<p„) = 2"n! 



CHAPTER V 

FUNCTIONS OF A COMPLEX VARIABLE 

1. Introduction. In this chapter we sliall study the elements 
of the theorj' of anah-tic functions of a complex variable. This 
theory has been found to be of the utmost importance and value, 
not onlj' to mathematicians, but also to engineers and phj'sicists. 
The theory of the two-dimensional flow of heat, electricity, and 
fluids is studied through the medimn of analj-tic functions; the 
theory of maps is intimately related to the subject; the solution 
of many of the ordinarj' differential equations which arise in 
electric-circuit tlieorj’ is greatly aided b}’ the use of eomplex 
numbers; in the rapidh’ growing field of aerodjmamics the 
methods of the theory have found wide application. 

The early mathematical theory of anaMic functions was 
largely developed under the influence of Cauchy (17S9-1857), 
Riemann (1826-18C6). Vcierstrass (1815-1897), and their 
students. 

PART A. COMPLEX NUMBERS 

2. Complex Numbers. Let {x. ;/) be an ordered pair of real 
numbers. We shall represent the number pair (x. y) by the 
sjTnbol* X -b yi, and we shall speak of x -r yi as a complex 
number. In the notation x -f- yi, the sjnnbols i. yi, and + have 
(as yet) no meaning whatever, and x -b yi should be regarded 
as a single sjunbol. The number x is called the real part, and 
y the imaginary part, of the complex number x -b j/f; if c = x -b yi, 
then the real and imaginar\' parts of z are sometimes denoted b}' 
(H(r) and ^(r), respectiveh'. A comple.x number 0 -b yi in which 

* A number pair (x, y) may be represented in other ways, such as by a 
vector or a point. Because complex numbers and vectors are added in 
essentially the same way, complex numbers and vectors have many prop- 
erties and applications in common. In fact, the only thing that distinguishes 
a complex number from a vector is the law defining multiplication, so that, 
as long as multiplication is not involved, complex numbers and vectors may 
be used indiscriminantly. 


558 
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the real part is zero is called a pure imaginary number; the 
number 0 + li is called the imaginary unit. (It should be 
remembered that an imaginary number is in no way considered 
as an “imagined” number. We would prefer not to use the 
word imaginary, but its use is so universal that we retain the 
term here.) We shall write x + 0 ? merely as x, and 0 + yz as yi. 
Thus, z = X + yi is representable by x alone if and only if y = 0 ; 
moreover, z = x + yi is representable by 0 if and only if both 
a; = 0 and y = 0. 

If Zi = xi + yii and = Xs + y^i, where of course Xi, Xs, yi, 
and y2 are real niunbers, then we define the sum of Zi and Ss to 
be the complex number 

Si + 22 = (2:1 + yiO + (2:2 + Vii) = (xi + X2) + (yi + yedi, ( 1 ) 
and the product of zx and z-x to be the complex number 


Z1Z2 = (2:1 + y\i){Xi + yii) 

- {xxZi - yiyo) + {xxy- + xiyx)i. (2) 

It follows directly from (1) and ( 2 ) that 

2l + Z 2 = *2 + 2i, (3) 

Zl + (Z 2 + Z 3 ) = {Zl + Z 2 ) + Zs, (4) 

Zi 22 — 222 j, (5) 

21(2223) = (2122)23, (6) 

21(22 + 23) = 2i22 + 21Z3, ( 7 ) 


these relations being known, i-espectively, as the commutative and 
associative laws for addition, and the commutative, associative, 
and distributive laws for multiplication. 

If we set yi = 0 in ( 2 ), we see that 

XxZ-y = {xi + 0i)(xx. + yzi) — xix^ + xiyii. ( 8 ) 

In particular, if Xi = 1, it follows by (8) that Izo = 22. We 

shall denote the number Iz’ merely by i. 

If we set Zl = y and 22 = i in ( 5 ), we see that yi = iy. Hence 

.x + yz = X + iy. (9) 

We define the symbol x — yi to mean x + (— y)z. If 

2 = X + yi, we define —2 to be (— x) + (— y)z = —x — -yi. 
If we set xi = —1 in (8), it follows that ( — 1)Z2 = —22; in 
particular, (— l)z' = —i. 
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"We define the difference zi — zj to be zi + ( — z-). By (1), 

Zl — C; = Zl + ( — Z-) = (Xl + 1/lt) + ( — Xj — 2/2t) 

= (xi — X;) + (t/i — yt)i- (10) 


If zi = Z 2 , i.e., if xi = X 2 and j/i = 1 / 2 , then by (10), zi — Z 2 = 0. 
Conversely, if Si — = 0, then bj' (10), 

(xi — X2) + (j/i — 2/2)1 = 0 . 

But, as remarked above, this situation occurs only when 

Xj — X 2 = 0 and y\ — Vi = 0, 

i.e., when Xi = X 2 and 2/1 = 2/i. so that zj = z-. Thus, (wo corn- 
flex numhers arc equal when and only when their difference is zero. 

If we set Xj = X 2 = 0, 1/1 = 2 /« = 1 in (2), and if we denote 
ii b}’^ i-, then* 

1= = a = (0 + 1J)(0 + It) = -1 + Of = -1. (11) 

We define the conjugate z* of z = x + yi to be z* = x — yi. 
Evidently, 

zz* = (x 4- 2/f)(x — yi) = X- 4- 2 /- = z*z. (12) 

Likewnse 

(zt 4- zt)* = Zi* 4- Z2*, (zizj)* = Zi*Z2*. (13) 

It is seen by (2) that the product ZjZ: of two complex numhers is 
zero if one (or both) of the factors z,. z. are zero. Conrersely, if 
the product ZiZ 2 = 0, then either Zi or zt (or both) must be zero. 
The proof is quite simple: If ziZ 2 = 0, then 

Z|*(ZlZ2)Z2* = 0. 

But 

Zi*(zjZ 2 )z 2 * = (zi*Zi)(z 2 Z 2 *) = (xj 4" 2/l) (^^2 4" 2/1) == 0. 

* Equation (11) must not be interpreted as shoving that i = -y/ —1. As 
indicated above, i denotes an ordered pair of real numbers, namely, the 
number pair (0, 1), and Eq. (11) shows merely that the product of this 
number pair by itself is, according to (2), the number pair ( — 1, 0). The 
operation of taking a square root of a com ple.x number has not yet been 
defined, and it will be seen later that y/ — \ has meaning only when regarded 
as the result of an operation on the number pair (—1,0) leading to the num- 
ber pair (0, 1), 
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Hence either xf + yf = 0 or x\ y\ = 0, or both. If 
Xi + y! = 0, then Xi = yi = 0, so that Zx — 0. Likewise, if 
xl + yl = 0, then So = 0. 

If we set Xi = 1/w, u ^ 0) (S), it follows that 


5r = 

V u u 


Thus we maj"^ divide a complex number by a real number (other 
than 0). If zi = Xi + yii and z; = xs + yd, and if there exists 
a complex number q such that 

Z\q = Zj, (14) 


then we say that zo and Zi have the quotient q — zs/zi. To deter- 
mine q we observe that, if (14) holds, then 


2 i* 2 iy = (xi + yi)q = Zi*Z 2 . (15) 

If Zx 9 ^ 0, so that XI + yi 9^ 0, then bj’- the latter part of (15), 

_ 2t*so _ (xi — yif)(x; + yoQ 


+ yl + yf 

^1^2 + yiy; , xiy; - .xoyi . 
:ri + yi xj + y? ’ 


(16) 


It is seen that this value of q satisfies (14), for 


Zl? = Zx 


2 1 *22 

+ yl 


ZxZx* 

3-r + yt- 




3. Geometric Representation of Complex Numbers. Let a 
right-hand cartesian coordinate system be set up in a plane (P. 
Associate vdth each complex number 
z = X + yi the corresponding point (.x, y) 
in the plane (P. Then each complex number 
z — X + yi is represented by exactly one 
point (x, y), and conversely, to each 
point (x, y) there corresponds exactly one 
complex number z = x -f yi. The x-axis is often called the 
real axis and the y-axis the imaginary axis. (Why?) The 
complex number 0 = 0 -f Of is represented by the origin of 
the coordinate system. 

Let (r, 6) denote the polar coordinates of the point (x, y) 
constructed in the usual manner, vdth 9 .chosen so that r is 
positive. Then 
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r = \/x- ^y- 


cos 0 = 


X 

— f 

r 


sin 0 — (1) 

r 


The number r is called the absolute value (or 7nodulus, radius 
vector) of the comiile.x number 2 = z + yi. The symbol | 2 | 
is also used to denote the absolute value of 2 , so that 

l 2 | = r = V5P. (2) 

The number Q is called the amplitude (or arc, argument, angle) of z. 
While for a given comple.v number 2 0, there is but one 

amplitude 0 such that 0 ^ 0 < 2rr, there is also an amplitude 
between 2;r and ir, an amplitude between 47r and Gtt, etc. The 
term amplitude may refer to the smallest positive number 0 in 
(1), or it may refer to any number of the set 0 + 2;!7r, where n 
is any integer. The amplitude of 2 is sometimes denoted by 
amp 2 . It is readily shown (see Exs. I, 4, 5) that 



^ jsi + 2:1 



= Izil + 
if 22 0. 


(3) 

(4) 


It follows from (1) that any comidex number can be represented 
in the form 


z — X + yi — r(cos 0 + i sin 6). (5; 

For example, 

-5 
5i 

However, 0 in (5) may have infinitely many different values. 
Hence each complex number 2 = x + t/i may be represented 
in the form (5) in infinitely many ways. In fact, because 
cos (0 + 2k-!r) = cos 0 and sin (0 + 2kTr) = sin 0 for any integer 
k, we may write 


= — 5 + Of = 5(cos ;r + f sin tt), 
= 0 + 5f = S^cos '-iy + i sin 


z = r(cos 0 -f f sin 0) 

= r[cos (0 + 2kjr) + i sin (0 + 2b7r)]. (6) 

Another method for representing geometrically a complex- 
number 2 i = xi + yii is by means of vectors. By a vector we 
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shall mean a directed line segment OA. If 0 is the origin ( 0 , 0 ) 
and if A is the point (a;i, yi), then the complex number 

zi = xi A- yii 


is represented by the vector OA (see Fig. 149 ). Thus, to each 

number Z\ there corresponds one vector OA from 0 , and con- 

■ ' > 

versely, to each vector OA from 0 there corresponds exactly one 
complex number zi. 



Using formula ( 1 ) of Sec. 2 , we may give a geometric construc- 
tion for the sum zi + of two complex numbers zi = Xi yd 
and Z2 = X2 + yd- Let Zi and Z2 be represented by the vectors 

OA and OB as indicated in Fig. 149 . If C is determined as 

the fourth vertex of the parallelogram OACB, then OC is the sum 

of OA and OB, and OC represents zi -b Zo. This construction is 
called the parallelogram law of addition. 

In Fig. 150 , OE represents — Z2. It is seen that OD is the sum 

of OA and OE, and OD represents the difference Zi — Z2. 

To construct the vector representing the product ziZ2, let us 
write 


Z1Z2 = ri(cos 01 -f- i sin Oi) • r2(cos 02 -f i sin 02) ( 7 ) 

= r-ir2[cos (01 + 62) -f i sin ( 0 i + 02)]. 

It is seen by ( 7 ) that the modulus of Z1Z2 is equal to the product 
of the moduli of zi and Z2, and that the amplitude of Z1Z2 is the sum 
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of the amplitudes of zi and z~. Let the vectors OA and OB 

represent Zi and Z;. and let OU represent the number 1. On OB 
construct a triangJe OBF similar to triangle OUA. Angle BOF 

equals angle UOA, and angle UOF is 
the sum of angles UOA and UOB. 
Moreover 

OF _qA _0A 
OB OU ' 1 ’ 

Oi 1 - _ 

^ so that OF^OA-OB. Thus OF 

Tio. 3ol. , 

represents r-.r- (.see Fjg. 151). 

By (16) of Sec. 2, the quotient z^/zi may be tvriiten in the form 


(V F 



9 




ri(cos 6i — i .^in ^i)r;(co5 6. -f- i sin 6;) 
r|(cos 6i — i sin eOlcos 6i ~ i sin 6j) 


= [cos fS; — 6<) i sin (fi; — Oj)]. 
ri 


(S) 


Thus (he modulus of z-lzi is the guotunt cf the moduli of Z: and Zu 
and the amplitude of Z:/Zi is the difference bctireen the amplitudes 
of zz and z,. A quotient may be con.structed geometrically in 

much the same way as a product. Thus, in Fig. 151, O.-l repre- 

.■=ents the quotient of the compic.v number OF divided by the com- 


plex number OB. 

If in (S) v.-e set zz = 1. Zj — z, then fS) assumes the special 
form 


1 


-[cos (0 — 0) -r i sin (0 — 6)j 

I -* 

- (eo= 0 — i sin (<> — -v- 
r r- 


( 9 ) 


Thus the modulus of 1/z is the reciprocal of the modulus of z. 
and the amplitude of 1 tz 1= the negative of the amplitude of c. 

If n is a po.dtive integer and if tr = r(co5 •J' -f- f sin ^), then by 
(7) we have De Moivre's theorem: 


tr'- = [r(cos -h 1 sin — r’fcos n-f -r i sin n-p). (10) 

We define an nth root of a number z — Bfcos 5 -F f sin 6) to be a 
number tr = r(co5 sF -r i sin •^) such that 
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W" = 2 , • ( 11 ) 

and we write w = 2'-'”. B}'- (6) we may write 

2 = i?[cos {B -f 2/c7r) + i sin {6 2fc7r)], (12) 

where h is zero or any other- integer, and where we may suppose 
6 to be the smallest nonnegative amplitude of z. By (10) and 
( 11 ). 

r"(cos nxp + i sin n\l/) = i2[cos (6 + Sfcrr) + i sin (0 + 2kw)]. 
Hence 

r = R^’‘, = ■ (13) 

where denotes the positive real nth root of R. It follows 
that 

i/.i r>un( ^ "I" 2^'’" I • • ^ 2/i'r\ 

w = 2*'" = V2 = R^''\cos 1- t sm — 1^^ 1- (14) 

By assigning to k the values 0, 1, 2, • • • , « - 1, we obtain n 
distinct complex nunibcrs, each of which is an nth root of z. 
If we assign to k any other positive or 
negative integral value, the resulting am- 
plitude 'wdU differ by an integral multiple 
of 27r from an amplitude of one of the above 
roots, and we obtain merely another repre- 
sentation of this root. Thus there are 
exactly n distinct nth roots of any nonzero 
complex number. In fact, the points 
representing the 7ith roots of 2 all lie on 
a circle of radius and form a regular 
polj'^gon of 72 sides, one vertex having the amplitude O/ti. (See 
Fig. 152.) 

If p/q is anj’- positive rational number, then by (10) and (14), 

2?/? = (2i/«)p = /.p/s cos ~{6 4- 2fcir) 4- i sin 2(0 4- 2fc7r) 

(fc = 0, 1, • • • , g - 1) (15) 

This result also holds when p/q is a negative rational number, as 
may be seen by letting p/q = — m and noting that 


z 



Fig. 152 . 
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2 " r'"[cos m(,0 + 2/.-r) + i sin mi^O + 2/:r)] 

= r^^fcos [ — 7?i(0 + 2k~)] + i sin [— 771(0 + 2/i-7r)]j. (16) 

Example 1. Find tlic otli roots of 32. 

Since 32 = 32[cos (0 + 2;.--) + 1 sin (0 + 2krr)]. it follows that 

s/— / 0+2;:5- . . 0+2kr\ 

32*^ = -VS^l cos ; 1- j sin )■ 

By assigning k the valuc.s 0, 1, 2, 3, and 4 we find that the fifth roots of 32 are 



In Sec. 8 rve sliall define the sj-mbol re’® by the formula 

2 = rr'® = r(co.s 0 + 7 ^iit 0 ), (17) 

and tve shall show that rc’® is subject to the well-known laws of 
exponents. In particular, 

(r,c'®.)(r.c'®0 = 


This result brings out the fact that we arc nierclj’ restating a law 
of e.xpononts when we sa 3 ' that “in multipljdng complex numbers 
we add amplitudes” [cf. comment following (7)]. Likewise, 
the significance of division and the taking of power.s or roots is 
made clear from the relations 


7-iC'®l 


r* 


(re'®)" = r’’c’"®. 


EXERCISES I 


1. Prove relations (3) to (7) and (13) of See. 2. State these relations in 
words. 

2. Show that (R(j) = (r +c*)/2 and th.at .9(c) = (c — c*)/2i. 

3. Show that |ci — Cj| is equal to the distance between the points 
representing s, and c-. 

4. Prove relations (4) of Sec. 3. (Hikt: Use (2).] Show that 

|ciC; • ■ • Cnl = [cii • |C;1 |c„| 

and that 

i'”! = 1^1". (71 a positive integer) 

5. Prove relation (3) of Sec. 3. 

6. Show that <r{ — — — ) + (Jtf — — — ) = 1. 

Vi + 25/ \ 2 i + z:/ 
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7. (a) If Si = 2 + 3t and S 2 = 5 — 7t, find si + zj, zi — s:, Sis-, and 
si/s;. Verify j’our results by graphical constructions. 

(b) Repeat part (a) ivith zi = — 1 + 2i and sj = —2 — i. 

S. Find the modulus and amplitude of; 

1 + f's/i) — 9f, 24 — 23i, Represent these results graphically. 

9. Find by numerical and graphical methods: (3 — ii)-, (—1 + ^■^/2)^ 

(1 - iy, (1 + iy. 

10. Find by numerical and graphical m' Otho ds the n nth roots in each of the 
following cases: v^, -v/l, ^128, -V^, ^2+3f, 



11. Plot the numbers n = 2c*''''*, r- = 3c=*'''’, ziz^, zj, z\/z% 

Si + S”, Si — S". 

12. If t(’i, and 1 are the three cube roots of 1, show that Wi = w~ 

u'l — 1 + u’l + = 0. 

13. Let E be represented by the vector OP. SIiow that the operation of 
multipljdng s by i may be interpreted ns rotating OP counterclockwise 


through the angle ir/2 without changing the length of OP. Interpret the 
operation of multiplying z by: —1; a positive real number a; a negative 
real number a; —i; bi (6 real, positive or negative); 2 + i; a 4- bi; rc'^. 

14. An airplane is fijung in a horizontal plane and is headed due north. 
Its airspeed is 175 miles an hour and it is being carried to the cast of north 
by a n-ind blowing in the direction of northeast at 50 miles an hour. Find 
an expression of the form z = x + iy for the resultant velocity of the air- 
plane. Express the resultant speed and direction in 
terms of s, and find these quantities numerically. 

15. Let P denote a point on the circumference of a 
wheel 3 ft. in radius. The wheel rotates about its 
center at the rate of 120 r.p.m. Find an expression 
of the form z = a + bi for the position of the point 
P at any time if at t =0 seconds, P lies on the ar-axis. Also, find a similar 
expression for the velocity of P at any time. 

16. If in problem 15, Q and R are points on the line OP 30 and 40 in., 
respectively, from 0, find expressions for the position and velocity of Q 
and R at any time. 

17. Suppose that the wheel in problem 15 is a car wheel and that it rolls 



, Fig. 153. 


I along a tangent straight track at a uniform rate of 75 m.p.h. 

f ^ Find expressions for the position and velocity of Q, P, and R. 

IS- inner side of the wheel in Exs. 15 and 17 is 

I mounted a circular gear with its center at the center of the 

V O J wheel and an effective radius of 30 in. A smaller gear of 
effective radius 8 in. is mounted -with center on a vertical 
154 through 0 and is enmeshed with the larger gear. Find 

• an expression for the position and velocity of a point S on 
the circumference of the smaller gear under the assumption of problem 15; 
also under the assumption of problem 17. 


Fig. 154. 
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PART B. FUNCTIONS OF A COMPLEX VARIABLE 

4. Functions. The definitions of a complex variable and of a 
function of a complex variable are quite similar to the definitions 
given in Chap. I, Sec. 2 for a real variable and for a function of a 
real Amriable. 

A complex variable is a symbol having complex n\imbers for 
values. 

If a complex variable w has one or more complex values for 
each value of the complex variable z in some subset D of the set 
of all complex numbers, then this variable it> is called a complex 
function of z defined over D. If to each value of z in D, there 
corresponds exactly one value of the variable w, then iv is called 
a single-valued complex function of z defined over D. 

A polynomial (rational integral* function) in the complex varia- 
ble z is a function of z of the form 


flnZ" + o„_,z"-* -}-••■+ Oo, 


( 1 ) 


whore a„, a„_i, • • • , Oo arc complex constants and « is a positive 
integer or zero; if a„ 0, the polj’nomial is said to bo of degree n. 

By a rational (fractional) funciion of z is meant the quotient of 
two polynomials in z haraig no common factor, i.e., a function lo 
of the form 


o„z’‘ a„..iz’‘~* -1- • • • -b Up 

!)„z” b„-iz’"-' -h bo’ 


( 2 ) 


where m and n maj’- be any two nonnegative integers. 

While a polynomial is defined for all values of z, the region of 
definition of the rational function (2) cannot include points where 
the denominator vanishes. 

All algebraic complex functions which are not rational are called 
irrational functions. 

Letgo(z), gi(z), • • ■ , < 7 „(z) bo polynomials in z. The equation 

go(z)w’' -1- ( 7 i(z)u)'‘-i -b gi(z)iv^-- -f • • • -b g„(z) = 0 (3) 

is said to bo reducible if it is possible to express the left member 
of (3) as the product of two polynomials P and Q with complex 
coefficients, where neither P nor Q is merely a constant. Equa- 

* An integral function is sometimes called entire, since such a function is 
defined everywhere over the entire z-pinne. 



Sec. 4] 


FUNCTIONS OF A C01i(PLEX VAIUABLE 


569 


tion (3) is said to be irreducible if it is not reducible. We say that 
w is a complex algebraic Junction of z when it) and z are related 
by an irreducible equation of the form (3). 

Evidently, all rational functions w are algebraic functions. 
All nonalgebraic functions are called transcendental. For exam- 
ple, it is known that the logarithmic and trigonometric functions 
are transcendental. 

If It) is a complex function oi z = x + iy, say w — ^{z), then 
It) can be expressed in the form w = u{x, y) iv{x, y), where u 
and V are real functions of x and y. Thai, this is true is evident, 
for if It) = It 4- iv, where it) is a function of z = a; 4- iy, then it), 
and hence it and a, must be determined for each pair of values 
of X and y in the domain of definition of w. For example, if 
It) = l/(z — 1) and z = .T 4- iy, then 

1 1 
7/1 = — 

(a; 4- iy) - 1 (a: — 1) 4- iy 

= - 1) + i -y 

{x - 1)2 4- y- ^ L(a; - + y^\ 

Conversely, every expression of the form it) = u{x, y) 4- iv{x, y) 
represents a function of z = x 4* iy, for the determination 
of z implies the determination of x and y, the determination 
of the functions u and v, and hence the determination of it). Thus 
(x- — 1 / 2 ) 4- i(2xy) = (x 4- iy)- and x — iy are functions of 
z = X 4- iy- (We shall show in a later section that x — iy is 
not a rational function of z = x 4- iy-) 

Suppose It) = /(z) = It 4- iv, where z = x 4- iy. If one at- 
tempts to graph It) as a function of z, a figure in four dimensions 
is suggested by the presence Of the four variables x, y, it, i). 
However, it is customary to represent the values of z = x 4- iy 
by points in a z-plane with coordinates x and y, and to represent 
corresponding values of it) = /(z) = it 4- iv by points in a it)-plane 
vnth coordinates it and v. Thus, in Fig. 155, the point (1, 2) 
in the z-plane and the point (—3, 4) in the ic-plane represent a 
pair of corresponding values of z = x 4- iy and it) = z^. Again, 
if z varies so as to trace out some path in the z-plane, then it) 
varies in a corresponding manner to trace out a path in the 
it)-plane. Since (z — zo| represents the distance from z to Zo 
(see Ex. I, 3), the condition jz — zo| < 5 implies that z lies in a 
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circle with center z and radius 5; the condition |to — Wol < « 
admits of a similar interpretation in the le-plane. 




6. Limits and Continuity. The concepts of limit and con- 
tinuity cariy^ over directly from real variables to complex 
variables. 

Definition 5.1. If f{z) is a complex single-valued fundion of 
the complex variable z, if Wo and zo are complex numbers, and if for 
each preassigned positive number e there exists a positive number 6 
such that \f(z) — wol < e/or all values of zfor which 0 < |z — Zoj < 5, 
then Wo is denoted by lim /(z), and Wo is referred to as the limit of 

f{z) as z Zo. 

We leave it to the student in Ex. II, 2, to interpret this defini- 
tion geometrically \\'ith the aid of Fig. loo. As in the case 
of real variables, this definition implies that /(z) is defined over 
some circle about Zo as center (except for Zo itself). This defini- 
tion may be extended in the manner indicated in Ex. IV, 27, of 
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Chap. I, and we shall make free use of this extension wherever 
occasion arises. 

As an immediate consequence of Definition 5.1 we have 

Theorem 5.1. A necessary and sufficient condition that 
w = /(z) = n(x, y) + iv(x, y) have the limit ioq = Uo + ivo a^ 
z = X iy approaches the limit Zo = a;o + Wo is that 

lim It = Ro and lim v = Vo- 

ar--^xo,!/-+i/o x— *xo,y— *i/o 

Definition 5.2. If f{z) is a complex single-valued function of 
z, and if (l)/(zo) exists, (2) lim/(r) exists, and (3) lim/(z) = /(zo), 

then f is said to be continuous at z = Zq. If f{z) is continuous at 
each point z of some subset D of the set of all complex iiiimbers, then 
f{z) is said to be continuous over D. If f{z) is not contimious at 
z = Zo, then f(z) is said to be discontinuous at z = Zo, and zo is 
called a point of discontinuity of f{z). 

As an immediate consequence of this definition we have 

Theorem 5.2. A f unction f{z) is continuous at z ~ Zo tvhen and 
only %vhen (1) f{zo) exists, and (2) for each positive number e there 
exists a positive number 5 such that 

|/(z) — /(zo)| < e ivhen \z — Zo\ < S. 

This theorem is sometimes taken as the definition of continuity 
of /(z) at z = Zo. 

As an analogue of Theorem 5.1 we have 

Theorem 5.3. If z — x A- iy, a 7iccessary and sufficient condi- 
tion thatflz) = u{x, y) + iv{x, y) he continuous atz = Zo = XoA- iyo 
is that u(x, y) and v{x, y) be contimious at the point (xo, yo). 

A neighborhood of a point Zo maj’- be defined as in Sec. 15 of 
Chap. I. We leave to the reader the proof of 

Theorem 5.4. If f(z) is continuous at some point zo and if 
/(zo) 9^ 0, then there exists a neighborhood N of Zo over which 

m ^ 0 . 

Suppose /(z) is continuous at each point of some region D. 
Let Zo be a point of D. Then, e being any arbitrarily selected 
positive number, there exists a positive number 8, depending in 
general upon e and Zo, such that 


|/(z) - /( 2 o)i < e 


when \z — zo| < 6. 


( 1 ) 
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For a fixed e, the value of 5 may decrease if some other point Zi 
of D is used instead of so, and 6 ma 3 ’^ further decrease at another 
point In fact, it maj’ be neccssar 3 ' to so restrict the value of 5 
that, as Co ranges over D, 5 becomes arbitrarilj' small. However, 
if it is the case that, for anj’ value of e, there alwa}’s exists a fixed 
5 independent of Zo in D, and for which (1) holds, then we sa}' that 
/(c) is uniformly continuous over D. 

Let R be a set of points in the c-plane. If there exists a posi- 
tive number d such that jc| < d for cverj' point of R, then R is 
said to be hounded. A svnplc closed curve C in the e-plane is a 
continuous curve which divides the c-plane into exactlj" two parts, 
one of which is bounded; the bounded part, together with the 
bounding curve C, is called a closed region. (This concept muy 
be described in manj' other wa 3 's, but we shall not go into the 
matter here.) 

The following theorem is an extension of Theorem 8.7 of Chap. 
IX, and ma 3 ' be proved in the same manner as this latter theorem. 

TnEonEir 5.5. If a function f(z) of a complex variable z is 
coniinuoits over a bounded closed region D, then it is uniformly 
conlimtous over D. 

The following two theorems follow directly from Theorem 8.3 
of Chap. IX. 

Theorem 5.6. If f{z) is contimious throughout a bounded 
closed region D, then there exists a positive number M such that for 
all values of z in D, i/(c)l < M. 

Theorem 5.7. If f{z) is continuous throughout a bounded closed 
region D, then |/(c)| has a finite least upper bound U in D, and 
|/(z)l actually attains the value U at some point co of D. 

EXERCISES n 

1. Prove Theorems 5.1, 5.2, and 5.3. 

2. Translate Definition 5.1 into geometric language. 

3. Find the limit of f(:) ^ (x’ — Ziy^) + t(3i=i/ — j/’) as r approaches 
5 — 3i. 

4. Prove that f{z) m log (x- + ij‘) + 1 arc tan is continuous for 

X- — !/* 

all finite values oi z = x + iy except z = 0. 

5. Let + j/’ — — = 0, n = 1, 2, 3, • • - , be a sequence 

of circles. Prove lira S„ e.-dsts and is the origin. 

n— ♦4- te 
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6. Prove that everj- polynomial in r is uniformly continuous in any given 
boxinded region. 

7. Let /(r) = (z- + l)/(r- — 1). Prove that in the region bounded by 

+ y’ = 1, |/(s)l has a finite least upper bound. Does l/{r)l have a finite 

upper bound ^yithin the region bounded by x’ + y- = 1? Discuss. 

8. Give a geometric interpretation to the notion of uniform continuity. 

6. Analytic Functions. We shall define the derivative of a 
function f(z) of a complex variable z in much the same manner 
as tve did for a function of a real variable. 

Defimtiox 6.1. Let f{z) denote a complex, single-valued func- 
tion of 2 . The derivative of f(z) with respect to z is defined to be 
that functio7i f (z) of z such that 

f'{z,) = lim ■ ( 1 ) 

at all poi7i(s Zq ivherc the limit exists, and such thatf'{z) is defined 
for no other values of z. 

The latvs for differentiating functions of real variables can 
easily be extended without modification to functions of a complex 
variable. That this may be expected follows from the fact that 
these laws depend, when the functions are suitably defined, 
upon the general theory of limits which, as we have seen above, 
hold equally well in the real and the complex number fields. 
For example, 

L>z{wi + wf) = DzXOi + D.Wi, D-xd" = etc. 

(See Sec. 5 of Chap. I, relations 1 to 22.) 

The definition of the differentials dz = dx i dxj and dio, where 
w = f{z), are made in much the same manner as in the theory of 
real variables. The higher derivatives and differentials follow 
as in the theory of real variables. 

Definition 6.2. A single-valued coxnplex function f{z) of the 
complex variable z is said to be analytic throughoxd a region D if 
f(z) has a derivative at every point of D. 

Different writers have used, with various modifications, the 
terms moxiogenic, holomorphic, and regular in the sense that we 
have used the term analytic. 

While there is a close analogy betAveen the rules for differentia- 
tion in the real and complex fields, there is an important distinc- 
tion between the two cases in respect to the type of limit invoh'^ed. 
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Since z = x + iy, the increment Az in z is Ac = Ax + i Ay. 
In order that Az — > 0 both Ax and At/ must approach zero. We are 
tiuis faced with a double limit in the case of a complex variable. 
In order that the derivative of a function /(z) exist at a point zo, 
the difference quotient [/(zo + Az) — /(zo)]/Az must have the same 
limit no matter how Ax and Ay approach zero. There are many- 
simple functions which do not have a derivative at any point. 
For instance, /(z) = x — ft/ is such a function, since the limit 
of the quotient 

/(z -b Az) - /(z) ^ [(x + Ax) - f(t/ + Ay)] - [x - iy] 

Az Ax + f Ay 

— Ax — f Ay 
Ax + 1 Ay 

is dependent on the manner in which Ax and Ay approach zero. 
(For if we make At/ — > 0 and then Ax — > 0, then tlie limit of the 
difference quotient is +1, but if Ax — » 0 first and then Ay — > 0, 
the limit is —1.) We are thus led to the conclusion that the 
condition that a complex function /(z) be analytic is far more 
restrictive than is apparent. However, it is due principallj’’ to 
this particular restriction that so many fruitful results appear. 
Analytic functions have many properties not possessed by com- 
plex functions in general. In the sections to follow many of these 
properties will be developed. 

We shall now develop necessary conditions in order that 
/(z) = «(x, y) -f- fy(x, y) be analjdic, where z = x + iy. Sup- 
pose we first let Ay — 0 and then let Ax 0. We find that 


f = linr (^) = + 

az = o\Az/„ dx dx dx 


( 2 ) 


Next, suppose we first let Ax = 0 and then Ay — > 0. We obtain 


f = linr (f) =i' 


d7i , .dv 


- - f— (3) 
dy dy 


This leads us to the conclusion that if /(z) is analytic, then 


r)X i dy 


9w , _ .3w 

dx *flx dy ^ dy 


or, 


( 4 ) 
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du _ dv dll _ _dv 

dx dy dy dx 

This proves 

Theorem 6.1. A necessary condition that f(z) = + iv be 

analytic at zo = Xo + iyo, is that Eqs. (5) be satisfied at zq. 

Equations (5) are knovni as the Caiichy-Riemann differential 
equations or conditions. 

We shall now inquire as to sufficient conditions that }{z) be 
analytic. Since Eqs. (5) arose merely from the fact that the 
limit of A//Az is the same for two particular ways in which Az 
was made to approach zero, it does not necessarily follow that 
Eqs. (5) give sufficient conditions that/( 2 ) be analytic. We now 
prove 

THEOREjr 6.2. If the four first partial derivatives of u and v 
exist througlmd a region D, and are contiintous at all points of D, 
then the validity of the Cauchy-Riemann conditions is both a neces- 
sary and sufficient coJidition for f{z) = + iv to be analytic 

throughoid D. 

From the assumptions on the existence of the first partial 
derivatives and their continuity, we find with the aid of the 
theorem of the mean, 

Lu = n(a'o + Ax, i/o + A?/) - w(xo, yf) 

= ufixe + 01 • Ax, 7/0 + At/) Ax + ufixo, yt, 0^- Ay) Ay, 

(0 < < 1 , 0 < 02 < 1 ) 

= [WxCxo, yo) + fi] Ax + [ 77 „(xo, 7/o) + Tji] Ay, 

and 

Av = [vs(xo, yo) + € 2 ] Ax + [!;„(xo, ijo) + 772 ] Ay. 

Then making use of Eq. (5), we find 

Au + z At) = (tjx + ivx)(Ax + i Ay) + p, 

where 

P = [(^1 + f« 2 ) Ax + (? 7 i + irjs) A?/]. 

Hence 

f{zo + As) — /(so) An -\-iAv , .... 0 
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Now = l'‘l + 1®=I + I’ll! + ® As — ^ 0. 

Hence /(z) is analytic at zo. 

Tlie necessity of the condition follows at once from the defini- 


tion of analyticity. 

Theorem 6.3. If f(z) is analytic throughout D, not only the 
first partial derivatives of v and v, htd also those of higher orders all 
exist throughout D. 

"We must postpone the proof of this theorem to Sec. 15. 

Theorem 6.4. A necessary condition that k -f- iv he analytic 
in a region D is that in D, « and v satisfy Laplace's equation, i.e., 


d-u d-u 
dx‘ dy" 


0 , 


and 


dx- dy- 


= 0 . 


If u -H iv is analytic, du/dx = dv/dy and dii/dy = —dvfdx. 
By Theorem 6.3, vee are assured of the existence of the higher 
partial derivatives of u and v. Differentiating, we see 

Sx\dx) dx\dy) dy\dy) dy\ dxj’ 

so that 


d-u d^ _ d-e d-t> 

dx- dy- dx dy dy dx 


, A similar proof holds with regard to v. 

This theorem shows that, if we wish to construct an analjdic 
function u iv, we must select for « and v solutions of Laplace’s 
equation. 

If u is chosen so as to satisfy Laplace’s equation, then we may 
obtain v so that u -f- iv is anal 3 dic from the real line integral 


Vi 



du , , die , ' 

— f/x 4- — dy 
dy ^ dx } 


Since the Amlue of this integral is independent of the path con- 
necting {xe, j/o) and (i, y), it follows from Theorem 18.13 of 
Chap. II that dvx/dx = —du/dy and dvi/dy = diildx. Thus 
u -f iv-i satisfies the conditions for analjdicity and vi is a possible 
value for v. We shall leave it as an exercise to show that for a 
given u, if tt -{- iv is to be analytic, every possible v must have 
the form Vi c, rvhere c is a constant. 

If u is a solution of Laplace’s equation, having second partial 
derivatives, then u is called a harmonic function, and vi is called 
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its harmonic conjugate. This terminology appears in physical 
as well as mathematical literature. The Laplace differential 
equation is of great importance in theoretical physics and 
engineering. 


EXERCISES m 


1. Verify the rules for differentiation, given in Sec. 5 of Chap. I, directly 
from Definition 6.1. 

2. Define the differential of w, where w = f(z). 

Kz = X + yi, where x = y ~ ^(i), and where < is a real variable, 
show that dz = dt. 

•^4. Prove that w = x^ — y^ + i(2xy) is analytic everywhere in any finite 
region of the 2 -plane; also for w = 2 ’; for 


w — {x* — -f y*) -f i{ixhj — 4xy^). 


*^5. Prove that it fi(z} and fi(z) are analytic in D, then so is/i(^) d-Zafe); 
fi{z) ‘ Ss{z)’, fi{z)/f 2 {z), except at those points for which/j( 2 ) = 0, 

/6. Prove that if j{xc) is analytic in some neighborhood iVj of xvo, and if 
XV = 4 >( 2 ) is analytic in some neighborhood Afj of zt, then f[<p{z)] is an 
analytic function of 2 in some neighborhood of 2 o. 

7. Prove that any rational function of 2 is analytic except at those points 
whore the denominator vanishes. 

/8. If f{z) = 01(2) = X, show that /is not analytic. 

If f{z) = | 2 p = -i- y^, show that the Cauchy-Iliemann equations 

are satisfied only at 2 = 0. Is/ analytic? 

*^10. Is 3* — 3iy an analytic function of 2 = a: -f- xxj? 

1x41. Given xt = x- — y". Find a function v so that u -j- iv is analjdic. 


Ans. 

A 2 . 

(a) 

(b) 
13. 


f"'*' dxx , au ^ 

V = I — —dx + — dy ~ I 2y dx +2xdy 2xy — 2xoys,. 
Jxo.yo oy Ox 


Find V so that xi -f xv is analytic if: 


XI = log« ■\/ x^ + XJ-. Ans. V = arc tan yfx c. 

Xi = x/{x^ d- 2/*). Ans. XV = 1/2. 

Find where the following functions of z are continuous: 


(a) 2 * (b) 


z +z* _ 

1 d- |z|’ 


(c) 


2 = d- 


14. Examine each of the functions given in Ex. 13 for differentiability. 
v^S. Given f(z) — '\/\xxj[. Show that the Cauchy-Riemann equations 
are satisfied at 2 = 0, but that f(z) has no derivative at 2 = 0. 

*^16. Given f{z) = ~ when 2 0, /(O) = 0. Show that 

x^ -f- y* 

[m -m 


as 


2 — » 0 along any straight line, 


xj^, that 


> 0; that as 2 — > 0 along 


/(2) -m 


■ 1. Is f{z) analytic at 2 = 0? 
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Given /(j) = Sc"'''*' when z 0, /(O) = 0. Show tlmt / is analytic 
for all finite values of r except r *= 0. (Hint: examine the bchax-ior of /(z) 
ns r — > +0 with z = 

IS. Prove the assertion left a.s an excrei.so near the end of Sec. G. 

19. Slioiv that tlic ciiiTcs « = const, and v <= const, .are orthogonal when 
u and V arc conjugate, lllustnitc with the aid of Ex. 11. 

20. Prove; (a) The transformation 


«! 


p: + «•’ 


wliero or and p are any two complex numbers satisfying the relation 
aa' — pp* — 1, transforms the eircnmfcrencc of the unit circle into itself 
and the interior of the circle into itself. 

Oj) If PP* — aa* = 1, the transformation mnp.s the interior of the circle 


into the exterior. 

21. Provo: Tlic Iransfonnation ie = 




centers at the origin and the straight lines through the origin of the 
into confocal ellipses and hyperbolas, respectively, in the te-planc. 


maps the circles with 
plane 


22. If Z|, zj, Zi, 


bo any four distinct points, then 



Zl — Z4 


ZS — Z4 


is known as their cross ratio. Prove that the cross ratio is absolutely 
invariant (unaltered) by every tran.sformation of the form 


11 ' 


(gz + p) 
(yz S) 


(a5 — py) pi 0. 


23. The general linear transforinafion is 


az -h P 
cz + rf 


when a, 6, c, d are constants and ad — he 0. 

(a) Prove that all circles and straight lines in the z-plane arc transformed 
by this relation into straight lines and circles in the u'-planc. 

(b) The points for which z = te arc called ^cd or tnearfanf /loints. Prove 
that there arc two invariant points associated with the transformation given 
above. Arc they always distinct? 

(c) Prove that the family of circles through the two fixed points and the 
family of circles orthogonal to them transform into themselves. 

24. Solve the equation 


z= + 4z + 7 = 0. 

2,3. The impedance Z of a certain clccfric-circuit clement containing 
resistance R and reactance A' is frequently expressed in the form 

Z ^R+ Xi, 
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when the impressed e.m.f. is sinusoidal and of a definite frequency. R is 
always positive. If two such elements of impedance zi and zj, respectively, 
are connected in series the impedance Z equivalent to the two impedances in 
series is Z = zi -V z-; but if the elements are con- 
nected in parallel, the impedance Z equivalent to the 
two impedances in parallel is given by the relation 

1 1 1 

? 7 + 7 ‘ 

Zi Cl c2 

Let three circuit elements subject to a 60-cycle e.m.f. 
have impedances zi = 11 -b S20f, z; = 25 -f- SOf, 
z, = 7 — 3500i, respectively; 

(a) Find impedance equivalent to zt and z- in series. 

(b) Find impedance equivalent to zi and zj in 
parallel. 

(c) Find impedance equivalent to zi, zj, and zj in 
series. 

(d) Find impedance equivalent to Zj, z:, and zj in parallel. 

(e) Find impedance equivalent to zi in scries with z- and Zj in parallel. 

Note: In electrical engineering many writers use j in place of t, in order 

to reserve the use of i for current. 

26. In the computation in connection with t rans mission line problems 
it is frequently necessarj' to find the values of ZY and ■%/ Z/Y, where Z 
is the series impedance of the line and Y the admittance of the line to ground. 
Suppose that for a 25 cycle line, Z = 0.275 -f- 0,56t and 

Y = (1.78)10-' + (4.57)10-'f. 

Find VZY and V^/F. 

v^27. In both electrical and mechanical work the comple.x number 

is of great utility.* If A, tc and 6 are constants and I is time, this complex 

number is often called a rotating vector. Prove; 

(a) That this vector is of constant length and rotates uniformly with 
frequency / = a)/2jr. 

(b) The product of any two rotating vectors is a rotating vector with 
frequency equal to the sum of the frequencies of the two vectors. 

(c) State and prove a theorem similar to (b) for the quotient of two 
rotating vectors. 

(d) The sum or difference of two rotating vectors of the same frequency 
is a rotating vector of that frequency. 

(e) Is (d) true with the word same removed? 

28. (a) Find the frequency of each of the rotating vectors; 

zi = Z2 = Z3 = 3c'<“'‘b 

(b) Express each of the foUou-ing in the form of a rotating vector; (1) 

+ 2 ”, (2) zi — z,, (3) ziZ 2 , (4) Zi/Z 2 , (5) z.zj, (6) zs/zj. 

* Some writers use A\u>t + B in place of 
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Fig. 150. 



580 


iugher mathematics^ 


{CiU.7. V 


29. rind lift* rotating vectors haring the follorrinn properti's; 

(a) Real foinponi’-nt 5= 5 co'- t377t — ZO'j. 

'h; ima-^nnrr ccunpo.'jciil j» 12 fin «>ZI 4- M/',. 

’i) Real cornpo.n'-nt i*- 7 fin 057/ — 37'/, 

■'d,! Iinaginan' '-onipon'-nt j*" 3 tj. 57 i 4-21'), 

7. Certain Elementary Functions. In ihi? .section tve ,‘hall 
extend the definition.^ of certain elementan' real fuiictioriF 
sin 3-, • - • to the field of analytic functions of a complex 
variable, 

7*hc Exponential Fundion d. In extending tbe definition of d 
for complex values of r. vdiere c = 2.718 - - - is the riatural 
ba=e of logarithnos^ tve wnh; fij d to be the real function d v.-hem 
a i= a real number x; furthmnore, ive vd'h to pre'cr.'e ns far as 
possibh* the familiar properties enjoyed by c-, namely, that fiij 
for even' z — x iy. (' = ’/-!- iv be ringle-valued and anah'tic; 
(iii) that ddidz ~ d. 

The last reguiremf'-nt implif-s by (2j of .fiec, 0 that 


or 


3(m -r iv) 
dx 


= V m. 


9y _ £i _ , 

r)X ~ ' dZ~ ' 


A solution of the first of these differential equations Is evi- 
dently of the form u = dc(y). By Hi), du/dy = — 3r/or. and 
dv/rjx = r, W} that 

r = 

% ' dy 

Substituting thase values of u and c in the equation 


Iju 

bx 


and dividing by d. >ve have 


3r 

by 


dyfy) 

Ay' 


cUj) = 0 . 


From tbe theory of differentia! equations tve knom that cfj/) 
must be of the form 


cr(y) = Cl cos y -k Cl isin y. 
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u = e^(p{y) = e'(ci cos y + cz sin y), 

Miy) 


V 


— (f 


dy 


= c*(ci sin y — Ci cos y). 


By property (i), if 2 = a:, = v + iv must be equal to e*, so 

that when y = 0, 

- =■»'■ "J.-o = 

so that Cl = 1 and C 2 = 0. We have now shown that 


u = cos y, v = sin y, 

and 

e' = — c^[cos y i sin y], ( 1 ) 

TFe shall take formida (1) as the definition of e'. 

From ( 1 ), we see that = c'* • c's, where 21 = xi + f?/i 
and Zi = X2 + iy^, for 

e‘i • e-'s = [e’^iCcos yi + i sin 2 /i)][c* 5 (cos y^ + i sin 2/2)] 

= c*i+*![cos (2/1 + 2/2) + i sin (2/1 4 - 2/2)] = 

By setting x ~ 0 in ( 1 ), we have 


e"' = cos 2 / + f sin y. (2) 

It is easy to show that the function e' is periodic, with period 
2in; i.e., that = e\ In fact, e' is also of the period 2mn 
where n is any integer, but e‘ has no other periods. To show 
this, suppose p = pi + is a period of e'. Then e*'+r = e*. 
Dividing by e', we have C = 1. Hence 


gp,+p,i _ ePi(cos Pi + i sin pi) ~ 1, 

so that P 2 = 2mv, pi — 0, and p = pi + pd ~ 2mri. 
Replacing p by (— p) in (2), we find 

e-'y = cos y — i sin p. 

From (2) and (3), we see that 




(3) 


gtv g— iy 

COS p = 1 sin p = 


Ti 


2 


(4) 
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The T Tigonomdric Fundions. We shall use formulas ( 4 ), which 
hold for y real, to define the trigonometric functions cos z and 
sin z : 

e- -f c"*' . £'-■ — 

cos = = 2 ’ sm 2 = (o) 


It is easy to show that 

cos z = cosh y cos x — i sinh y sin x, ] 

.=in z = cosh y sin x i sinh y cos x. ( ^ 

Since c' is single- valued and continuous for all z, it follows from 
Definition 5.2 and definitions ( 5 ) that cos 2 and sin 2 are single- 
valued and continuous evennvhere. 

Let cos 2 = u -h iv. From ( 6 ). 

w = cosh y cos x. r = — .rinh y sin x. 

Evidently, u and r have continuous first partial derivatives 
which satisfy the Cauchy-Riemann equations 


du . , <ff dll , . dr 

— = smh y cos i = — -r-; -r- = —cosh v sin x = -^r-' 

dy dx dx ' dy 

so we see that cos r is analjtic everj'v.-herc. 

From ( 5 ) a large number of trigonometric identities may be 
derived. For example, 

cos* 2 -r sin* 2=1. 

• r < \ ■ < ■ 

sin (rj -r zA = nn 2; cos r; -r cos 2i sin 2;. 


It is easy to show that co.« 2 and .sin 2 have the period 2 nx. 
where n is any integer, but have no other periods. 

We define the other trigonometric functions of z as follows: 


tan 2 = 
The 


sm 


ctn2 = 


cos 


1 


I 


. - - sec 2 = ’ CSC 2 = -^ (S) 

cos 2 sin 2 cos 2 sin z 

Logarithmic Fimdion. We define the logarithm of 

2 = X -f jy to be that function tr = log z which satisfies the 

exponential equation e- = 2. Let ir = u -{- iv. and let 2 = pe’*, 

when 'ud B may be found from a = x -F iy. Then 


\ 


Hence e‘- = p 


IT _ /.u . _ ,. 


= c“ 


pc' 


( 9 ) 


(p > 0 ) and V — 6. Thus 
u: = log 2 = log p -T- iB. 


( 10 ) 
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Let di, 0 ^ 01 < 27r, be the principal amplitude of z. Then z 
has the amplitudes 0 = 0i + 2?ijr, where n is any integer. Since 
3 “ = = z, we have 

w = log z = log p + f(0i + 27?7r). (11) 

Thus, the logarithmic function is infinitel}’- many-valued and is 
defined for all values of z except z = 0. We call log p -b iOi the 
principal value of log z. 

If in (11) we restrict nto a particular value, iv is then a jjarticu- 
lar branch of the logarithmic function which is single-valued 
and continuous in the interior of every region not containing 
z — 0 nor the positive .f-axis (since 0i ranges from 0 to 27r). 
We shall now show that such a branch is analytic. Now 


dz 

div 


de'^ 

dw 


— e'^ = z. 


so that 

dtp __ 1 _ 1 

dz ~ dzfdtP ~ z 

Thus, xp — log z has a derivative at every point for which a branch 
of this function has been defined. 

The logarithms of the positive real numbers are special cases of 
those of the complex numbers, namely, those cases in which the 
amplitude 0i = 0. The logarithms of the negative real numbers 
may now be given an interpretation. If z is a negative real 
number — K, then the corresponding amplitude 0i = tt, so that 

log (—1?) = log p -j- jptt. 

Thus, log (—1) = log 1 -b inx = zmr; log (— 4) = log 4 -b in-a', 
• • • which are all representable as definite sets of points in the 
complex plane. 

The function log z obeys the usual laws for real variables ; 

log (zizo) = log zi + log z^, (12) 

log z“ = o log z, (13) 

where a is any complex number. The proof of (12) is quite 
short: 


log zi + log Z2 = (log Pi -b ini0i) -b (log p2 -b fn202) 

= (log Pi + log P2) -b t'(«i0i -b «202) 

= log P1P2 -b l'(ni0i -b 71202) = log (2 iZ 2), 



HIGHER MATHEMATICS 


5S4 


(CiiAr. V 


since for each choice of 7ii and 7!» there is a value of log (ck;). 
^Ye shall define z^, where a is anj' complex number, as 

(14) 

Since log z is infinitely manj^-vakicd, so is unless a is a rational 
real number. 

We shall define a', where a and z are complex numbers, as 
a- = c' log a, 

which in general is infinitely manj'-valued. We shall agree in 
any particular case as to the particular value we mean. 

We define w = sin“* r to be a solution of 

z = sin IT = (15) 

Solving (15) for c'-', we have 

c-'^ = iz ± Vl - (16) 

From this we find, upon taking logarithms, that 

XV r= —X log (t 2 + \/l — z') = sin"’ r, (17) 

1 C = f log ( — iz ± \/l — Z-) = sin"’ r. 

Similar definitions may be given for cos"’ r, tan"’ z. etc. 

EXERCISES IV 

1. Prove th.it = c-' • e’X 

2. Prove Hint = c', c'*’"*'" = c', wlicrc a is any integer. 

3. Show from definitions (1) and (5) Ih.nt 

(a) cos r = cosh p cos x — i sinh i/ sin x. 

(b) sin r = cosh t/ sin x + i sinh i; cos x. 

[Recall that cosh ij £= ((» + c"»)/2, sinh </ — (c’ — f"»)/21. 

•'4. Prove that sin r is analytic everywhere. 

5. Prove that the functions defined by (5) coincide with the real trig- 
onometric functions cos x and sin x. when : — x. 

6. Prove relations (7). 

7. Prove cos [: -f- (r/2)] = — sin x 

8. Prove cos (r 4- Qnr) = cos c; sin (z 2nr) = sin z. 

9. Prove that cos z and sin c have no other periods than 2m, where n 

is any integer. 

10. From the definitions of the hyperbolic functions cosh z = (r' -t- e "') /2. 
sinh z = (e’ — c"')/2, tanh z = (sinh z)/(cosh r), etc.. 

Prove: cosh z = cos fz, sinh z = j sin iz, 

cosh* z — sinh* z = 1, sech* z -f- tanh’ z = 1, ctnh® z — cseh’ z = 1 
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■^11. Prove that the hyperbolic functions cosh z and sinh z defined in 
Ex. (10) are analytic. Are tanh z, ctnh z, csch z, sech z everywhere anabdic? 

12. The hyperbolic functions arc periodic. Find all their periods. 

13. Show that cosh (zi + zj) = cosh zi cosh Za + sinh zi s inh zs. 
vl4. Given w — log z = log p + iBi, where p = "s/x^ + and 

V 

Oi = tan”‘ - 

X 

is a particular amplitude of z. Show that w is analytic almost everj'wherc. 

15. Show that (13) is true provided that for each value of z“, log z" is 
suitably chosen. 

16. Define cos“‘ z, tan”* z. 

17. (a) Prove that z = a: + tb is the equation of a line parallel to the 
•v-axis. 

(b) What is the corresponding equation of a line parallel to the j/-axis? 

(c) Prove that z — x + iimx -|- b) is the equation of a line of slope m. 

(d) Prove that z — zo = ae'^ is the equation of a circle with center at Zo 
and radius o. 

(e) Of what locus is z = a; + iax^ the equation? 

18. A point z = re'^ moves in the z-planc with r and 0 functions of the 
time t. 

(a) Prove that the velocity of the point at any instant is given by 

z = re’^ + fre*'® • 6 , 

where z indicates the derivative of z with respect to time t. 

(b) Prove that the acceleration is given by 

z = fe’* + 2in;'^ • & + irc'^ • S — 

(c) Find the x and y components of velocity. 

(d) Find the direction of velocity. 

(e) Find the x and y components of acceleration. 

(f) Find the direction of acceleration. 

(g) Find the radial component of velocity. 

(h) Find the radial component of acceleration. 

(i) Find the component of velocity orthogonal to the radius vector. 

(j) Find the component of acceleration orthogonal to the radius vector. 

19. The position of a particle in a plane is given by 

z = 3(*“c*'“'^‘. 

Find by the method of Ex. 18 the velocity and acceleration of the particle 
at time t — ir/S sec. 

20. Prove that if z = F(w) is analytic everywhere in a neighborhood of Wo, 

• dz 1 

its derivative at that point is given by — 

dv) dw/dz 
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•'21. Show that tr = 2 * defines two families of cun-es <p ^ x- — y'^ — vi, 
and ^ ^ 2xy — which are orthogonal. (Hero and -pi are constants.) 
Plot thc.=e cun'cs. 

•'22. Given r = c cos iti = e cos + i4'). where c is a constant. Show that 
the cun-es v' = constant and c = constant arc orthogonal conics with 
common foci at (±c, 0). 

Hixt: cos + iV) = cos p cosh i — i sin if sinh 
The conics arc 


-h- 


c- co=h’ ^ c- sinh- ^ 


= 1 , 


T 


c- cos- If c- sin- If 


1 . 


23. rind at least one value of each of the following and e.vprcss it in the 
form X -f- iy. 

(a) 3‘S (b) 3^''^ (c) (2 - 2i;''^, (d) (\/3 -f f>'*\ (e) i\ 


PART C. COMPLEX INTEGRAL CALCULUS 

8 . Indefinite Integral. B 5 ' an integral of a pingJe-valued 
continuous function /(c) of a compic.x varialtlc, tve shall mean a 
function F{z) such that D.F(z) = f{z). We shall denote an 
arbitrarj’ integral of f{z) b 5 ’ //(r) dz, and we call //(;) dz the 
indefinite iiJtegral of f{z). 

The various formulas for calculating the indefinite integral 
of a function of a real variable t given in Sec. 4, Chap. II can 
be shown to hold vith x replaced by the comple.v variable z. 
Thus, Jz' dz = -f 1 ) -f C, n 9 ^ — 1 ; etc. 

The reader should note that the above definition is cssentiallj’ 
that given for the indefinite integral of a real function of a real 
variable. However, while ceerg real singk'-valued continuous 
function of a real variable has an indefinite integral, it is not true 
that everj- single-valued continuous function of a complc.v 
variable has an indefinite integral. In fact, the nonanaljTic 
function x — iij of the complex variable z = x ig is such a 
function; for while x — ig is single-valued and continuous, there 
exists no (anah-tic) function ic = a -f iv whose derivative is 
equal to x — ig. To show this, suppose dic/dz = x — ig. Then 
dwidz = du/dx + i{dridx) — x — ig and 

du dv 

di=-y- 

If w is anal 3 ’-tic, then bj' the Cauchj’-Riemann conditions. 
dv/dx = —du/dg, so that dujdx = x, and du/Bg = g. Forming 
the Laplaeian, we have B-u/Bx' -f- B-ii/Bg- = 2. Since u does 
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not satisfy Laplace’s equation, n cannot be the real part of an 
analytic function w, that is, a function having a derivative. 
We then conclude that there exists no function w having x — iy 
for a derivative. 

9. Definite Integral. Consider a continuous arc C connecting 


points A and B of a curve defined , 

.y 

by the equations a; = a (i),?/ = |8(<), 


where on C, a and S are real differ- 


entiable functions of the real / 


variable i . . / 

aC / 

Suppose that as t varies from the ( 

® / 

value Ia to tn, the point (x, y) moves \ 0 

/ ^ 

along C “smoothly” from A to B. \ 

R / 

Suppose /(z) = u(x, v) -t- iv{x, y) 


is any complex function of z, con- 


tinuous everywhere on C. Select 

Fro. 157. 


any n distinct consecutive points Zo, Zj, • • • , z„ on C, Zo corre- 
sponding to A and z„ to B. Next, consider the sum 

n 

■ (Zk - Zk-l), (1) 

ib = l 

where ft is any point on C between zt_i and Zk. AVe call 

n 

lira '^f{tk)izk — Zk~i) the complex line integral of f{z) along 

the curve C (provided, of course, this limit exists), where 6 is 
the largest of the numbers jz* — Zk-i\ for any particular set of 
points Zo, Zi, • • • , z„, and we shall denote this limit by the 
S3Tnbol Sc/Cz) dz. 

To evaluate Sc/(z) dz, let us write 

h = ffc + igk, Uk = u{^k, Vk), Vk = v{^k, Vk), 

n 

-Sn = ^ (uk + iVk){Xk + ipk - Xk-i - iVk-i). (2) 

jt=i 

By the theorem of the mean, 


Xk - Xk-i = (x{h) - a{tk-i) = a'{ek){tk - tk-i), 
Vk - Vk-i = S(tk) - |8(4-i) = ^'ii'kXtk - tk-i), 
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3. Show that Jc (dz/z) — 2zi, where C is a circle of radius p with center 
at the origin. (Hint: Let x — p cos 0, y - p sin 6, z = x + iy.) 

4. Repeat Ex. 3 for Jc 2 " dz, when n is any integer. 

5. Lot C be a simple closed curve bounding a region D. If z is interior 
io D show that 


m = ±1, +2, • • 


C dw „ . , I die 

I = 27rj, and | — — = 0, 

Jc (ip - z) Jc (iP - 2)” ‘ 

Then flP+. r 

JclP - 2 Jc P Jc / 

f,— 

Jc (ip - 2) 


( 


Hint: Let (ic — z) = pe‘^. 
Wliat is the value of 


rhen C encircles 2 k times? 


.4ris. 2KTri. 


10. Contours. Let x = a({) and y = pit) define a continuous 
arc of a curve over some inten-al I of f, where a'it) and jS'(0 at e 
real continuous functions of the real variable t. 

A continuous curve consisting of only a finite number of arcs 
of the tjppe named will bo called a contour. If the end point of the 
last arc is the same as the starting point of the first arc, then the 
contour will be said to be closed. 

Suppose C is a closed contour. Furthermore, suppose; 
(1) There exists an interval [a, 6] such that, if a < f < 6, then the 
line 2 = X meets C in o.xactl}' two points, j/i(x) and y^ix), udth 
1/1 < I/s; if i < 0 or 2 > 6, the line x — x meets C nowhere, (2) 
There exists an inter\-al [c, d] such that if c < y < d, then 
y = y meets C in exactly two points, 2 i(i/) and x:{y), where 
xi < x«; i! y < c or y > d, y = y meets C nowhere. (Such a 
curve bounds an axial region of the tj'pe described in Theorem 
17.2 of Chap. II.) A point (x, y) such that 1 / 1 ( 2 ) < 2 < y^ix) 
and 21 ( 7 /) < y < Xs(j/) is said to be interior to C. A point 
not on C and not interior to C is said to be outside or exterior to C. 
A curve meeting all the conditions mentioned above is said to be 
a simple closed contour or a simple closed curve. * 

The student will no doubt feel that all of tliis phraseology is 
unnecessary. An accurate stud}' of the matters at hand is 
really quite difficult and is beyond the scope of this book. How- 
ever, while the correct statement of many theorems requires the 

* For a rigorous definition and treatment, see R. L. Moore, “Foundations 
of Point Set Theorj-,” Colloquium Lectures of the American Mathematical 
Society; also see A. Hunritz and R. Courant, “Funktionentheorie.” 
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greatest care at times, the reader will no doubt find liis geo- 
metrical intuition an excellent guide and help. 

Many of the theorems to follow and stated for simple closed 
contoirrs are readily extended to a more general class of curves. 
We shall give several examples: (a) If C and C' are two simple 
closed curves with one or more common arcs, but C and C' 
hung outside each other, we can then form a new closed contour 
C" b}^ deleting the common boundar}' K; (b) if all of C is interior 
to C, we can form a new closed curve C" the interior of which 



consists of points outside C but interior to C; (c) the region 
indicated in Fig. 158 (c). 

11. Cauchy’s Integral Theorem. A theorem upon which the 
entire theory of analjdic functions can be built is the following 
one, due to Cauch}'. 

Theorem 11.1 (Cauchy’s Theorem). If f(z) is single-valued ayjd 
analytic xciihin and on a simple closed curve 0, then Jc/(s) dz — 0. 

Consider the integral in (5) of Sec. 9 over the simple closed 
curve C: 

f(z) dz = £ (u dr - v dy) + i£ (v dx -f u dy). (1) 

Since f{z) is analjdic, du/dy = —dv/dx and dv/dy = du/dx. 
It follows directly from Theorem 18.1 of Chap. II that the two 
integrals in the right member of (1) are each zero, so that 

12. Certain Extensions of xheorem’.'^It 's Quito 

emdent that we can extend any closed 

contour of the types mentioned-, c ' i n 

There are many different foil* this theorem may be 

stated. Suppose that Zo and points connected by two 

different curves C and C', such ^ q q' reversed together 
make up a simple closed curve or a^'b^ed contour of one of the 
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types defined in Sec. 10. Suppose /(z) is a function analytic in 
tile entire region enclosed by C and C", including the curves 
Q themselves. Then Cauchj^’s theorem 



(a) ib) 

Fig. ISn. 


states that 

fj(z)dz^£j(z}dz. ( 1 ) 

Suppose C and C are simple closed 
curves, the latter of which lies entirely 


inside C. If/fz) is analytic and single-valued everywhere in the 


enclosed region between G and C', then 


X/W* = X- /(.-)*. (2) 


The reason for this becomes quite evident when one draws a 
simple curve I connecting C and C'; for then the curv'e C described 
counterclockwise, the curve C' clockwise, and the curve I, 
described in both directions, as indicated in the figure, form a 
closed curve F; and 

+ p(z)dz - f/(z)dz. (3) 

Since the left hand integral of (3) around F is zero, 

(2) results. Similar results may be obtained for the case where 
there arc a finite number of contours: C', C”, • • • , inside C, 
and if/fz) is analytic in the region within, then 


C 



Fn.. ion. 


£f(z) dz = dz + f^J{z) dz + ■ ■ ■ . (4) 

It could be shown that certain of the assumptions stated in 
Cauchy’s theorem arc not necessary. For e.\ample:/(z) need not 
be analytic on fl, if being onl 5 '’ necessary that / be analytic 
inside C dF'cl continuous up to and on C. \f’ithout going into 
the detail of the rigorous proof of this fact, we remark that, if 
f(z) is continuous, 

fc/(z)dz=^UmJ^J(z)dz, (5) 

where C' is a simple closed curve Ijdng inside C, and tending to C. 
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The right-hand side of (5) is zero for all of the curves C inside C, 
so that the left-hand side of (5) is zero. 

13. Relation between Definite and Indefinite Integrals. The 
follovdng theorem due to Goursat is an immediate consequence 
of Cauchy’s theorem. 

Theorem 13.1. If f{z) is analytic throughout a region D 
bounded by a simple closed curve, then dz is independent 

of the path connecting Zi and Zi, where the path of integration must 
lie entirely inside of D. 

Theorem 13.2. If f(z) is analytic in a region D bounded by a 
simple closed curve, then f%f(w) dw = F(z) is also analytic in D 
(if the path joining Zo to z lies entirely in D), and the derivative 
of F with respect to z is f(z). 

Consider 


F{z + Az) — F(z) = J^'^^f(w) (Iw, 

where the integral is taken along the straight line connecting z 
and z -f- As. Then 


F{z -k Az) — F{z) 
Az 



- f(z)] dw. 


Let € > 0. Since /(z) is continuous in D, there exists aS > 0 such 
that for every \io. — z\ < 8, \f(w) — f(z)\ < e. Hence if |Az| < 8, 


F{z + Az) - F(z) 
Xz 


< 


so that F(z) is analytic and dF/dz = /(z). It is proved in the 
following theorem that the function F(z) -f C represents the 
indefinite integral of /(z). 

Theorem 13.3. Let F{z) and G{z) be aiialytic functions such that 
throughout a region D, F'{z) =/(z) and G'{z) = f{z). Then 
F — Gis a constant, and f^f(z) dz^-ftb) — F(a) = G(b) — G(a). 
Since F'(z) s G'(z), (d/dz) G(z)j-s 0^ ^ Write 

F(z) — (tS) == ij), X 

Then du/dx ^ du/dy = dv/dL^^ dv/dy = 0. (Why?) Hence 
u and V are both constants, ^ that F(z) - (?(z) is a constant. 
Therefore, in D, 
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SERIES WHOSE TERMS ARE COMPLEX NUMBERS 


14. Complex Numbers and Sequences. A large part of the 
definitions and theorems referring to sequences and series of real 
numbers given in Chap. IV hold when the arbitrary real numbers 
are replaced bj' complex numbers. In fact, subject to a few 
minor alterations, this situation extends equally well to the proofs. 
Throughout Chap. I\' we have prefixed the sjunbol c to the 
theorems and definitions which remain valid word for word when 
arbitran* real numbers are replaced by complex numbers and the 
numerical v.alues of real numbers are replaced bj- the absolute 
values of the corresponding complex numbers. Theorems and 
definitions referring to real numbers in which the sjanbols < 
and > play an essential part cither do not hold for complc.x 
numbers, or require considerable modification. 

For a resumd of the definitions and theorems valid for complex 
numbers the reader is advised to reread the preceding sections of 
Chap. IV in wluch the prefix c appe.ars. with the terms "arbitrarj* 
real numbers’’ replaced by “arbitrary' complex numbers.” 

One of the most important theorems which is easily e.xtended 
to complex numbers is the C.auchy-Toeplitz theorem. 

The problem of reducing the convergence or divergence of 
complex sequences to the corresponding problem in real sequences 
is ea.sily solved by splitting up the temts into real and imaginarj- 
parts. The following theorems arc all easily proved : 

THEOKEit 14.1. .4 necessary and suficicn} condi/i’on that the 

scquc7icc = {x, -r fi/,} cam-erge to X iY is that the real parts 
Xn converge to X ajid the imagitmry parts w, converge to F. 

An immediate and important consequence of Theorem 14.1 is 

Theorem 14.2. A necessary and snfncient condition for the 
cojifcrgcncc of a complete sequence {c,| is that for every arbitrary 


positive number e, there exists a positive number iio such that for 
every n > no and every ~ -’■! *• 

The theorem ”*’• \6f complex terms corresponding 

■ rpi , -cries f » 

TrrroPT-vr no < "land sufncicnt condition that the 

series .r, o/ cmnpfi / 

the real parts of n P* vnmgtixary parts 

of Ee. each conve^oe" If Ll'ZP. 


g' -r.. enca converge. If ihese P 1 'v Q 1 c i -c 
-especttvcly. then the sum ^ 
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The distinction between absolute and nonabsolvte convergence of 
series of real terms remains the same for series of complex terms. 

Since for every complex number z = a; 4- iy, 

la;| g |z| ^ 1*1 + ll/l and jr/] g |z| g 1*| + \y\, 
we have 

Theorem 14.4. A necessary and sufficient condition that the 
complex series SZn be absolutely convergent is that the series Sfll(z„) 
and S^(z„) both be absolutely convergent. 

In general, all results proved for absolutely convergent series of 
real terms may be used in the theory of absolutely convergent 
series of complex numbers. 

The theory of real power series developed in Part C of Chap. IV 
remains valid without essential change for complex power series — 
series of the form So„(z — Zo)", when the quantities o„, z, and Zo 
are complex. However, the geometrical interpretation is some- 
what different: The power series Sa„(z — Zo)" converges — and 
absolutely — for every z interior to the circle C of radius r about 
Zo, and diverges for all points outside C. This circle is known 
as the circle of convergence of the power series. 

The results obtained in Part D of Chap. IV in regard to series 
of real variable terms remain essentially the same for 
series of complex terms, but in place of the common interval 
of definition we now assume a common region of definition. 

Theorem 14.5. A power series represents an analytic function 
inside its circle of convergence. 


Suppose /(z) = ]^a„z’‘ is convergent for |z| < R. If p < R, 
=0 

then la„p"l g K, where K is some fixed positive number, for 

* CO 

Onp” is bounded. Let g{z) = ^Tia„z’‘-h Then 


fjz + Az) -/(z) 


Az 


- giz) = 


when |z| + |Az| < p. Since 


n=0 ^ 


(z + Az)" — 2 " 

7 nz"' 

Az 


■} 


(z + Az)" - 2 " 


n(n — 1) 

Az 


J . 2 2 Az 4- • • • -b Az" 1 
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we conclude that 


i /(0 + As) -/(s) 


As 




1 r (isi + iAsi)" - 


lAsi 


nlsj""' 


_ -.S _!_/ p p N p 

- ^IiAsIVp - lz| - |AS| P - |siy (p - |s|)^J 


ilp|As| 

(p - |s| - 1 As|)( 7- is|)=' 


This expression — > 0 as As 0. Hence /'(s) = g{z). 

A uniformly convergent series of anal 5 'tic functions of a 
complex variable may be integrated term b 3 ’ term along any path 
lying in the region of uniform convergence. 

A series of analj’tic functions may be differentiated term bj' 
term at anj' point within a region where the derived series is 
uniformly convergent. 


EXERCISES VI 


1. Shoiv that converges with the sum 3/(1 — s) in the interior of the 
unit circle, nnd diverges cvorj'whcrc else. 

2. Show that Str'/n’) converges nrithin and on the boundary of the unit 
circle. 

3. Show that Sfe'/n) is convergent within the unit circle C; conditionally 
convergent on the boundaty, except where r = 1 ; divergent at s = 1 ; and 
divergent exterior to C. 

4. ti'herc is S(2‘’’/4n) convergent? S( 2 ’'/n!)? 

16. Cauchy’s Integral Formula and Its Extensions. The 
following theorem is known as Caiicinj’s integral formula. It 
expresses the value of/(s) at an}' point z interior to C in terms of 
the values of f{z) on C, that is, in terms of its boundar}' values. 
Thu.s, if /(s) represents a physical quantity' who.se value has beeli 
measured only along C, Cauchy’s formula enables one to compute 
f(z) within C from these values. 

Theorem 15.1. If f{z) is analytic inside and on a simple 
closed curve C and z is any point interior to C, then 


m 


= j_ f fM 

2rijc w — z 


dw. 


( 1 ) 


The function ^ is analytic everj'where within C except at 
w = z. Hence, if T is anj' circle with center at z inside C, then 
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JcW — Z JvW — z 


Let p be the radius of the circle T. Since f{w) is continuous, we 
can select p small enough that with w on F, 

\f{w) - f{z)\ < e. Now 

r/(«o-/(5) 


w — z 


■dio. 


JtW - z •'^■'Jvw-z Jr 

By Ex. V, 5, the first term on the riglit is equal 
to 2Ti}{z) ; by Theorem 9.1 the absolute value of 
the second term cannot exceed (£/p)2n-p = 2xe. Hence 



Fig. 161. 


i f JM^dw - 2 wif(z) 
Jcw-z 


< 2Tre. 


The left-hand member vanishes since it is independent of e. 
Hence 


m = 


1 f m 

2irijcv> — z 


dw. 


An important extension of Theorem 15.1 is given by 
Theorem 15.2. If f(z) is analytic throiighoni an open region* D' 
hounded by a simple closed curve C, then its derivatives of all orders 
exist at each point of D and each derivative is analytic throughout D. 
In fact, 


I'M - j- r 

^ ~ 2 irijc(w - z) 

^ r f(w) 

2Trijc{w — 


dw. 


fM(z) 


z) 


dw. 


Let 2 and z + h be two neighboring points inside D. 
Theorem 15.1, 


By 


f(z + h) 


= J-f_ 

2TriJcW 


A^d«,, 

— z — h ’ 


) 


/(.) = 1 fjw 

2 injcw — z ’ 


(10 


* An open region is a set S of points such that any point of jS can be made 
the center of a circle which contains in its interior only points of S. 
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so that 


fjz-hh) -m ^ j_ r file) 

h 2^'Jc (ir — s)(w ~ c — h) 


dw. 


( 2 ) 


Assuming for the moment that as ^ 0, the right-hand side of 

f{ic) 


(2) approaches 
approaches a limit, and 


w 


z)- 


die. the left-hand side also 


dir. 


-2rijc(ir-; 

By a repetition of this argument we obtain 


( 3 ) 


(4) 


We shall now verify the assumption made immediately prior to 
equation (3). Consider the difference 


•Xcw’ - 


/(tc) 


r)(w! — 2 — A) 


-X 


c(tr - 2)=(Te - z - h) 


die. 


(5) 


Let the minimum value of |ie — rl as ir describes C be o and 
furthermore suppose l/(tr)| g M on C. Then if L be the length 
of C, and if j/ij < o. 


IX 




ciw ~ 2 )-(tc — z - h) 


dir! :£ 


ML 


6-(o — lA- 


( 6 ) 


The right member of (6) is bounded as j/c — • 0, so that (5) 
approaches zero as jA! — ^ 0. 

THEOREii 15.3 {Morcra’s Theorem). If f(z) is si7igk-raliicd and 
condnitoiis throughoid a region D bounded by a simple eloscd curve 
C, and the integral /c;/(ir) dw vanishes when computed over any 
closed curve Cz in D, then f(z) is analytic in D. 

The value of 


F{z) = J^~f(^) dw 
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is independent of the path On of integration. Since }{w) is 
continuous, the difference 

F{z + h)^ -m _ ^ 

tends to zero as /i — ^ 0 ■when the path of integration is a straight 
line. Hence dF(z)/dz = f(z) and F(z) is analjdio. Our theorem 
is no'v\' in'unediate, since the derivative of an analj'^tic function is 
analjdic (Theorem 15.2). 

jMorera’s theorem is in a sense the converse of Cauchy's 
theorem. 

As another extension of Cauchy's integral formula, we have 

Theorem 15.4 (Taylor’s Theorem). Lei f(z) be single-valued 
and anahjiic throughout the interior of a region D, where D is 
bounded by the simple closed curve C. Suppose z and a are both 
interior to D. Then 


f(z) = f(a) +r(a)(z - a) (e - a)- 


+ 


+ -d- i?n, (7) 


where 

where 


(n - 1) ! 

= (s - a)-'P„(2), 

p.(=) - A f 7 s dv, 

2mjc(w — a)'‘(w — z) 


is analytic throughout the interior of D. 
From Cauchy's integral formula, 

2m Jew — z 

_ 1 r f(w) 

2Trijcw — a 


Since 


1 - [(z- o)/(w- a)] 


dw. 


1 — u 


1 + n + w" + • • • + 


u” 


= l+i^ +('£j;£Y + 

1 _ ~ ^ w — a \w — o-j 


1 - u 


w — a 




(— r 

\w — a/ 


+ 


(z — a)" 


(w — a)’'-^(w — z) 


( 8 ) 

( 9 ) 


( 10 ) 


(11) 
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dw. (12) 


Substituting (11) in (10), we find that 

2:njcw — a 2<u Jc (ta — a)- 

2-1 Jc (w - a)” 

(j^-r — /w — 

2ti Jc (w - a)’'(ta - z) 

From Theorems 15.1 and 15.2, we can write (12) in the form (7). 

® .^ln Inequality for P„{z). Let C\ and Cj be two 
' circles of radii ri and r™, respective!}', rj > ri, with 
centers at a, such that the region within and on 
C; lies interior to the region D in Theorem 15.4. 
By (2) of Sec. 12, if z is vithin C-, the integ- 
ral (3) is unchanged when C is replaced by C-. 
If, furthermore, z is interior to Ci, then for all 
Fio. 1G2. values of w on Cj, 

jjo - a| = r.. \w — z\> Ti — r,, j/(u?)j g M, 

where M is the maximum value of !/(u>)! on C*. By Theorem 
9.1, 

\j^mdz\ g ML, 

- ^ r:(r: - r,)^’^= rr'(rs - r,)’ 
where z is Anthin Ci, \z — a\ < rj. Hence 


a\ = T;, 


m . 1 . - 1 - . 1 /^ 


)(r‘ 


Since rj > rj, it follows that for every z within Ci, /?„ 
n — > =c . 


Theoub^i 15.5 {Cauchy’s Inequality). If J{z) = 2^fl„(z — ro)” 

n“0 

converges for \z — Za\ < r, if 0 < p < r, and if M is a number 
which \f{z)\ never exceeds along the circumference \z — zd = p, then 
ia„| g (M/p"), (n = 0, 1, 2, • • • ). 

By Taylor’s theorem. a„ = 

Theorem 9.1, |a„i ^ M/p". 



601 


Sec. 161 FUNCTIONS OF A COMPLEX VARIABLE 


As a corollary to this theorem we have 

Theorem 15.6. If f{z) is analytic within the circle \z — zo\ < r, 
then |/(s)| at an interior point of this circle never exceeds the maxi- 
mum M of 1/(2) I on the boundary of this circle. In other ivords, 
1/(2)! cannot have a maximum at an interior point z. 

16. Taylor’s Series. In the preceding section we discussed 
Taylor’s theorem: 

/(e) +/(a)(2 - a) 

+ • • • + ~ 

and it is seen that, if 0 be a circle about a such that C and the 
region interior to it are within a region T throughout which /( e) is 
analytic, and if 2 is interior to C, then ^ 0 as n + co . We 
then write 


m = m +/'(a)(2 - a) - aY 


+ 


+ 




7!! 


(2 - O)" + 


( 1 ) 


The infinite series in (1) is called Taylor’s series. This series 
converges and is equal to /(s) at every point 2 within C, where C' 
is any circle throughout the interior of which /(s) is analjdic. 
If a = 0, the series is known as Maclaurin’s series. 

It is frequently difiicult to establish the validity of a Taylor’s 
series for a real function of a real variable x. The method of 
this section often is helpful in such cases: Let S(.t:) be a real 
Taylor’s series about x = a generated from the real function /(a:) . 
In the series S(x), replace x by e. The resulting series S(s) will 
converge everjnvhere M'ithin C, where C is the largest circle about 
the real point a nithin which /(e) is analytic. C cuts out on the 
z-axis the interval of convergence I of the original series S(z) ; and 
within I the value of /(z) must be equal to the value of its Taylor’s 
series S(z). Thus, in this manner V'e could conclude that the 
binomial series 


. , , m{m — 1) , 

1 + 771E d iz- 


+ - • • + ■ (m - n-{- 1) „ , . . . 

nl 2 + • • • 
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for (1 + ")" converges to the value of (I + x)" at every point of 
the internal — 1 < a: < +1, since {1 + z)’" is analj-tic vithin a 
unit circle n-ith center at r = 0. Again the method shows us 
immcdiafel}’ that a Maclaurin’s series for c~^'~ does not converge 
to the value of since c"*'-' is not anahriic at a = 0. 

Theorem 16.1. Lcl f(_x) be a real fundion of the real variable x 
rcprescrUahlc by a real Taylor's scries S(x) U'ithin the interval of 
convergence (a — 7?) < x < (o + R). Then the poiecr scries S{z), 
found from S(x) by replacing x by z is a power series in {z — a), 
coiu'crgcnt throughout a circle C of radius R about a, arid represents 
a function f(z) analytic within C and is equal to f(x) when z = x. 
This fundion f(z) of z is the only fundion analytic throughout C 
and which coincides icith fix) on an interral about a of the x-axis. 

Suppo.=e there were two such functions /i(z) and /;(;), each 
representable by Tajdor’s series and whose values coincide along 
(o — /?) < X < (a -r R). By an argument similar to that given 
in Theorem 13.2, Chap. IV, their coefficients would coincide, 
snd/tis) ^Mz). 

A theorem analogous to the one proved in an earlier section — 
that an ana^riic function is completely determined vithin a closed 
curve bj' its values on the curve — is 

Theorem 16.2. Ldf{z) be single-valued and analytic throughout 
T. Then fiz) is completely determined at every point of T when wc 
know cither (1) the value of f and all its derivatives at an interior 
point of T, or (2) its values at the points of an infinite set having a 
limiting point within T. 

A combination of Taylor’s series and Theorem 14.5 leads to 

Theorem 16.3. A necessary and sufficient condition that a 
fundion shoidd be expressible in a poiecr series is that it should 
be analytic in a region. 

17. Liouville’s Theorem. If f{z) is analytic for all finite 

Sc 

values of z, then the Taylor’s .series f{z) = converges 

n =0 

for all values of c. If f{z) is bounded, that i.<. if if{z)\ g JSf. 
then bj' Theorem 15.5, |a„j g M/r^- for all values of r and n. If 
n > 0, Mr-" -^0 as r — > + x . Hence a.. = 0 for n > 0 and 
f{z) = flo, a constant. Hence we have 

Theorem 17.1 (Liouville’s Theorem). There exists no bounded 
fundion other than a constant which is everywhere analytic and finite. 
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More generally, it is possible to prove 

Theorem 17.2. If f{z) is anahjtic for all finite values of z, 
and as Izj + =°,|/(z)| = 0(|sp), f(z) is a polynomial of 
degree not greater than Jc. 

Theorem 17.3 {Fundamental Theorem of Algebra). If f(z) is a 
polynomial of degree greater than zero with complex coefficients, then 
f{z) = 0 has at least one root. 

Suppose that f{z) 9 ^ 0 for all complex numbers z. Then 
(p(z) = l//(z) is everywhere analytic and finite, for f{z) is a 
polynomial, f{z) 9 ^ 0, lim <p(z) = 0. Hence, there exists a circle 

W 

C of radius r with center at the origin and a positive number M 
such that for every circle of radius R > r, l^(z)| < Jlf for all 
values of z outside C. Also, on and within C, (p{z) is continuous 
so that 1^(2)! has a maximum value M for all values of z ufithin 
or on C. B}’’ Liouville’s theorem we conclude that ip{z) = l//(z) 
is a constant. But this cannot be true since /(z) is of degree > 0. 
Hence /(z) must vanish for at least one value of z. 

18. Zeros of Analytic Functions. A value a of z such that 
/(o) = 0 is called a zero of f{z). An analytic function /(z) is 
said to have a zero of order m at z = o if 

/(«) =/'(o) = • • • = 0, 0. 

Theorem 18.1. Letpi,p., •••,?>«,••• be a set S of points 
with limit point p inside the region D. If f{z) is analytic in D, and 

fi^) = 0 cit each point of S, then f{z) = 0 everywhere in D. 

For convenience we may suppose that p is the point z = 0. 

QO 

Then/(z) = '^OnZ" is analj'-tic in some region, |2| < R, enclosing 

n “0 

z == 0. Suppose that one or more of the coefficients Oo, Oi, • • • 
in the series is not zero. Let a,, 5=^ 0 be the first such nonzero 
coefficient. Then /(z) = 2*--(at + a^+iz +■•■), \z\ < R. The 
series is convergent for z = p, 0 < p < R. Hence |a„|p« ^ K, 
for a„p" is bounded. Then 


im 


a kl*(k.l - 


m K\t\’ 


„fc+i 


,t+2 


= IzP- 


|ai(| - 


p-- p 

K-\z\ 

p'^ip - |z|)J 
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Except at the point s = 0, the right-hand side here is positive 
for [zj sufficiently small. But bj' hs'pothesis /(s) has zeros 
arbitrarily close to, but not coincident with, z = 0. We have 
reached a contradiction, and we conclude that all the coefficients 
0 ( 1 , 01 , ■ • • must vanish. Hence /(z) — 0 everpvhere inside the 
circle of convergence of the series. 

Theorem 18.2. If f{z) is analytic in a region D including 
z = a, and if f{z) docs not vanish identically, there exists a circle 
jz — oj = r (r > 0) inside which flz) vanishes nowhere except 
possibly at z — a, i.c., the zeros of f(z) are isolated points. 

Theorem 18.2 follows directly from Theorem IS.l. 

EXERCISES Vn 

1. Show that sin : has zeros of order one at z = 0, ~-z, ±2t, • - - . and 
no others. 

2. Find all the zeros of cos z. 

3. Prove; If /(:) is analytic in D and vanishes at all points .along any arc 
of a continuous curve in D, then it must vanish identic.ally. 

4. Prove: If />(z) and/:(z) are analj-tic in D. and have the same values at 
an infinite set S of point.s h.aring a limit point p, then /i(z) s f,(z) through- 
out D. 

5. In Ex. 4 suppose /i(r) ■/:(:) = 0 throughout D. Prove th.at either 
/i(z) or/:(z) vanishes throughout D. 


G. Show that if /(a) = — a)' h-as a zero of order m at z = o. 

n «=0 

then ac — ai = ■ • ■ = a„_i = 0, <j„ ?£ 0. 

19. Laurent’s Series. An important generalization of Taylor’s 
series is one which gives us a method for representing a function 
analjUic everywhere outside a circle C by means of a series of 
positive or negative powers of (z — a) convergent everj-where 
outside C. 

We shall have need of some terminoiogj- rclaluig to the 
behavior of a function /(z) as z becomes infinite. 

Defixitiox 19.1. A function flz) is said to he analytic at the 
ideal point z = co, (“a( infinity'’) if f{z) is carried by the trans- 
formation to = l/(z — a) into a function tflva) analytic at w = 0. 

Suppose /(z) is anab'tic everywhere exterior to a circle C of 
center a including the point z = x. Let <p{w) denote the value 
of /(z) when w = l/(z — a). Tlien is anahdic in w everj-- 
where interior to some eircle C\ about w = 0. By Sec. 16, a ma 5 ' 
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be expanded into a Taylor's series valid throughout the interior 
of Cl, 

c(ip) = Go + GllC + G;tn- + • • ■ • ( 1 ) 

Since f{z) = v(w), we can express f(z) by the series 


/(=) = Go + 




( 2 ) 


which converges evers^where outside C including c = <=. The 
expansion (2) is known as a dcvclopiyieiit of /(z) about z = co . 


Example 1. The function 


log (1 -5- c) = c 


- o + • 


+ 


(-1)“ 


converges everjivhere within a circle C of radius r = 1 whose center is at 
c = 0. Let r = l/tr. Then 



converges everj-where e.vterior to the circle C. 

A^'e shall now prove 

Theokem: 19.1 {LaurcnVs Theorem). Let T be the region 
hounded by the co7Jccntric circles Ci and C* leith 
center at a. Lei f{z) be analytic and single-valued 
mithin and on the boinjdarics of T. Then f{z) can 
be represented in the form 

/(2) = 2 an(2 - a)", (3) 

r. s= — * 

where 



1 r f{io) diD 
2zdj {w — a)”+^ 


( 4 ) 


for all vahtes of n, the integral being taken around any simple closed 
contour which passes around the ring. 

Consider the integral 2^'^ dw, where z is a point of T, 

taken around the boimdaiy^ C and cut 1 as indicated in Fig. 163. 
By Cauchy’s integral theorem. 
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/(.). 1 f iW,rf„+ ' f (5) 

2-1 Jc, w - z Jc. w - z 


since tlie two integrals taken along I in opposite directions have 
the sum zero, f(z) being single-valued. As in the proof of Taylor’s 
theorem, 


vrhere 


Since 

1 1 


u> z — a (r — o)- 


n “0 

1 r /(«’) 

a -- — I - — dw. 

2-rJc, {w - fl)"-"' 

. + .X 

{z-ar ' 


+ -ILZ-g. 


( 6 ) 


(7) 


a series uniformlj’ convergent on Ci. the second integral in (5) 
is equal to 

~. r (hr = -J- -L r /(„.) dw 

2m Jc, w - z z - a 2r?Jc/ 

+ ■ ■ ■ + (. L nyn ~ dir -h • • • (8) 


2 h„ 

(r - o)" 


where 


TJ *= 1 


-U.' 


{w — a)’'~^f{iv) dw. 


Combining the series in (G) and (8), we obtain (3). 

If f{z) is analytic in-side Ci, each b„ in (8) is 0 (by Cauchj’’s 
theorem), and (3) is simply Tajdor’s series. It should be noticed 
that the series in (6) converges, not onlj' in T, but everjm-here in 
C». 3’he series (8) converges evcr\nvhcre outside C,. 


EXERCISES Vin 

1. Expand 1/(2- — Si 4- 2) by Laurent’s series valid for a region outside 
the unit circle C, with center at z = 0 and inside the circle C; of radius 2 with 
center at z = 0. 

Ans. ■ • • - (l/ 2 >) - d/z’) - (1/z) - i - (z/4) - (zVS) - • • - . 
Find an expansion valid inside C,: outside C;. 
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2 Expand ^ in the neighborhood of z = «>. 

(2 - 3)(z: - 4) 


3. Show that c 




11 = +® 


'^anZ'' 


where 


n = — 00 


a„ — — I cos (nd — 0 } sin 0) dO. 

2xJo 

PART D. SINGULARITffiS OF SINGLE-VALUED ANALYTIC 

FUNCTIONS 

20. Singularities. A point zo is said to be a singular point of a 
single-valued function /(z) if /(z) does not have a derivative at 
Zo, or if every neighborhood of Zo contains points other than Zo 
at which /(z) has no derivative. 

If Zo is such a point that there exists a neighborhood of Zo 
throughout which /(z) is analytic, except at Zo, then zo is said to 
be an isolated singular point of the function /(z). 

If /(z) is single-valued and anal}'tic, we may expand /(z) in a 
Laurent series of powers of (z — a), and we may take the inner 
circle Ci (see Sec. 19) arbitrarily small. Thus 


/(z) == ^ar,(z - a)" + '^b„(z - a)"". (0 < jz - aj < R). (1) 

n = 0 71 1 

We shall consider three cases: (1) the case when all the h„ are 
zero; (2^ the case when the series of negative powers of (z — a) 
contains only a finite number of terms; (3) the case where the 
series of negative terms does not terminate. 

If all the 6„ are zero, the first series in (1) is analytic and 
represents /(z) for |z — a| < R, except possibly at z = a. The 
function /(z) = 3, z a, with /(a) = 0 is an example of such a 
function. This case is of no particular interest. 

In case (2), /(z) is said to have a pole at the point z = a. If b„, 
is the last nonzero coefficient in (1), then 

® 771 

/(z) = - a)" -f - a)-”, (2) 

n=0 n=l 

and the pole at z = a is said to be of order = 1, the order 

is simple; if m = 2, the order is double; • • • . 
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If f(z) has a pole of order rn at r = a, then (z — a)'''f{z) is 
analj^ic and does not vanish at i: = c. Hence 


v'(=) = 


1 

{z - arm 


(?) 


is analytic and does not vanish at s = a, so that the function 


= (r - a)-m (4) 

has a zero of order m. 

If f(z) has a zero of order 7n, then 1 //(s) has a pole of order m. 
The finite series 


in 

2}hn(r - a)-» 

n — l 


(5) 


is called the principal part of f(z) at z = a. 

THEonEM 20.1. If f(z) has a pole at z = a, then )/(z)| — + -f =■- 
as z—* a. 

E\’idently, 


'^K(z - a)- 


n « I 


= j; - ah” • 


- a)” 

n I 

^ Ir - a!-"|!M • 1= - al”-^|. 


Since the terms enclosed in the braces approaches j6r.j as z — + 
the entire expression on the right — * + =c as z — + a. 

Theorem 20.2. Let A be a nonzero constant. If 


a. 


as |s — a| — > 0, z = o is a singular point for f(z) of at most a pole of 
order if f{z) is bounded, f(z) has no singular point except possibly 
that of the trivial type mentioned in case (1). 

In case (3), where the expansion of f{z) in powers of (z — a) 
leads to a nonterminating series of negative powers, rhe point 
2 = a is called an essential singularity of f(z). Then 


/(z) = 2“"^’ - q)" + 

n *■ 1 n *s 1 



( 6 ) 
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where the second series in (6) does not terminate, but is con- 
vergent for all values of s except z = a. 

Theorem 20.3 {Weiersirass Theorem). If f(z) has an essential 
singularity at z = a, ajid if C is any complex number, then for 
every positive number p and e, there exists a point z in the circle 
\z — a\ < p at which |/(s) — C| < e [i.e., fiz) tends to any given 
limit as z—* a through a suitable sequence of values]. 

Suppose that p and M are any two positive numbers. If, 
for sverj’- point z such that \z — a\ < p, i/(2)| ^ M, then by 
Theorem 9.1 


Ibnl 



a)"~*/(ty) dw 


g MR^, 


where Ri is the radius of Ci. Since this is true for all positive 
numbers M and Ri, it follows, upon letting — > 0, that b„ = 0 
for 7i ^ 1. But this -indicates that f(z) has no essential singu- 
larity, contrary to hypothesis. Thus, there exist values of z 
in the circle js — fl| < p for which j/(2)| > M. Let C be an}’^ 
finite complex number. "We consider two cases: 

(I) /(s) — 0 has no zeros inside everj’- circle |2 — a| = p. 

(II) /(z) — C has such zeros. 

Case (I). Select a p sufiiciently small that, for [r — oj < p. 


/(z) — C has no zero. Then g(z) s — is analytic for 

J\.z) — c 

0 < [z — a| < p. g{z) has an essential singularity at z = a; 
for f{z) = -b C would be analytic if <7(2) had a pole, while 


f(z) would be analjdic or else have a pole if g(z) were analytic. 
From our earlier discussion we know that there exists a point 
2 in jz — aj < p such that IffCz)] > 1/e, so that [/(z) — C\ <,e. 

Case (II). If/(z) — C has zeros -ndthin every circle I2 — o| = p 
the theorem follows immediately. 

Singularities at Infinity. We shall define the properties of 
f(z) in the neighborhood of z = to as those of tp{w) = /(I /w) 
in a neighborhood of lo = 0. We say that/(z) has a simple pole 
at infinity if ^(u>) has the same property at la = 0; etc. For 
example, /(z) s z® has a triple pole at z = to since /(1 /w) = 1/w® 
has a triple pole at w = 0. Similar definitions may be given 
for other t5T3es of singularities at z = « . 
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'I'nEOnEii 20 . 4 . A junction which is analytic everywhere, 
including infinity, is a conrianl. 

ByLaurentV theorem, ‘^ince f(z) h analytic for all finifo value.? 
of z,f(z} = ^ar.2% f^A) = Oi pince 

f.-O ^ ' n-O 

fClfw) 5- analytic at w = 0 and a,. ~ 0 for all n > 0. 

Thkorkj! 20 . 5 . A function f(z') which has no singularities 
other than -poles is a rational function. 

SuppO'G that the number of poles of f(z) were infinite. Then 
the f-et of poles v/ould have a limit point (finite or infinite), and 
at .‘^uch a point f(z) v.-ould liave an e.==ential singularity, con- 
trary to h37)othe.si=. Hence the number of poles is finite. 

Suppo-e the poles of f(z) are of multiplicities or. / 3 , - - • , c 
at the finite points a, h, • ■ • , h, respectively. Then the func- 
tion g{z) t= f(z)(z — a)” • • ■ (z — /;)' is anah'tic except at 
infinity', where it may have at mo‘-t a pole. Then 



Thi.s latter series must terminate, since the singularity (if there 
is one) of g(l/w) at the origin is a pole. This mcan.s that g(z) is 
a pol3'nomial, w that f(z) is the quotient of two pcljuiomials. 

We leave the proof of the following Iheorem to the reader. 

Tiinont;!! 20.G. A rational function has no singularities other 
than polls. 

EXEPXISES IX 

1. .S5/OV.- that ctn I and r'c I have pimple pole? at r =0, rv, ±2r, 

2. Shov, thattanrand.<'eerh'ivep!mpIfpoIC'<atr = * ~I2,~ §v, 

3. Shov.- that e‘c <z') ha' one double pole and an infinity of simple poles. 

4. I/)cate the poh--* of each of the following fiinrtion'*; 

__ 1 1 1_ _J 1 

ro' z -i- co-> a 'in z — sin n 1 -h z* 1 -r z* I -f 2z’ -f 

•j. Diseu's the type of pinpjlarity prc»cnt in: sin (I zi, 1/z. (l/zjsm (1/z), 

CO”. O/z). 

C. Prove Theorem 20.2. 

7. Prove Tlieorem 20.0. 

8. Show that each of the following functions have isolated essential 
pingularities at z =■ 0: sin (1 jz), r''’, cos fl /z). 
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9. Show that e^’ actually takes everj’’ value except 0 an infinite number 
of times in a neighborhood of g = 0. Show that — + 0 as g — + 0 along the 
negative real axis. 

10. Show that esc (1/g) has a nonisolated essential singularity at g = 0. 
Show that this singular point is the limit point of the poles g = l/mr. 

21. Analytic Functions Defined by Integrals. We shall now 
indicate how we may extend the discussion of Sec. 33 in Chap. II 
to complex integrals. 

Theorem 21.1. Let f(z, w) be an analytic function of z in a 
region D for each value of w on the boundary C of D. Suppose 
f{z, w) is a continuous function of the complex variables z and w 
when z ranges over D and w lies on C. Then in D 

^( 2 ) = J^/(2, w) dw 
is an analytic function of z in D, and 



Theorem 21.2 Sttppose C in Theorem 21.1 goes to infinity, 
such that on any hounded part of C, f{z, iv) is analytic in z, and 
continuous in z and w. Further suppose that on any hounded 
part of C, subject to the restrictions of Theorem 21.1, fefiz, w) dw 
is uniformly convergent. Thcii the conclusions of Theorem. 21.1 
remain valid. 


EXERCISES X 

1. Show that F(g) = /J’ dw is analytic for the region (Jl(g) > 0. 

2. In what region does the integral /” dw represent an analjiiic 
function? 

22. Residues. In the neighborhood of an isolated singularity 
at s = a, a one-valued analytic function f(z) may be expanded 
in the form 


+ “ + « 

/(2) = - a)-"- (1) 

n=0 n=l 

The coefficient hi in this expansion is called the residue of /(z) at 
z = a. By Laurent’s expansion 



( 2 ) 
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■where C is anv circle with center at = = c containing no other 
singularity of /(")- 

If r = c is a simple pole of /(r). 


bi = lim (r — c)/(:). 


( 3 ) 


Theorem 22.1. L<1 /(=) be sincle-ralued end anchiic crery- 
irhcre irilkin and on a simple dosed carre C, cxcopl perhaps at a 
Jinilc TiumhiT of singularilirs Cj. Zz. ■ • • , r,. fa the interior of C. 
Lei R^. Ri. - • ' , Rr, denoir the residues of f{z) at zi. ■ ■ ■ . z~, 
respectively. Then 

fjiz) dz = 2ri(Rz ArRv^ ■ ■ ■ - «,)- 

Let Cl, Ci. - • • . C, be circles ■with centers at r-,. ■ ■ ■ . z,, 
hawing radii so small that Ci. - • - . C.. are all inside C and do 
not overlap. Then f(z} is analj'tic in the redon between C and 
these circles, so by Cauchy’s theorem 




Since f<r./d) dz = 2r!i?„ the result follows. 


EXERCISES XI 


1. E-qiand 1 'r iasde a circle with center at s. 

2. Expzr.d I r- iisidc a circle with center at ( — 1 . 

3. Eroend 1 , r- ic powers of fr -f i <- 

A. Eipsad 1. (r — I'i about r = 0 for a repiea taside a unit circle with 
center at r = 0. Hxpand Ij 'z — 1 ' about r = =. In the latter case what 


is the recion of conrercczc-ef Repent for ■ 


r w 1 


r — 3> r — 5- 


5. Expand 



«= 0 ; 


-1 


6. rind the residue of /{r> 

7. Find the residue of /.'r; 



1 


z — c 


(z- 

S. Show that the zeros and poles of analytic functions are necessarily 
isolated- 

9. Sho^w that the reciproaal of a function snalyrie at c cannot hare an 
essential sinnularity at c. 
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10. Let C be a circle of radius R and center f. Show that 

is the arithmetic mean of the values of f(z) on C. 

11. If the function %i{x, y) is harmonic; i.e., satisfies 


ax® dtj"^ ’ 


there exists an analytic function whose real part equals u(x, y). 

23. Contour Integration. The theory of residues is quite useful 
in evaluating a large number of real definite 
integrals. In this method we usually take as 
a part of the contour the real axis, the remain- 
ing portion of the contour usuall 3 ’- being made 
to tend to « . We shall resort to examples to 
explain the method. 



Example 1. Show that the real integral So"°dx/(l + a:’) = x/2. 
Consider the integral 


Jd +2’ 


( 1 ) 


taken around the contour C consisting of the real axis from —R to +R, and 
a semicircle on this line segment as diameter above it. Evidently 



1-1-3- 2t \z — i z + ij 

This integral has polos at z = i and z = —i. If we select R > 1, then the 
integrand has a pole at a = f inside C, and by (3) of Sec. 22, this residue is 
l/2f. By Theorem 22.1, the integral (1) is equal to t. On the semicircle, 
!l + 2^1 § E" — 1, so that the absolute value of the integral around the 
semicircle does not exceed itR/iR^ — 1). Hence, as E w, the integral 
around the semicircle tends to 0, and 

C dz C+^ 

kLosJ-B l-fx^ 

Since 1/(1 -f x-) is an even function, the given integral has the value Tr/2. 
Example 2. Consider the integral 
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over the contour C indicated in Fig. 1G5. where 0 < p < R. p small and 
R large. Since H’lz i.*- analytic and has no singularity inside C. its integral 
is zero, i.e., 

r — dzr-h { — dz~ r — dr-h f — d.- = 0. (2) 

Jp ^ Jr : J-P. X J; : 

The sum of the first and tliirtl integrals is equal to 

J = 2t J dx. 

! I — dz = 1 ) t’'-'’* J d?| g j c-i- ■- * de 

•Jr 2 ! Jtj ) Jo 

ft nr-i fT 

g j do -r \ €-P‘-‘de-T I dS < 25 4- rc-^ “ ^ 

Jo Jl Jr-i 

By teiccting I arbitrarily small but fixed, then by choosing R sufficiently 
. large, the middle integral here can Ite made as 

small as trc please. Hence the integral along r 
I tend' to zero a.s H — k. 


-R -p \0 p R 
ViQ. 1C5. 

By Thf^rf*m 15.4, 




1 r -J -f* 

e's - 1 2! 




!<■“ — 1 , , 

Thus ! , is bounded for all r with !r| < pi, where p; is sufficiently small 

If] 

The last integral in (3) approaches 0 as p — > 0. (Why?) Since 


X!=r 

;ting p — 0 at 


i do = — tV, 


we obtain from (2) by letting p — • 0 and R —* a. 


dx — ix- — 0. 


dz = - • 

Jo X 2 
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EXERCISES Xn 


1. Show 


r ” sin fca: , cos kx 

„ 1 + a:= ’ Jo 1 +^- 


dx 


Hint: Consider 
Sec. 23. 

2. Show 


X- 

J ' e'^’dz 
ffl +z 


> k > Q, around the semicircle of Example 1, 


dx = 

X sm air 


Hint: Consider 


a;“-i 

Jo rT^ 
r 2-1 

lidei I dz, 

Jcl + z 


0 < a < 1, along the contour C given above. 


3. Evaluate by contour integration : 


to 

dx 


«J. 

1 +a:i 

(b) 

r+ "= 



(c) 

CUo X 

dx. 

(d) 

Jo 

9 +»= 


e+ “ 


r+ to 

(e) 

cos a;* dx = 

1 sin x^ dr. 

Jo 


Jo 


I 

i 


x^ dx 
1 + a;! 
sjn’ X 


dx. 


24. Analytic Continuation. Let fi{z) and fi{z) be analytic 
functions defined over the regions Di and Dz, respectively. Sup- 
pose Di and Dz have a common part D, and suppose /i(s) = fz(z) 
over D. If we let f(z) be such that /(z) s fi(z) over Di and 
over Dz, then /(z) is analytic over the combined 
region Di + Dz and /(z) is called an analytic continuation of 
either /i(z) orfz{z). 


Suppose /(z) is represented by the series ^a„(z — Zo)'“ con- 

71 =0 

vergent in the region |z — Zoj < R, and suppose Zj is a point in 

this region other than zq. By Theorem 13.3 of Chap. IV we 

00 

may represent /(z) by the series ^5n(z — Zi)". If this series 

71 =0 

converges anywhere outside the region |z — Zo| < R, then this 

series determines an analytic continuation of the function repre- 
00 

sented by ^a„(z — zq)". It may be shown that all possible 

71=0 

continuations of /(z) may be obtained by repeated applications 
of this method. 
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While the above determination of /(s) can be shown to be 
unique for the region Di + Da, yet, in general, if the domain of 
definition of f\{z) is extended to an arbitrary point Zo not in Di 
by different successions of regions!);, Dj, • • • andD.,!);, • • - , 
different values may be obtained for the extended function fi at 
Zo. 


EXERCISE XUI 

1. Show that the function f(z) = r — J:’ + li’ — ■ 
tinued analytically by the representation 


f(z) = log 2 - 


(1 - z)'- 
2 - 2 - 


(1 - zV 
3 - 2 > 


• • can bo con- 


PART E. CONFORMAL MAPPING. APPLICATIONS 
26. Conformal Mapping. As we have pretdously remarked, 
equations of tlie type ip = /(z) may be regarded as transforma- 
tions which define a correspondence between points of the tc and 
z-plancs. As a point z moves along any curve C in the z-plane, 
the corresponding point (or points) w will trace a curve (or 
curves) F in the tp-plane. We then saj' that the curve C in the 
z-plane is mapped upon F in the tp-plane. Likewise, if z ranges 
over a region <S in the z-plane, then w ranges over a region (or 
regions) 2 in the tp-plane and we say that S is mapped upon 2. 

We say that the mapping to = /(z) is biunique if the function 
to = /(z) gives but one value of w in 2 for each value of z in S, 
and if there exists an inverse function z = F{iv) defined through- 
out 2 such that z = !’(tp) gives but one value of z in S for each to 
in 2. What are the ncccssaiy' properties of /(z) to be fulfilled 
in order that the mapping to = /(z) be biunique? 

Let (t, y) be a point P in S, and let (u, o) be the corresponding 
point Q in 2. Suppose to = /(z) is analytic and single- valued 
in S, where z = r -b ty and to = k -j- to, 

M = w(x, y), V = fix, rj). (1) 

From Theorem 20.2 of Chap. I, we know that if J(ii, v/z, y) 9 ^ 0 
over S, then equations (1) can be solved for x and y as functions 
of u and 0 , 


X = x(m, t>), y = y(u, v), (2) 

the solution (2) is unique, and equations (2) define the inverse 
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function z = Fiw) = xiii, v) + iy{u, v). But/( 2 ) being analytic, 

du/bx = bv/by and dufby = —bv/bx, so that 


du oil 

t( U, v\ _ bx A- ( —V = 

'^\x,yj~ ^ i!! \dxj '^\bx/ 


bu 


.bv 

'^bx 


= lf(2)p. 


Hence a sufficient condition that w = f(z) define a biunigue cor- 
respondence between the points of S and S is that f'{z) 7 ^ 0 over S. 



Let Po be the point in 5 corresponding to the complex number 
So, and let Qo be the point of S corresponding to the complex num- 
ber Wo = f(so). Through Po draw some curve C in S. Let P be 
the curve through Qo in S corresponding to C. Select some point 
F on C distinct from Po and call Q the corresponding point on P. 

Let As be the length of the arc PoP of C and let Ax be the length 

of the arc QoQ of P. Since /(z) is continuous over S [for /(z) is 
analytic over ,S], Ao- 0 as As — > 0. Assume /(z) to be such 
that the scale is constant at Qo, i.e., lim (Ac/As) exists and is the 

As— >0 

same for all curves (having arc lengths) in S with initial point 
Po. The length of the chord PoP in is |z — Zoj = |Az(, and the 
length of the chord QoQ in 2 is \w — Wo| = lAwl. Assume 
/(z) to be such that 


Aw 
Az 

If w= /(z) is analytic in S, we know that lim {Aw /As) = /'(zo), no 

As-^O 

matter how Az — > 0 and As 0. Thus the scale function for 
f at Zo is |/'(zo)l. 

Let Cl and C 2 be two curves in S through zo, intersecting at an 
angle a. Suppose Ci and C 2 are then mapped by the transforma- 


lim— = lim 

A5-*0 
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tion w— f(z) into the curves Ti and T- on the u;-plane. If the 
angle between Tj and T- is equal to a, the mapping is said to be 
isogonal. If the sense of rotation of a tangent is preser%'ed, an 
isogonal transformation is called conformal. Wc shall now show 
that the iransjormalion w = f{z) is conformal when f(z) is analytic 
wilhf'{z) 7^ 0 over S. Suppose /'(co) 0. Write /'(zo), Aw, and 
As in the polar forms /'(so) = pC'^ Aw = As = p:C'^, 



(p, Pi, p: > 0). whore 0i and 0; arc taken as the principal ampli- 
tudes of Aty and As, respectively. Then 


and 


,,, , Aw pic”i 

f'(zo) = hm — = hm — -y 
4.-0 As A.._o PiCt 


= pc" 


p = lim 

iJ— 0 P2 


0 — lim (0i — 0;). 

At— 0 


Let Ip! bo the angle which the tangent to C at Po makes with the 
x-axis and ipi the angle which the tangent to F at Qo makes with 
the w-axis. Then as Az—>0, 02 vz and 0i — > <pi. Hence 
0 = v’l — <pz. Here 0 is the angle through which the cur%’e C 
is turned during the mapping process. Since f'{zo) is a non- 
vanishing constant, 0 is a constant for all curves through so. 
Thus, everj^ cuiwe through Zo is turned through the same angle 0. 
In particular Ci and C 2 make the same angle as Fi and F 2 . Thus 
the mapping is not only isogonal, but it is conformal. 

The scale function |/'(zo)l = Ipe’^j = p = lim (pi/pc) is known 

Ai-*0 

as the ratio of magnification. 

If the cuiw^es Ci and are mapped onto the w-plane bj' the 
conjugate w* = u — iv of w, the resulting configuration is sjm- 
metric (with respect to the j<-axis) to the configuration resulting 
from w = f{z), for the direction from Fi to F- is merely reversed 
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in the mapping Mapping with w* is thus isogonal with 
reversal of angle. 

Example 1. Discuss the transformation ja = z" and its inverse. 

Since w — u + iv = r- = (x + ivY = x- ~ y- + 2xyi, then 
V = X- — y-, V = 2x7/. 

The ratio of magnification at (xo, yo) is |/'(2o)l = l22o| = 2'\/x; + yl- 
Evidently, the greater the distance from (xo, j/o) to (0, 0), the greater is the 
magnification. The representation will be conformal everj'where except 
when/'(ro) = 22 o = 0. 



If we let 2 = pe'®, then w = 2 - = p-c'*”®^ = Xc'®'. Since ^ = 26, we see 
that if 2 describes an arc subtending an angle 6 at (0, 0), then to describes 
an arc in the ty-planc which subtends an angle 20 at its origin. In fact, 
half the 2 -plane maps into the whole of the le-plane. Ewdently, the positive 
x-axis maps into the positive w-axis, the positive 7/-axis corresponds to the 
negative u-axis, and the first quadrant of the 2 -plane is mapped on the upper 
half of the tTJ-plane (see Fig. 155(a) and (6)). 

The straight lines x = ci in the 2 -plane map into the family of parabolas 

nil"''’ ”= = («'■) 

on the 777-plane, and the family of lines y — cn maps into the family of 
parabolas 


77 = X- — cl, 
V = 2c2X, 


or 77- = 4cj(77 -|- C 2 ). 


((P 2 ) 


The families ((P.J and ((Pj) are orthogonal. 


622 


HIGHER MATHEMATICS 


ICnAP. V 


j r*xB,ys 

udx + vdy, 

a,b 

where dv — u dr + v dy is exact. Likewise the stream function fi{x, y) is 
given by 

— e dx + « dy, 
a,h 

where again rf^!' = —v dx + ii dy is exact. Tlio function 

»' = /(:) = <-- + >V' 

is an analytic function of r. (Why?) We shall call le the general potential 
function. TJic streamlines lie along tf = const. 

Example 1. Suppose te = x’ = (x + >y)* = (x- — y’) + (2xij)i. Since 
«.’ = <3 -i- we see that <? = x’ — y*, 2xy, and u Bifidx = 2x, 
v = dip/By = — 2y. We can also find u and c from the fact that 


dw 

dz 


II — It' = 2- = 2r + ~’ji. 


Example 2. Given = i* — y*. Find tf. 


Solution. 4' 



— t> dx + II dy 


2y dx + 2x dy 



D'P , , j 

— di + — dy 
By Bx 


ly 


(at Give a physical interpretation to 



Fig. 109. 


(b) Prove that the curves = const 
and v'' = const, arc orthogonal. 

(c) Shoiv that die/dz = ?i — iV. 

(d) Show that ii = B,p^Bx = B4>/By, 

V = Btp/By — -^Bif'/Bx. 

(e) Show that in polar coordinates 

dip = n dr + er dO, 
dif = rir do — c dr, 

where n is the component of the velocity 
in the direction of the radius vector, and 
c is the component normal to the 


radius vector at the point (r, 0). 

(f) Given ^ = 2iy, find ip. (Fig. 109.) 

(g) If lit = (a + il>)z, find v, if, u, v, dw/dz. 

(h) If to = log z = log r + ie, find <p, f, u, it, dic/dz. 

Ans. <p = log r, if = 0, c = 0, u = (cos fl)/r, v — (sin 0)/r, dw/dz = \jz. 
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(i) Prove the velocity at any point is inversely proportional to the 
lengths of the intercepts on successive lines <p = const, cut off between 
adjacent lines ^ = const. 

(j) Fluid flows with constant velocity U parallel to the a:-axis. Show 
that <p = Ux, ^ = Uy, and that w = ¥> + iV = Uz. 

(k) Show that, if fluid flows with constant velocitj^ T' parallel to the 
y-axis, then w = —iVz. 

(l) If the fluid flows with constant velocity at an angle of 30° with the 
• x-axis, find w. Find w when the components U and V are constant, [dris. 

to = (U — fF)z.] Find the streamlines in this case, and plot. 

(m) Show that the velocity along a streamline at any point is directly 
proportional to the space rate of change of velocity potential at this point 
in the direction of the streamline, and hence is inversely proportional to 
the spacing of the curves ip = const, along the stream- 
line. 

(n) Show that, for the flow w = ¥> -h the diver- 
gence of the velocitj' of the fluid equals 

(au/dx) -I- (av/ay) = o. 

20. Suppose a fluid flows over a plane surface. A 
point P from which the fluid flows out (in) in all direc- 
tions in a uniform manner is called a source {sink). The 
total flow per unit of time across a small closed curve about P is called 
the strength of the source. The strength is taken to be positive for a source, 
negative for a sink. Suppose n denotes the radial velocity of the fluid 
from source 0 at a distance r from 0. Then the strength m of the source 
is m — 2iTrn. If 0 is the origin, then the x and y components of the radial 
velocity are 

_ m cos a _vi X m sin 0 in y 

2:rr 2x X- + y- r 2Tr X- 4- y- 

Since dp = u dx + v dy, we see p = {m/2Tr) log r = {m/4w) log (x* -f y^). 
The stream function is = (m/2^) Tan"’ (y/x) = (7n/27r)0, so that 
u! = V) + tv!- = (OT/2ir) log 2 = (tn/27r) log (x + iy). Show that this 
motion is irrotational. (Hint; Show circulation is zero.) (Fig. 170.) 

Prove that if the source is at (a, 6), 

P = ^ log [(x - a)2 -I- (y - 6)=], <1 = ~ Tan"’ — 

2ir (x — a) 

and 



w = — log [z - (a -b ib)]. 

21. Prove that, if two rectilinear-plane flow fields of potentials Wi and 
iws be superimposed, the resulting flow field is represented by w = Wi + w». 
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22. Show that, if a source be assumed at the origin and a rectilinear flow 

along the z-a-cis be .‘Tiperimposed, the potential of the resulting flow is 
ir = -I'z-t log r. Plot a few streamlines. (Fig. 171.) 

23. Repeat E.c. 22 nitli a sink instead of a source. 



Fio. 171. 



24. Repeat Ea. 22 for two sources of equal strength located at (a,0).and 
(—a, 0). (Hikt: .4dd wi and ic;.) (Fig. 172.) 

Ans. <fr = (m/2r) log rjCr, tc = (m/2r) log (r 4- a)(r — a). 

Find u and r. 'Write equation of streamlines and plot. (Note: .All 
stTeamlincs pass through one source or the other.) 

Find a point of tlaffnalion, that is, a point where the velocity is zero. 
Show that the y-aids passing through the stagnation pioint separates the two 
parts of the joint field. This means that this streamline can be replaced 
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by a rigid smooth barrier without in the least interfering ^\ith the flow from 
either source. Wo may then suppress the flow from either source without 
in any way disturbing that from the other. Wo thus arrive at the field on 
one side of the i/-axis as representing the flow for a source placed near an 
indefinite straight barrier. 

25. Repeat Ex. 22 for two sinks of equal strength. 

26. Repeat Ex. 22 for two sources of unequal strength. 

Ans. w = (7?ii/2x) log (2 + a) + (7«;/2;r) log (s — a). 

Find w, V, and the point of stagnation. Find the streamline passing 
through the stagnation point. 



27. Repeat Ex. 22 for a source and sink of equal strength. 

Ans. 


•m . z — a 

w = — log — 

2ir z a 


Plot streamlines. Show that there is no point of stagnation (Fig. 173). 

28. Repeat Ex. 22 for source and sink of unequal strength. 

Ans. tr = (nii/2«) log {z + a) - {mi/2ir) log (2 - o). 
Show that the streamlines are partly open and partly closed. Find the 
point of stagnation. 

29. Repeat Ex. 22 for rectilinear flow with source and sink of equal 
strength. 


Ans. 


z - a 

w = -Uz + — log — ; 

27r 2 + fl 


Plot streamlines. Find the point of stagnation. 

30. In a field known as jw/ea: flow in a plane outside a circular barrier 
of radius r, 

n = velocity along radius = 0, 

P 

c — velocity perpendicular to radius = — r 

27rr 

where r is the strength of the vortex core. Then 


d<p = cr dB + n dr, so that 
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and 


d/- = nr do — c dr. 



For the ideal vortex .«hcet. a may be taken verj- rmal). Then 


tr 





Compare tr for a vortex tvith tr for a simple sotiree. 

31. Let P at (a, 0) be a source of EtrcnRth m and P' at (—a, 0) be a sink 
of .strength ( — m). Lot P and P' approach the origin 0 along the real axis 



in such a tvay that 2>na = k i.s a constant. Find the velocity potentLal. 
What is the stream function? What arc the Iinc.s of flow? Lines of equal 
vclocitA' potential? Plot. (Fig. 174.) This case is known as the plane 
doiiWct of .strength .-Ins. tr = — .If 'c, where .If = am/-z. 

32. Find the general potential function for the following types of flow: 

(a) A superposition of a rcctiline.ar flow with a doublet. 

(b) X superposition of a rectilinear flow, a doublet flow, and a vortex 
flow, the vortex center being at the doublet. 

.4n». tr = — L'r ~ (.If r) — iff log r. 

Plot streamlines and find points of stagnation. 

33. Suppose sources of strengths k,. /:•. • • ■ , k„ occur at the points oi. 
Q;, - • • , Or., respectivel.v, and .'inks jti, ■ ■ ■ , occur at the points 
fli. flr, • • ■ , fln, respectively. Show that 


, (z — — a:)‘’ ■ • ■ U — a,)‘* 

tr = log > 

^ (z - fl.)o(a _ 0,)-. ...(;- 0„y- 


where tr = v" + tV'. 


34. Determine the value of n so that ir = r* will determine an irrotational 
flow of a fluid between two walls making an angle 60° with each other. 
Find velocitv potential and direction of flow at the point Zo = 3; at 
z. = 3(e^«'‘-). 
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35. In a certain electrostatic field the lines of equipotential are given by 
^ = Cl and the lines of force are given by ?> = Ci, where ci and c* are arbitrary 
constants. Make a map to show these lines for the case when lo = ip + i'f'- 


' (a) w = r; 

(d) w = z®; 
(g) w = z^-. 


(b) w = Z-; 

(e) w = zl^; 
(h) 10 — z"; 


(c) w = 1/z; 

(f) w = z^^; 

(i) z = tw + e". 


36. Wires pierce the complex plane at P(l, 0) and P'( — 1, 0). The wire 
through P carries a current of two units and the wire through P' a current 
one unit. The function w = <p + # determines the equipotential lines and 
the lines of force in the magnetic field about the two conductors. Show that 


10 = log 


(z - 1)= 


Pind points of equilibrium. Map. 


(2 + 1 ) 

37. (a) We defined ta = v? + # with the assumption of irrotational flow. 
Under this assumption, show that 


av ^ = 0 £^4-^ 

dx^ dy- ’ dx^ dy^ 


(b) Suppose ■== + y- for a certain flow. Find u and t>. Show that 

a general potential function does not exist. (Why?) 

(c) Plot the streamlines in (b). 

(d) Calculate the circulation around a circle of radius a with center at 

the origin, (.dres. —iiraK) Note that + (d^t^/dy^) ~ —4. 

2iv = —4 is called the vorlicily and w is the angular velocity of the vortex. 

38. Consider the mapping function w = 1/z, with w ^ p + i'l'- 

(a) Express <p and ip as functions of x and y, 

(b) Make two diagrams showing how the z-plane is mapped into the 
w-plane. Into what curves do p = const, map in the z-plane? The curves 
ip = const.? 

(c) Find all invariant points which are unchanged by the transformation. 

dm. z — 1, —1. 

(d) Find the singular points (i.e., points where dw/dz = 0). 

(e) The unit circle z = c’® is transformed into what curve in the w-plane? 

(f) Quadrant I of the z-plano outside the unit circle is transformed into 
what region in the tr-plane? 

(g) Quadrant I of the z-plane inside the unit circle is transformed into 
what region of the w-plane? 


39. Consider the mapping function w 




(a) Find <p and 4', when io = <p i<p ia a general potential function. 

(b) Into what curves in the z-plane do the curves <p = const, map? 
4 = const.? 


(c) Find the invariant points of the transformation. 


dm. z = 0, 1, — 1. 
dm. z = 1, — 1. 


(d) Find the singular points. 
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(c) Show that the unit circle in the r-planc is transformed into the portion 
of the ir^axis between (1, 0) and ( — 1, 0). 

(fl Show that the positive half of the re-al axis in the r-planc is trans- 
formed into the real axis of o bolwecn 
1 and -r =. 

ft;1 Into what does the negative half 
of the real axis map? 

(h) ly-t c = rc’®. Show that the lines 

e — const, go into In-pcrlrola-s with foci 
(±1. 0), (v-Vfos- B)'- e) = 1. 

(i) Show tliat the circles r = const, 
go into ellipses; 

-Is- , 4-;-^ ^ j 

(r -r r-T- (r - r"')* 

40. Suppo‘-e tliat in the ir-plane, 
tr = u -r tV. the lines r = constant are 
slrcnmlincs for a fluid Cow. Describe 
and map the cuiwcs in the r-plane into 
which these strc.imlines map for each of 
the fo!!ov.-ing c.ascs; 

la) V = 3r. (b) ir = z". 

(cj = c’. (df ir = r®. 

tc-Pkino ('“> (0 (t*" = 

41. Describe hou each of the follow- 
ing curve- in the r-plane is mapped into the tr-plane by means of the 

transformation ir = r + (2 r). Make a map in each case. Plot = 0.5, 

1, 2, 3, in each ease. 

(a) The circle r = \/2£‘®. 

(b) .A. circle of radius 1.2 with center at (0.1, 0). 

(c) A circle of radius 1.2 with center at (0, 0.1). 

(d) A circle of radius 1.2 with center at (0.1, 0.1), 

(e) The circle of radius 2.0 and center at (0..5. 1.0), and the circle of 
radius 1.3 and center at (0, 0.7). 

For the transformation u.=cd above, find the singular jKimts; the stagnation 
points; and map the stream lines it = const. 

The methods of complex variables have been found quite useful in aero- 
d>-namics. The preceding problem is taken from the Jouho-rfky-cerojoil 
theory, where transformations of the form ir = c -1- {a-'z) are used. A 
tj-pical figure is shown in Fig. 175. By varying the center and radius of the 
circle, various figurc-s may be obtained resembling aerofoil shapes. 

PART F. ELLIPTIC IKTEGRALS 

26. Introduction. We have seen in Chap. 11 that every 
integral of the tj-pe 
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J* R(x, -^ax H- 6) dx or J* B{x, V ax- + + c) dx, 

where R is & rational function of the arguments indicated, can 
be evaluated in terms of elementary functions. (See Chap. IJ, 
Secs. 7, 8.) 

We here wish to study certain integrals hamng algebraic 
integrands which cannot be evaluated in terms of only “elemen- 
tary functions.” In particular, an important class of integrals 
which require new functions for their evaluation are integrals 
of the type 

J* R{x, "x/ aoi® aix- a-^x Oj) dx, ( 1 ) 

and 

J'r(x, ->/ aox* -h Oix^ -h + azx 04) dx. ( 2 ) 

It can be shown that the functions introduced to evaluate (2) 
can be used to evaluate (1). The evaluation of (2) can be reduced 
to the evaluation of the follondng tj'pes of integrals, Icnown as 
Legendre’s normal forms ; 


jo v(i - n n - kH^) 

• (4) 

r <'< (5) 

Jo (t~ - o)V{l - <=)(! - kH^) 

These integrals are called incomplete elliptic integrah of the 
first, second, and third kind, respectively. It is customary to 
take 0 < fc- < 1 in these integrals. More generally, any integral 
of the t 5 ’'pe (2), in which 

aox* + Uix^ -h ozx^ + asx + at = 0 

has no multiple roots, is called an elliptic integral. The variables 
X and t may be either complex or real. 

Upon substituting # = sin ^ in the integrals (3), (4), and (5), 
we obtain, respectively, 


',^=0 vl — sin- ^ 


= P{k, <p), 
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j ■y/l — k- sin" ^ (/v^ = E(h, <p), 
JlS-O 

J,f =0 (sin- ^ — a)\/l — k- .ein= 


(7) 

( 8 ) 


The integral 

Jv--o Vl - sin= “ Jo VCl - 


dl 




i=)(l - A-=/=) 

Jv(/.-). (0 < /:= < 1) (9) 


is called the complete elliptic integral of the first kind. The integral 


£ 


• r/2 




Vl - fc'= Sin= 




dt 


0 V{1 - t-){l - k'T-) 


^K'{k') ( 10 ) 


is called the associated elliptic integral of the first kind, and 
k' = ■\/l — k- is the modulus complementary to the modulus k. 

27. The Elliptic Functions sn u, cn u, dn u. Let the elliptic 
integral in (6) in See. 26 be denoted by z. Then the relation 


r = Fik, e>) 


( 1 ) 


defines r as a function of k and Tlie number (p is knonm as the 
amplitude of the integral r, and k the modulus of r. Suppose that 
k is fixed. Then (1) defines <? as a function of z which wo denote 
by 

c = am z. (2) 

Since x = sin <3 and r is equal to the integral u given in (3) 


in Sec. 26, 




X = sin (am w), 

(3) 

or more briefly, 




a: — sn w. 

(4) 


The expressions V 1 — x- and -y/l — k-x- appearing in (3) in 
Sec. 26 define the functions cn v and dn u. 


± \/l — sn- u = ± -x/l — x- = cos (am u) = cn u, (5) 
+ V'l — h~ sn- w = + -x/l — fc-x- = A cos (am «) = dn u. (6) 



631 


Sec. 28] FUNCTIONS OF A COMPLEX VARIABLE 


[The sign to be used may be determined from (5) or (6) in Sec. 3.] 
To complete the definitions of these functions we require 

sn 0 = 0, cn 0 = 1, dn 0 = 1. (7) 

The functions sn, cn, and dn are called the Jacobi elliptic 
f unctions. 

28. Derivatives of Elliptic Functions. Upon differentiating 
the integral u in equation (3) of Sec. 26, we find that 


dll _ 1 

” VCl - - k-x-) 


( 1 ) 


Since 


d.T 

du 


1 

du /dx 


and X — sn n, we have 


= V(1 - 3;-)(l - k-x-) = Vl - sn~ u ■ Vi - k" sn^ n 
du 

= cn u dn u. (2) 

From (5) and (6) of Sec. 27, we find that 


and 


d sn u 

d cn XI _ du 

du Vi ~ sn^ u 


— sn « dn u, 


(3) 


d dn u 
du 


— k- sn u cn u. 


(4) 


Bj’- means of Maclaurin's series we find that 

sn u = u-{l + + (1 + 14fc"- + kV£ + • • • , (5) 

cn « = 1 - + (1 + 

- (1 + Uk- + 16fc^)|-j + • • • , (6) 

dn u = 1 - + ^^4 + 

- fc”-(16 + Uk~ + + . . . . (7) 

These series may be shovTi to converge. 

From (5), (6), and (7) it is easy to see th^t sn is odd and that 
cn and dn are even functions, i.e., 

sn i-u) = - sn (u), cn (-■ w) = cn (w), dn {-u) = dn (u). (8) 
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29. Addition Formulas. “We shall indicate how it may be 
shown that 


/ , . sn n ■ cn a • dn i* + sn a • cn w - dn u 

sn (h + a) = : r:; — ^7; ; J 


cn (u + v) — 
dn (w + a) = 


1 — /;- sn- u ■ sn- a 
cn • cn a — s n u • sn a ■ dn ■ dn v 
1 — k- sn- it • sn- a 

dn it • dn a — sn u • sn a • cn it • cn a 
1 — k- sn- u ■ sn- a 


( 1 ) 

( 2 ) 

(3) 


We shall suppose .Si = sn it and s; = sna, whcrcitandavarj-so 
that 


it -f a = h, (4) 

where 6 is a constant. Differentiating with respect to it, it can 
be shown that 

f/it -b da = 0, (5) 

SiS; — AjSi 2 J:=Si.s5(.s,S 2 -b sjSi) 

•: : — , V ' (6; 

.siS: — .s;St 1 — h-SySi 

where dots indicate differentiation with respect to w. Integrating 
(G), we obtain the solution 


or 


1 — k-sfs: 


0 , 


(7) 


cn it • dn It • sn a -b cn a • dn a • sn it _ ^ 

1 — /:- ■ sn- it • sn- a ~ 

Let G denote the left-hand member of (S). We note that both 
(8) and (4) are solutions of (5). From the theory of differential 
equations, it can then be concluded that C is a function of 
h = it -b a, so that 

G = C(u -b a). (9) 

Setting a = 0 in (9), we see that sn u = c(it). Hence the addi- 
tion relation (1) follows. Relations (2) and (3) follow from (1). 
Similar relations can be shown to hold for sn (n — a), etc., using 
relations (8) of Sec. 28. 

30. The Periods of the Elliptic Functions. We consider K a/j 
defined by Eq. (9) in Sec. 26. Then sn AT = 1, cn iT = 0, 
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dn K = k' = Vl — k-, the real positive root being used if 
k <1. Substituting i; = X in formulas (1) to (3) of Sec. 29, 
we have 


sn {u + K) = 
cn (u + K) = 
dn (w + = 


cn u 
dn w 
, ,sn 

— k -= ) 

dn 71 

k' 

dn u 


( 1 ) 

( 2 ) 

( 3 ) 


In (1) to (3) of Sec. 29, replace v hy + K-, we find that 


sn (u + = — sn ii, (4) 

cn (u + 2K) = — cn ?^, (5) 

dn (m + 2K) = dn v. (6) 

Replacing u by (u + 2K) in (4) to (6), we have 

sn (u + 4/0 = sn ii, (7) 

cn (u + 4/r) = cn u, (8) 

dn (u + 4K) = dn u. (9) 


Consider the sum 


K + iK 


iK' = 


^^x/1 




■\/l — A;- sin® ^ 


+ t 


£ 






=0 Vl — k'” sin® xj/ 


■ik' = y/r^ ( 10 ) 


Let CSC /3 = -y/l — k'- sin® Then we find from (9) and (10) 
of Sec. 26, 


K' 


= 1 p” 
f Jp= 


sin P — \/k 


dp 


x /2 Vl — A:® sin® p 

Vfc ^ 

V(1 - a;®)(l - 


(11) 


Hence 


K + iK 


iK' = 

-J, 


0 V 1 — fc® sin® \j/ 
^=0 V 1 — A:® sin® xf/ 


psir 

J/9- 


smp = l/k 

x /2 V 1 ~ A:® sin® /3 


( 12 ) 



634 

HIGHER MATHEMATICS 

(Chap. V 

From (5) and (6) of Sec. 27 and (12), we see that 



sn (K + iK’) = h 

(13) 


cn (K + iK') = 

tv 

(14) 


dn (K + iK') = 0. 

(15) 

Subb'fffatingr (13) to (15) in (/) to (3) of See. 29 ia succession, we 

obtain 

(sn (u + A' + iK') = 

^ k enu 

cn (u + A + iK') = 

' k cn i; 

dn (» + A + iK') = 

(16) 

(17) 

(IS) 


cn w 

and 

sn (n + 2A + 2iK') — — snv, 

(19) 


cn (« + 2A + 2iK') — cn n, 

(20) 


dn (i/ + 2 A + 2iK') = — dn n. 

(21) 

By a similar method, we could prove 



sn (u + iK') = , ^ r 
k sn u 

(22) 


, , i dn u 

cn(u-riA)= 

(23) 


dn (n + fA") = ' 

sn V 

(24) 


sn (u + 2iK') = sn n, 

(25) 


cn (u + 2iA') = — cn u, 

(26) 


dn (u + 2iK') = — dn w. 

(27) 


sn (u + 4iK') = sn n, 

(2S) 


cn (u -f 4iA') = cn 

(29) 


dn (w + 4iA') = dn w. 

(30) 

Hence 



Theorem 30.1. The functions sn w, cn v, dn u 

are doubly 

periodic; sn 

u having the periods 4A and 2tA, cn w 

having the 

periods 4.K and 2K 2iK', and dn u having the periods 2K and 

AiK'. 
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31. The Cases k = 0; k = 1. If fc = 0, the integral (3) of 
Sec. 26' becomes 


u — 



dt 


sm“^ a:. 


( 1 ) 


This shows that a: = sn tt = sin xi, cn xi — cos xi, dn ■« — 1 if 
fc = 0. Also, K = 7r/2, and the period iK = 27r. K' has no 
significance here. (Why?) 

If k = 1, (3) of Sec. 26 becomes 


Thus, 



tanh“' X. 


X = snu = tanh u, 


( 2 ) 


so that cn xi = sech u, and dn « = sech xi. li k = 1, K' = 7r/2 
so that the period 4jA' = 2jrt. K is of no significance. 

32. Complex Elliptic Integrals. Complex line integrals may be 
used to obtain many important results. We shall illustrate the 
use of complex line integrals by giving a second proof of Theorem 
30.1. We shall now consider the complex elliptic integral 


” X ” V(1 - s^)(l - kh^) 

over various paths in the complex plane, where xv= u + iv 
and where z = a; + iy. The integrand /(z) has poles at z = ± 1, 
±{l/k), while at all other points /(z) is anal 3 ’-tic. Let xvo be 
the value of xu when (1) is evaluated along any arbitrarily given 
path Pi in the z-plane joining the point z = 0 to the point 
So = a^o + ixja (see Fig. 176) ; thus 

Wo = ^ f{z) dz. (2) 

The path Ti may be deformed in any manner whatsoever and 
not change the value of xvd, provided that in the deformation no 
point is encountered at which /(z) ceases to be analytic. Let To 
be a path which, together with Ti, incloses the' singular points 
z — —I and z = +1. The value of the integral xv taken around 
Ta from 0 to Zo, will not be -changed if Fa be deformed into the 
curve Fs, where Fa consists of a piece of the real axis from z = 0 
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to e = 1 — r, a circle C\ of radius r rrith center at r = 1, the 
piece of the real axis from r=l— rtoz = — l+r, a circle Ci 
with radius r and center at z — and a portion of the real axis 
from c = — l+rtO 2 = 0, and the cun'e Fi from 0 to zo. Fj 



is indicated by the dotted curve in the figtire. The value of 
IP along Fj is then equal to the sum 

* + jjif) <1: + J7-, - M * 

+ X, - /(.-) * d:. (3) 

where the changes in sign of the radical in /(r) are due to passage 
around a singular point. 

The value of the integral around the circle Ci can be found as 
follows: Let (1 — r) = r<r^, then dz — irc~‘* dip. The integral 
reduces to 

f^f(z)dz = riif;^GMd,p, (4) 

where G(<?) is bounded and is independent of r. A similar 
expression maj' be obtained for /c,/(c) dz. 

The sum of the remaining integrals in (3) is equal to 

V(^) dx + tco. (5) 

We have now seen that the value of (4) does not depend on r. 
Let r — > 0. We find 


di + tra] = LiL -f iPo. (6) 
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But the %'alue zo of s in (1) and (2) is the same, hence 

sn {4K + Wo) = sn Wo. (7) 

Let r 4 be a path which, together with Fi, inclose the singular 
points z = 1 and z = 1/k. Deform r4 into the path Ts indicated 
in Fig. 177. It can be shown by a method similar to that given 
above, that 

so that 

sn (2tK' + Wo) — sn Wo. (8) 

All of the various relations 
found in Sec. 30 can be obtained 
by similar methods applied to 
various other paths. 

We now consider the integral 
/o/(z)dz around a path Te con- 
sisting of the circle z = Re'^ and the portion of the imaginary 
axis between z = —jR and z = where R > 1/k. Defonn 
the path Fe into the path Ft indicated in Fig. 178, where Ft 
consists of that portion of the real axis between z = 1 and 
z = 1/k. The integral along Ft is fr^fix) dx = 2iK', by equa- 
tion (11) of Sec. 30. The integral Jsf(s) dz 
around the semicircle S is of the form 
(l/f?) F{d) d6, where F{6) remains finite 
as i2 CO . Hence by letting R—* , we 

have 



Fig. 177. 





dz = 2iK'., 


or 


i' 


= iK’ 


( 9 ) 


V(1 - 2”-)(l - k-z^) 

Theorem 32.1. The elliptic functions smi, 
cn u, ajid dn u have simple poles at w = iK' , with residues 1/k, 
—i/k, and —i, respectively. 

By (22) of Sec. 30, (5) of Sec. 28 and an inversion of the series 
for sn w, 

m {w + iK') = T- ^ ^ 


k snw 


,1+r- . 

kw + “6^ + 
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TJpon substituting rr -r iK' for tr, we have 
1 


sn w = 


k{xv — iK') ‘ 6/; 


1 A- 1-2 

4- - iK') + 


This shows that sn u has a simple pole with residue \/h at 
w = iK'. A similar proof holds tor cn « and dn ii. 

33. Integrals of the Second and Third Type. Consider the 
elliptic integral (7) of Sec. 26. ^^^len a — r/2, this integral 
is denoted by 

£- 4 - 1 ) ( 1 ) 

From (7) of Sec. 26, 


E{k, <5 -r v) — V 1 — /;- sin <; 

+ \/l - /.-tsinedsT. (2) 


In the second integral of (2) let c — 4' we find that this 
integral reduces to 

\/ 1 — k- sin* 4 d4 = E(k, c). 

By (1) we .=ce that 

K(f:, <5 + ") = 2E -f E(_k. (3) 

In (7) of Sec. 20. set x = sn « and let jETCn) denote the re.^mlting 
integral. We find 


E(u) = J’J dnt V du = u — k-JJ sn= u du. (4) 

By setting I = sn 0 and a = sn= a. the elliptic integral (.5) of 
Sec. 26 can be written 



dS 

sn- d — sn* a 


(5) 


The various values of E(k, <r), E. K, ■ • ■ may be found in 
tables or may be computed bj’ expansions into power series. 

34. The Weierstrass Elliptic Function p(u). The elliptic 
integral 


w = 



\/4F — — gz 

dl 

-v/4(/ — cj)(t — ez){l — Ci) 


( 1 ) 
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defines a; as a function of u, 

X = p(m), (2) 

known as the TFcfersirass elliptic function. Evidently 


p'(u) = V4p^(m) - gipiu) - gz, 


and p(m) is a solution of the equation 


(g) = - s-A - 

(3) 

The integral (1) can be reduced to one of the first kind. This 
may be done by setting t = ez + ig~/r-) in the second form of (1), 
taking = ci — ez and k- ~ (ez — e3)/(ei — ez). There results 

If' 

a Jo V(1 - t2)(1 - A;V) 

(4) 

from which we have 


t ~ sn (gu). 

(5) 

It can be shown that 


p(u) = 63 d A — N- 

sn^ (gu) 

(6) 

From (6) and Sec. 30 it can be shown that 


p(u + 2ta) = p(u), 
p(u -j- 2iw') = p(u), 

(7) 


where w = K/g, w' = K'/g. 

Theorem 34.1. The function p{u) is doubly periodic with 
periods 2w and 2iw'. 

From (6) and (1) it can be shown that 

p{w) = Cl = 63 + p{w + w') = 62 = Cs + p{w') = 63, (8) 

w = h(x) dx, ~ X 

w +w' = xr w = xr 

where h{x) = (4a;3 - g^x - gf)-^^-. 

36. Certain Applications. We shall give two examples 
illustrating the applications of elliptic integrals. 
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Example 1. Let a pendulum of length I and mass m be Kupported at O. 
Since s = IB, d's/dl^ = I d'Oj’dC. By Newton’s laws of motion tsee Fig. 179) 



— my sin 6. 


Hence 


dl- 


^ o 

— - sm 6. 


do 

Multiply both sides bj’ 2— and integrate. Then 
ct 




(cos e -r c). 


If a is the maximum value of 0, then B = a when dB/dt = 0 and c = — cos a. 
If we take the square root and rcciproc,al of both sides and integrate again, 
we find that 


- f-T 

VJo 


do 


( 1 ) 


•\/2tcos S — cos a) 
where t = 0 when 9=0 To reduce this integral to standard form, write 

fa e\ 

(cos 9 — cos aj = (1 — COS a) — ll - CO 5 9' = 2l sm* - — sin- - 1 

e\ 


= 3 I - 


I sin- - = 21:" cos- ©. 


a Is 

where I: = sin -• sin o = - sin -• Hence tl) becomes 
2 /.- 2 


I = 


j- r , . 

\ J -\/ 1 — sin- . 


(2 1 


Since we wish to regard 1. and not <)>. as the independent variable in connec- 
tion with the motion of the pendulum, we write 


ci> = amp 


To obtain a geometric representation of we observe that 
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sin (e/2) /l — cos 0 A ~ ^ ® _ 1 '^^' 

^ “ sin («/2) " Vl - cos « “ V? - ^ cos a “ 'V5i!?'‘ 

(See Fig. 180.) We maj' remove the radical by constructing the right 
triangle E'MS: 

SP' _ IsP' P'E' _ 

“ VsF' ‘ P'E' " F'il/’ 

Hence ^ = ZSF'ilf. Since ZE'MS is a right angle, it follows that, E being 
fixed, M moves about a circle Avith center at the mid-point of E'S. 

O 



Fig. 179 . Fig. 180 . 

Example 2. Find the length of an arc of the ellipse x = a sin ^ 
y ~ h cos if/. 

By Ex. X, 7, of Chap. II, the are length of the ellipse from (0, b) to the 
point (x, !/) is 

s = 'v/ a- cos- ^ + b- sin® ^ d\f/. (3) 

Since h- = o®(l — e®), (3) may be written 

s = "V^l — c® sin® if/ dif/ = aE{c, <f>). (4) 

When (fi = ir/2, s = aE is the quarter arc of the ellipse. 

EXERCISES XV 



1. Evaluate each of the integrals in equations (3), (4), (5), (6), (7), (8) 
of Sec. 26 for the case where h = 0; the case where k = 1. 

2. Tabulate the values of sn n, cn «, dn u at u — 0, K, iK', K -p iK'. 

3. Find expressions for sn (« — v), cn (u — v), dn (it — v). 

4. Prove; sn (w -f- 1 >) sn (it — v) = (sn® it — sn® a)/(l — h" sn® n sn® v). 

5. Prove; sn® it = (1 — cn 2u)/(l -p cn 2u). 

6. Evaluate; sn (2/C — it), cn (2/C — u), dn (2/C — it). 

7. Prove; p(-it) = p(it). 

8. Verify (6) and obtain (8) of Sec. 29. 

9. Show that the length of the circumference of the hyperbola 
(x-/ a®) — (y-/b^) = 1 of eccentricity e is equal to 

(6®/ae) F(_ 4 ,, h) -P ae tan <f,y / 1 - fc® sin® <{, - aeE{4,, k), 
where tan = aey/b-, k = l/e. 
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10. Find the arc of the hyperbola cut off by the latu.s rectum if c = 1.3, 
c = 2. 

11. Evaluate /dO/V ^ a — cos 0, o > 1 in terms of elliptic functions. 

12. From (9) of See. 32 show m(ik') = m, cn (i7;') = dn (ik') - w. 

13. Complete the proof of Theorem 32.1. 

14. Exprc.ss (4) of See. 33 as a power series. Use (5) of Sec. 28. 

15. Verify (4), (0), (7), and (8) of Sec. 34. 

10. (a) Express sn 2u, cn 2u, dn 2u in terms of functions of u. 

(b) Express sn Ju, cn iw, dn lit as functions of u. 

(c) Sliow that 

sn I = (1 + k')--\ cn I = VPfl + k')~^\ dn ^ = -t/P. 


r<‘ ii^ 1 iH 

17. Show that | ■■ .y^-zszz zi ■ , ■ = - I — ■ i 

Jo V 1 — /<• sin- <> t'Jo V 1 — sin’ 


> 1 , 


sin’ \j/ — lA sin’ 

18. Using Ex. 17, find the arc length of the lemni.scatc r- = 2a’ cos 2<t>. 
Also, the arc length from <;!> = 0 to = 30°. 

19. Compute: Jf d0/\/ 1 —0.1 sin’ 0 to find A';sn {2K/3);F(z-/8, l/\/Io). 
Check against a table of elliptic integrals. 

20. Evaluate; 


(o) 

(c) 



dx 

V(*' - IKI - O.li’) 
dx 

Va + x’)(4 -f- 9i’) 


(b) 


f 

Jo 


dx 


V'(25 - i’)(l -t- 4i’) 


21. In connection witli E.xamplc 1 above: (a) Find geometric representa- 
tions for sn t, cn-Vp/f i, dn 1) (b) show that if 47' is the period 

of oscillation of the pendulum then T = ■%/ l/gK‘, (c) show that 

sn .^(t +2T) ^ - sn yjjl, 

cn -f 27') = - cn yjjt, 

dn -1- 27’) = dn ^l. 


22. Repc.at Example 1 for the ease when the bob goes eompletely around 
the circle and the velocity at the bottom is t>o; also when the bob just 
reaches the top of the swing. 

23. Find the period of a pendulum oscillating through the following 
angles: 10°, 90°, 180°, 330°. In each ease find the instant at wliich the 
pendulum makes an angle of 5° with the vertical. 
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nz, 

24. Examine I — 7 = 

Jo Vil 


dz 


= for the difference in its values 
32)(1 - k^Z^) 

corresponding to two paths Ti and Ti connecting s = 0 and z = Zo, where 
Fi and Fj taken together enclose z = 1 ; same for z = 1 /ft. 

dz 

•- — - corresponding 

/JO 2 V (z — ei)(z — cilCz — ca) 


25. Repeat Ex. 24 for 


iluiu: 

J 

Jjo 


to two paths Fi and Fa which taken together enclose two of the distinct 
points ei, ea, Cs. 

26. Repeat Ex. 25 for the case when Fi and Fa together enclose one of the 
distinct points ei, ea, Ca. 
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ALGEBRA AND VECTOR ANALYSIS 


PART A. ALGEBRA 

1. Determinants. Consider the S 5 ’.stcin of m linear homo- 
geneous equations in the n variables Xj, Ji, ■ ■ ■ , x„-. 

OllXl + Ol-Ti 4- • • ' + fllnXn = 0; 

0:iXi -}- a:;X2 -{-•••+ a:„x„ = 0, 


n„iXi 4- a„;ri 4“ ' * ' 4- «r.rj:n = 0, 

where the coefTicients a,-, (j = 1, 2, • • • , ?n; j = 1, 2, • • • , n) 
are any real or complex numbers.* The properties of this system 
of equations, such as consistence, redundancy, solutions other 
than xi = X; = • • • = = 0, etc., arc completely determined 

by the values and positions of the numbers a„. This suggests 
that a study of the properties of arrays of numbers may be useful. 

Special importance attachas to the case 'here m = n, that is, 
the case where the array A 


On Oi; • • • Oj„ 


( 1 ) 


[Onl • • • Gr.nJ 

is square. Such an array A wJl be referred to as an n X n arra 3 ", 
or a squa.’c arraj' of order 7i. Associated with such an arraj*, 

* Vt'c shall assume, unless othenvisc fpecified, that the arrays and matrices 
trith which we are working have elements which are complex numbers. 
Most of the results stated in the p-xsent treatment of the theory of deter- 
minants and matrices are valid 'indcr more general hypotheses on the 
algebraic system in which the elements of the arra3's and matrices lie. Such 
generality is not necessary for our present purposes. For a more thorough 
treatment the reader is referred to the comprehensive works of MacDuffee 
and Wr lderbum mentioned in the bibliographj'. 

644 
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there is a number d{k), called the determinant of A, defined by 

d(A) = 2:(-l)'‘aifa2i, • • • On;., (2) 

where the summation is taken over all pemiutations u, i^, • • • , 
in of the integers 1, 2, • • • , «, and where h is the number of 
successive interchanges of two i’s which would be necessary to 
permute the order ii, it, • • • , into the order 1, 2, • • • , n. 
It is obvious that the order ii, is, in might be brought 

into the order 1, 2, • • • , n by a variety of sequences of inter- 
changes. However, it can be shown that for a given order, the 
number of such interchanges is either always even or always 
odd, regardless of the chain of interchanges employed. Thus, 
while h is not uniquelj"- determined for any given term in (2), 
( — 1)'* is unique. 

A symbolism frequently used in place of d(A) is 


Oil 

dis • • • 

Oln 

021 

(122 * • • 

fl2n 

• 

• 

• 

• 

• 

• 

• 

• 

• 

Onl 

<Xn2 • • • 

Onn 


We note that the determinant is defined for a square array only; 
hence there mil be no ambiguity if we omit the word square in 
speaking of the determinant of an array. 

Example 1. Let A be the third order army 

dll Ctis Gis 

021 O22 023 • 

_a31 032 033, 

The possible permutations (h, fj, L) are (1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), 

(3, 1, 2) and (3, 2, 1), and 

d (. N ) 2 ( = 011022033 — Q11O23O32 — 012021033 

+ 012023031 + OlsO;l032 — 013022031. 

It is possible to eliminate the variables xs, ■ • • , Xn from a 
system of equations whose array of coefficients is (1) in such a way 
that the coefficient of .-Ci in the resulting equation is exactly d(A). 
"Without going into greater detail on this point, we remark that 
this suggests at least one important reason for studying this 
munber associated mth a square array. 
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The calculation of the determinant of an array by (2) becomes 
a laborious process where 7i > 3, and consequently it is advi.sable 
to investigate some properties of determinants which will enable 
us to shorten the computation. 

Theohem 1.1. If B is the array obtained from A by interchang- 
ing rotas and columns, then d(B) = d(A). 

If in (2) wo rearrange the factors Or, in each term so that the 
column indices are in the order 1,2, • • • , n, we have 

(f(A) = • • • nni, = 2:(- l)X,iny,: ' ' ' 

= ^i-iyb^b,;^ ■ ■ ■ (3) 

where the are the elements of B. The sequence of interchanges 
neccssarj' to bring ji, j-, • • • , in into the order 1, 2, • • • , 7i 
can be taken as the reverse of the sequence of interchanges by 
which we brought ii, t';, • • • , in into the order 1, 2, • • • , n. 
Hence ( — 1)* determines the sign on each term in the last member 
of (3) so that tve can write 

d(B) = Xi-iyhjb„^ ■ ■ • bn,. = d(A). 

i.t 1 13 2i 

Example 2. ^ . = j“ .j = 13. 

Theorem 1.1 is important for the reason that any theorem on 
determinants resulting from a property of the rows of the array 
will automatically furnish a theorem on determinants which 
results from the same propert}' of the columns. 

Theorem 1.2. If all the cknients of a tow {cohnnn) of an 
array A arc zero, then d(A) = 0. 

The proof follows directly from (2) and Theorem 1.1. 

Theorem 1.3. If the array B rcsxdls from the array A by the 
interchange of two rows {columns) of A, then d(B) = —d{A). 

Suppose that rowsj and k of A, j < k, are interchanged to form 
B. Then 

d{B) ~ X{-l)’'aua:i^ ■ • • o,.^ ■ • ■ • • • a„,. 

= 2(-l)'‘+la,, a:;^ - • •. • • • Qti^ ■ - • On,. 

= (-l)2:(-l)''a,,a.f, • • • o,-,- • • • 

= -d{A). 
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Theorem 1.4. If two roios (columns) of an arra^j A are identical, 
then d(K) = 0. 

From Theorem 1.3 the interchange of the two identical rows 
(columns) yields d(A) = — rf(A), whence d(A) = 0. 

Theorem 1.5. Let Ai, As, • • • , At he n X n arrays which 
have all their rows (columns), with the exception of the jih, in 
common. Then 

d(ki) + d(kf) + • • • + d(At) = d(B), 

where B is an array which has those same rows (columns) in common 
with Ai, • • • j At, aiid lohose element in the jth row (column) and 
sth cohimn (row), s = 1, 2, ■ • • , n, is equal to the sian of the 
elements in the jih row (colu7nn) and sth column (row) of each of 
the arrays Ai, As, • • • , At. 

Let the elements of the jth row of Am be denoted by aj”’, • • • , 
al”K Then 

d(Ai) + d(kf) + • • • + d(At) = S(-l)'a:.- • • • ajP • ■ • 

+ S(-1)^Ok^ • • • • • • a„.-^ 

+ • • • + S(-l)^ai,-^ • • • aW • • . 

= S(-l)^au- • • • (a)l) + a<?; + • • • + a'?/) • • • a„.-^ = d(B). 



a h c 


a b c 


a b c 

Example 3. 

d e f 
Si hi ki 

+ 

d e f 
hi ki 


d e f 

<7i -h ffi hi hi ki -{- ki 


Theorem 1.6. If the array B is formed from an array A hy 
multiplying each of the elements of some row (column) by a mimher 
k, then d(B) = kd(k). 

The proof is left to the reader. 

Definition 1.1. By the linear combination 

ki(aii, Ois, ■ • • , Oin) + fcsCosi, Oss, • • • , Osn) 

+ • ■ • + kn(anl, an2, ' ' ‘ , Onn) 

of the rows of an array A, we shall mean the row of elements obtained 
by forming the same combination of elements in like positions in 
those rotes; that is, the row 

(^lOli -f- fcsQsi 4" ■ ‘ ■ "f" knOni, kiOii -)- k^Ozi ‘ ' -f" ^nOn2, 

• • • , fciCin + kzOzn + • • • + knOnn). 
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Example 7. 


Evaluate the determinant 



Subtracting 2 times column 3 from column 1, G times column 3 from 
column 2, and S times column 3 from column 4, there results by Theorem 1.7 


I 0 0 1 o! 


13 

26 

—5 

42' 

- 9 

-25 

4 

- 29 ' 

-30 

-70 

11 

-S2| 


By a Laplace expansion according to the elements of the first rotv, tve 
find that 


13 

2G 

42’ 

- 9 

-25 

- 29 ;- 

-30 

-76 

-82' 


The e.rpansion of this determinant would involve con.'iderable arith- 
metic. Hence we continue to manipulate the array as before. Subtracting 
twice the first column from the second and 3 tirne.s the first column from the 
third column, we have 



13 

0 

3; 

! 13 

0 

3; 

^ = 

- 9 

— 7 

- 2 : 

= 2-9 

— 7 

- 2 ,' 

I 

-30 

-16 

<< 

1-15 

-8 

4 ; 


Subtracting 4 times the third column from the first, we have 

' 1 0 3j 

^=2-1 -7 -2- 

1-31 -S 41 

Further, 



-31 


0 0 
-7 1 

-S 97 


whence by a Laplace expansion according to elements of the first row. 
1-7 1' 

A =2 and from (2) we find .i = 2(— 679 + S) = -1342. 


EXERCISES I 

1. By eliminating x- and xi in turn from the set of equations 
j oiixi -b a::x. = 6], 

I o-iXj a-jxj = 6;, 
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system only partially. On the other hand, the properties of the 
matrix of coefficients will give a complete characterization. 
Moreover, we shall find other valuable applications of the notion 
and properties of a matrix. We proceed to investigate these 
properties. 

Theobem 2.1. Addition of matrices is associative and commuta- 
tive; that zs A + B = B + A and A + (B + C) = (A + B) + C. 

The proof is elementary and is left to the reader. 

Theobem 2.2. Multiplication of matrices is associative, but 
not, in genei'al, commidative. 


Let A = l|a„l|, B = ||5r,|l. C = |lc„|| be matrices of order n 


(AB)C = 




( = 1 




OrtbijC 




t = l 


= A(BC). 


The matrices of Example 1 are not commutative, as the reader 
ma}'' easily verifJ^ 

Theobem 2.3 (Distributive Laws). If A, B, and C are matrices 
of order n, then A(B + C) = AB + AC; (B + C)A = BA + CA. 

The proof is left to the reader. 

Definition 2.1. The symbol d„(Kronccker’s delta) is defined 
to be unity if i = j and 0 if i 9^ j. (Thus dzi = 0, 633 = 1.) 

Definition 2.2, The main diagonal of a matrix is the set of 
positions along lohich the row and column indices are equal. 

For instance, the elements of the main diagonal of 


ttll 

a 12 

013 

Q21 

floo 

023 

azi 

032 

O33 


are an, 022, and a33. 

Definition 2.3. A diagonal matrix is a matrix all of whose 
elements off the main diagonal are zero. 

Definition 2.4. A scalar matrix is a diagonal matrix whose 
main diagonal elements are all equal. 

By Definition 2.1, a scalar matrix can be wnitten as \\k5r,\\. 
The reader will easily verify that a scalar matrix of order n is 
commutative with every matrix of order n. The converse also 
holds, viz., 
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Theorem 2.4. If A is a malrix of order n and if AX = XAfor 
arry malrix X of order n, then A is a scalar malrix. 

Since AX = XA, 

n r. 

'^a^x^, = '^^na<, {r, s = 1, 2, ■ • • , n) (1) 

t-l 1-=! 

for all matricf.s X, that is, for all values of x„ and x„. Take 
Xri = OryO,,. Then (1) mu.«t hold for this choice of x,„ for even’ 
p and t). 

Substituting in (1), we have 

n r 

1-1 «-i 

If g = s and r ^ p thi' gives a,p = 0 for every r and everj* 
p r. while for g = s and r = p, it gives a,- = a„ for cverj' 
r and s. Hence A is scalar. 

Bt’ analog}' with the ordinarv* number system (real or complex), 
the zero matrix O should be such a matrix that A -r O = A for 
even' matrix A. By definition of addition of matrices it is 
cnident that O is a matrix each of whose elements is zero. Again 
by analog}' the identity (or unit) matrix I should be a matrix 
such that lA = AI = A for every A. From Theorem 2.4, I 
must bo scalar, and it is then further seen that each element 
of the main diagonal must be 1. Hence I = (o.,). These 
matrices O and I play much the same roles in matric algebra 
that 0 and 1 do in ordinarv' algebra. 

A matri.x A when multiplied on either side by a scalar matrix 
, hor,' , }ields a matrix each element of which L= h times the 
rerresponding element of A. The product ' l:o„ A is what we 
defined earlier as hk. ' ho,/ itself can be written as /:I. By 
tirtue of this definition, the meaning of the difference of two 
matrices is determined. For 

A - B = A -f (-l)B = A -f (-I) • B; 

and (— I • B) is a matrix each element of which is the negative 
of the corrc-sponding clement of B. 

Theorem 2.5. If A and B are matrices of order n. 

d{kB) = tf(A) . d(B). 

Let A = and B = Ckrnsider the square array of 

order 2n: 
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On 

CEi 2 ‘ * ' 

Oln 

0 

0 • ■ 

• • 0 

021 

022 ' • * 

azn 

0 

0 • ■ 

• 0 

Onl 

0 n 2 

Onn 

0 

0 • 

■ • 0 

1 

0 

0 

5u 

^12 

• • h 

0 

_1 ... 

0 

621 

^22 ’ 

■ ■ 5; 

0 

0 

-1 

^nl 

' ■ 

■ • b, 


By a Laplace expansion according to rows 1 , 2, • • • , n it is 
clear that d(M) = d(A) • d(B). By Theorem 1.7, 



011 

012 • • • 

Oln 

n 

n 

01i^tn 


021 

022 ' ' * 

dZn 

1 = 1 

n 

^dsib,- 

1 = 1 

n 

' ' * 





t « 1 

t = l 

ri(M) = 

• 

• 

• 

* 

• 


Onl 

dnZ • • * 

Onn 

Onfb; 

* ^^On, 6.n 


-1 

0 

0 

1 = 1 

0 

i = I 

0 


0 

-1 • • • 

0 

0 

... 0 


0 

0 • • • 

-1 

0 

0 

By a Laplace expansion according to rows n + 1 n + 2 • • • 

2n, 


n 

^ 01,6.1 
1 

. . . 

n 

Olt&in 



f=i ,-=i 


n 



|t = l 


n 





d(M) = 


= d(AB). 
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Definition 2.5. Let A he any array. The order p of a minor 
square array of A of maximum order whose determinant is not zero 
is called the rank of A. 

3 2 - 1 

Example 2. The matrix G 4 — 2 is of rank 1, since the defer- 

0 4 - 2 

minant of A is zero and the determinant of every minor sqnaro army of order 
2 is zero, and since there are minor arrays of order one whose determinants 
are not zero — that i.s, tliere arc nonzero elements. 

If the deternunant of a matrix is not zero, then the rank of the 
matrix is equal to its order. A matrix ivhose order exceeds its 
rank is called singular. 

Theoiiem 2.6. Associated with every nonsingular matrix A 
there is a unique matrix, B, such that AB = BA = I. 

Let B denote the matrix "'here A,r is the cofactor of a,,. 

n 

Then AB - Theorems 1.9 and 1.10, 

n 

= Srid(A) and hence AB = (6„) = 1. A similar argu- 

i-l 

ment will show that BA = I. It remains to show that B is 
unique. Let C be any matrix for which AC = I. Then 
B = B(AC) = (BA)C = I • C = C. 


Definition 2.G. 77tc matrix B of Theorem 2.6 is called the 
inverse of A, and is written A“‘. 

Corollary 2.6. If A is nonsingidar, d(A"') = l/f/(A). 
T’ord(A) • d(A->) = c/(AA-‘) = rf(I) = 1. 


Example 3. Let A = ^ . Then An = 1, Au = 3, Asi = -2, 

A« = 2, and d(A) = S. Hence A"' = ^ ^ . 

; 1 


Theorem 2.7. Let A he a nonsingular rnatrix of order n and 
let B he an arbitrary matrix of order n. The rank of B is equal to 
the rank of AB. 

Let p be the rank of B. If p = n, then by Theorem 2.5, 
(/(AB) = (/(A) • (/(B) pi 0 and hence the rank of AB is a and is 
equal to the rank of B. Let us assume, then, that p < n. The 
reader can verify that the determinant of every square minor 
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array of order p + 1 of the product matrix AB can be represented 
as a linear combination, mth coefficients which are polynomials 
in the elements of A, of determinants of minor arrays 
of order p + 1 of B- But since the determinant of every square 
minor array of order p 4- 1 of B is zero, the rank p' of AB is not 
greater than p. 

Now let AB = C. Since A is nonsingular it has an inverse and 
B = A~^C. Now as before it can be shown that the rank p of 
A~'C is not greater than the rank p' of C. Hence p = p', or the 
rank of AB is equal to the rank of B, 

EXERCISES n 


2 

0 

2 



3 

4 

6 

-3 

1 

1 

and 

B = 

-2 

1 

1 

4 

-1 

6 



7 

3 

5 


find A + B, A — B, B — A, AB, and BA. 

(b) Verify Theorem 2.5. 

2. Prove Theorem 2.1. 

3. Prove Theorem 2.3. 

4. If 0 is the zero matrix of order n, and A is any nth order matrix, what 
matrix is OA? AO? 

5. What are the ranks of the arrays 


r 2 

1 


r 2 

1 

3 


'2 

1 

O' 

[-4 

-2 

ej’ 

[-2 

3 

1 

isj- 

3 

9 

5 

8 

-3 

-3 



1 

2 

-1 

6. If A = 

2 

6 

-2 


1 

4 

0 


find A *, if it exists. 


7. The adjoint matrix of C = |jcr«|l, is the matrix l|C,rl|, where C„ is the 
cofactor of c„. It is denoted by C'^. If C is nonsingular of order n, prove 
that 


'W C-^ = (b) = [d(C))"->. 

8. Show that if A is singular, there exists no matrix B such that AB = I. 

9. By the method used in the proof of Theorem 2.5 show that if C is 
singular there is a matrix B, different from the zero matrix O, such that 
CB = BC = O. What is the matrix B derived in this way? Show that B, 
for which CB = BC = 0, is not unique. 

10. Prove that if C is singular, so is C'^. 

11. If A == ||a„|( and B = Hbr.H are third-order matrices, show that the 
determinant of every two rowed minor array of AB can be written as a 
linear combination of determinants of two rowed minor arrays of AB, with 
coefficients which are polynomials in the elements of A. 
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3. Elementary Matrices and Equivalence. An elementary 
operation or transformation vpon the rows of a matrix A is a 
transformation upon the rows of A of one or more of the following 
tj-pcs: 

(I) The interchange of two rows. 

(II) The addition to the elements of a row of k times the ear- 
responding elements of another row. 

(III) The mvltiplication of the elements of a roio by a number h 

Each of tliese clemcntarj’- operations can be effected by 

multiplying on the left bj' a certain elementary matrix, an ele- 
mentary matrix being the matrix obtained bj' performing the 
elementary operation under consideration upon the identity 
matrix I. 

Elementary’ operations upon the columns of a matrix A arc 
defined in a similar manner. 

If I(„) denotes the elementar}’ matrix obtained from the 
identity matrix by interchanging the j'th and jth rows without 
disturbing the remaining (n — 2) rows, then the effect of multi- 
plying A on the left by I,„), giving I(„)A, is to interchange row 
i and row j of A. I(„t is said to be an elementary rnatrix of type I. 

The effect of multiplying A on the right by I,,.), giving AI,,,^, 
is to interchange column i and column j. 

Let H„„ = I (h),,,-) (i j) denote the matrix obtained from 
the identity matrix I bj' inserting an element h in the fth row, 
;th column. The effect of multiplj’ing A on the left by 
giving H(„)A, is to add to the elements of the fth row of A, h 
times the elements of the jth row of A. is said to be an 

elementary matrix of type II. The operation AHi,,^ adds to the 
elements of the jth column of A, h times the elements of the fth 
column of A. 

The operation H(,„AH(„-) upon A adds to the jth row h times 
the fth row, and adds to the jth column h times the fth column. 

Let J(„) =1-1- (k);.,-), denote the matrix obtained from the 
identity matrix I by replacing the element in row f column f bj’ 
k. The effect of multiply’ing A on the left by J,„t, giving 
J(,oA, is to multiply each element in the fth row of A b}’ k. 
The operation AJ(„-, multiplies each element in the fth column 
of A by k. J^„■) is called an elementary matrix of type III. 

It is easy’ to see that the inverse of an elementary matri.x is an 
elementary matrLx of the same ty’pe. 



Sec. 3] 


ALGEBRA AND VECTOR ANALYSIS 


659 


Evidently, if B is derived from A by a finite number of successive 
elementary transformations Pi, Pa, • • • , Pm upon the rows of A, 
PiA, • • • , then B = P,„P„._iPot _2 • • • PiA. 

If C is derived from A by a finite number of successive ele- 
mentary transformations Ti, • • • , T„ upon the columns of A, 
ATi, • • • , then C = ATiTa • • • T„. 

In general, if D is obtained from A by a finite number of ele- 
mentary transformations upon the rows and columns of A, 
then D is equivalent to A, that is, D = RAS, where R and S 
are the products of elementary matrices. 

Definition 3.1. The matrix B is said tobe equivalent to the matrix 
A if there exist nonsingular matrices P and Q such that A = PBQ. 

We note that the ranks of equivalent matrices are equal. 

We shall now prove 

Theorem 3.1. Every matrix A of rank p is equivalent to a 
diagonal matrix ||fti, hi, ••• , hp, 0, • • * , Olj. 

Suppose the rank of A is p. Then, if necessary, a shifting of 
rows and columns can be performed by means of elementary 
transformations so that the minor determinant of order p in the 
upper left-hand corner is not zero. By adding, if necessary, 
some other row to the first row, we can make the element in the 
(1, 1) position 0. Next, by elementary transformations 
make the elements of the first column below the diagonal equal to 
zero. By elementary transformations every element in the first 
row save an can be made zero ivithout disturbing the first column 
of zeros. Denote the resulting matrix by B. 

Next, repeat this general process by worldng with the last 
{n - 1) rows and columns of B; then with the last (n — 2) rows 
and columns; etc. In this way A can be reduced to an equivalent 
matrix 


hi 

0 • 

• 0 

0 • ■ 

■ 0 

0 

hi • 

• 0 


• 

0 

0 • 

• hp 

0 • • 

0 

0 

• • 

0 






M 


0 

• • 

• 0 
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Evidently M = 0, for if but one element of M were not zero, B, 
and hence A, would be of rank (p -f 1), whereas A is of rank p. 


EXERCISES in 

1. (a) Show that the determinant of an clemcnfan- matrix of types I or 
II h ±1. 

(1)) Show that if A is derived from B by elementary transformations on 
the rows and columns of B of types I and II, then d(A) = idfB). 

2. (a) By elementary transformations, reduce the matrix 



4 

2 

5{ 

A «= 

3 

-1 

0 


7 

4 



to a diagonal matrix D. 

(b) TVliat are the matrices P and Q of (a) such that 

D = PAQ? 

(c) Verify the result of (aj by showing by direct matric multiplication 
that PAQ = D. 

4. Linear Forms, Linear Transformations, Suppose we have 
a product of two matrices AB where the columns of B, with one 
exception, consist entirely' of zeros. Tlicn the same columns 
of the product matrix AB cons'lst entirely of zeros, i.e., 


Oil 

ai; 

• ai„ 

iio 

1 

tl 

0 

• • • h, ■ 

• • 0 

Oji 

Oj. 

• a=„ 

.!» 

0 

• * • ht 

• ■ 0 



1 

. 1 

J 

• 1 

: (! 

'i- 

• 

* 


ia„, 

a„- 

a i 

ll. 

ii® 

ii 

6 

• ■ • k 

• • b| 


• -1 
2 




0 0 




i-1 
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We shall make frequent use of the following abbreviated notation 
for such a relation, whenever no confusion is likely to arise : 



Afb} = 



where { } signifies a column of elements and {b} = [br]. We 
can think of this abridged notation as defining the product of a 
matrix and a column array, in that order. Similarly we may 
define the symbolic abbreviation 



where ( ) denotes a row array, or more property, a matrix all 
of whose rows, with one exception, consist entirely of zeros. 

Further, if A has only one nonzero row Oi, 02, • • • , o„ and B 
one nonzero column, bi, b2, • • • , b„ then the product matrix E 
will have (at most) only one non-zero element and we may 
introduce for the identity AB = E, the abridgment 


(a){b! = 

.•=1 

wherever no confusion is likely to arise. 

A set of linear equations (or transformations) 


012X2 "}“ ' 
021X1 ~\- 022X2 " 1 “ ' 

• • + ai„Xn = 2/1, 

■ ■ + 0,2nX„ = 2/2, 

^ 0^2X2 "j~ * 

“}” ^nnXn “ 


( 1 ) 
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can now be written by use of the abridged notation as the single 
niatric equation 

A|xl = |yt, 

where A = llor,||. 

If f/(A) 0, the inver.«e A“‘ of A e.xi.sls. ^Iiiltiplj-ing on tlie 

left of each side of equation (I) i)y A“‘, we have 

A-'fyl = A-»Alxl =I!xj = [x). 

In other words, if the matrix A of the system (1) is non.^ingular, 

(x| = A-'[y) (2) 

is the (unique) solution of (1). Equation (2) is known as 
Cramer’s rule. 

If rf(A) = 0, the sj'stcm (1) is said to bo singular. 

Various interpretations maj' be placed upon cqs. (1) and its 
solution (2). Equations (1) maj' be looked upon as an operation 
whieh transforms an arraj' {x{ into a new array {y\. 

If xi, xt, • ■ • , Xn bo thought of as the coordinates of a point 
P in 7i-space, then the point P' of coordinates ?/i, 2/i, •••,»/« is 
said to be derived from P by the linear homogeneous transforma- 
tion (1). 

Any homogeneous linear function is called a linear form. 
Hence cqs. (I) may be said toconsist of 71 linear forms ?/i, • • • ,7/„. 
Suppose the I’s in (1) arc subjected to the linear transformation 


B with coefficients }>„, 




\x\ = B| 2 | 


(3) 

By (1), 

n n fj 

P**! p“l 

n 

7-1 

(4) 

where 

n 


(5) 


From the definition of the product AB of two matrices A and B, 
it is clear that 


D = (d.,) = AB. 
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In other words, under transformation (3), (1) becomes 

{y} = A{x} = D{z}, where D = AB. (6) 
AB = D is called the product of the linear transformations A 
and B. 

Theokem 4.1. A linear transformation with matrix B replaces 
a system of linear forms ^oith matrix A, hy a system of linear forms 
with matrix AB. 

It is important to notice the one-to-one correspondence 
(isomorphism) between the linear transformations and their 
matrices which is preserved under multiplication. This shows 
why the definition of multiplication of matrices is made as it is. 

We shall leave to the reader the proof of the folloAving theorems; 

Theohem 4.2. If A, B, C he the matrices of three linear trans- 
formations, then A(BC) = (AB)C, that is, the product of linear 
transformations is associative. 

Theorem 4.3. The sum of the two arrays A{y} and B{y} of the 
same mmiber of rows is the row array C{y} xvhere C = A -}- B. 

We noted that if d(A) 0 in (1), (2) gives the unique solution 
of (1). If d(A) = 0, the above method can not be employed. 
However, a parametric solution can be obtained by the use of 
the diagonal form D = PAQ. (See Sec. 3.) 

We shall consider the equations (1) with coefficients in a field 
F,'^ and with d(A) = O.f Let the matrix A be reduced by means 
of nonsingular elementary transformations of matrices P and Q 
to an equivalent diagonal form D = PAQ, where D has r nonzero 
consecutive diagonal elements ai, an, ••• , ar, all rational in 
the coefficients a,,-. Let n new variables $,• be introduced by 
means of the linear relations 

* A field of numbers is a set S of numbers such that the sum, difference, 
product, and quotient (provided the divisor is not zero) of any two numbers 
of S are again in S. Thus the set of all rational numbers, the set of all real 
numbers, and the set of all complex numbers each constitutes a field. The 
set of all positive rational numbers is, however, not a field. (Why?) 
Neither is the set of all integers. (Why?) 

Although the results we shall obtain in this and later sections, as well 
as the results of preceding sections, are valid for a more general domain 
than a field of numbers, where no particular field is specified, the student 
may think of some familiar field such as the complex field or the real field, 
when studying the work in this chapter. 

t The student is advised to work carefully Exs. 5 to 13 at the end of this 
section before attempting to read the remainder of this section. 
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Xi \ 

11 

1 

0 

II 

i ; 


1 

1 

/ 


Then from (7) and (1) wc have 

D!U = PAQ{?! = PAQQ->{xl = PA{i) - P{y!. 

In (8), 



(7) 


( 8 ) 


(9) 


consists of a column of r nonzero elements followed by (n — r) 
zeros. The right-hand member P(yl of (8) is a column array 
consisting of n homogeneous linear functions of the iji whose 
coefficients are the elements of the respective rows of P, 



Evidently, the equation (S), D[?l = P{y| = {n} can be 
solved for the if the last (n — r) elements of the column (n) 
are zero. In case this is so, we have ori^i = jji, 02 ?: = >? 2 , • • • , 
“rfr = Vr from which we find 


$1 = 


— ) 
ai 




The remaining (n - r) of the ?,■ are arbitrary, for they do not 
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affect the value of D{5}« From (7), {x} = Q{5},.so that each 
Xi is a linear function of all the f.- unth coefficients in F. 

Thus, if the last (?? — r) elements of {n} are zero, the general 
solutionfor Xi involves exactly (n — r) parameters $r+i, * • • , fnj 
for throughout the entire argument, the expressions used have 
been obtained b 5 * rational operations invoWng onl}^ the elements 
c ,7 of A and the n variables Vi, ' ' • , l/n. Since P and Q are 
nonsingular the argument given above maj’- be reversed. 

If anj”- one of the last (n — r) elements 7jr+; do not vanish, no 
solution to (1) exists in case d(A) = 0. In this case the equations 
(1) are i?ico7isistcnt (or mcompatihle). In order to state the 
conditions for consistenc 3 ' in a more general form we shall con- 
sider the following n X (n 1) arraj- B formed bj’’ augmenting 
the matrix A bj’- the column (y), 

fln ■ ‘ ■ Oln J/] 

, ( 11 ) 

^nl * ' ’ Qnn J/n 

and shall show that the n non-homogeneous equations 

A{x) = {y) 

are consistent and solvable for r of the variables (x} in terras of 
(n - t) arbitrary parameters, if and only if the rank of B is equal 
to the rank r of A. 

We shall consider the identitj* 

[Ipii • • • Pm olj j]a,i • • • ai„ p,jj ||g,i • • - g,,, Oj 


Pnl • • • Pn7> 0| On! • • - nnn Vn qn\ ' ' ' qnn 0 
0 • • -.0 11 0 • • • 0 0 0 • • • 0 1 

a, 0 --OO-- 

0 O; . . . 

O-'-CTrO-'- 
0 0 0 . 

0 • ■ . 0 0 . . • 
0 - • - 0 0 • . . 
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or more briefly 

PBQ = D. (13) 

If r is the rank of A, then the rank of D must be r at least, for 
one of its r-rowed minors (in D) is the nonzero product ai • • • ocr. 
Furthermore, the rank of D can exceed r if and onl}' if at least one 
element i?r+.- (t > 0) in the last (n — r) rows and the final column 
of D is not zero. Since P and Q are non-singular, P and Q arc 
also, hence, by Tlieorem 2.7 the rank of B is equal to the rank of 
D. Thus, the last (j 2 — r) elements of P(y] = {nj are zero and 
the equations (1) are consistent and paramctricall}’ solvable, if 
and onlj' if the matrices A and B have the same rank r. 

The results given aljove arc readily generalized to cover the 
cases where the number of equations in (1) is rn 9 ^ n. 

Theouexi 4.4. Given the linear equations rrith coefficients in a 
field F 

n 

Vr = (r = 1, * * • , m) (14) 

<”1 

of array A = [a„]. Let r be the rank of A and p be the rank of B, 
the augmented array derived from A by annexing the column jy|. 
If p > r, equations (14) arc inconsistent. If p — r, certain r of the 
equations determine uniquely r of the unknotens as linear functions 
of the remaining {n — r) unknowns; for all values of the latter the 
expressions for these r unknowns satisfy also the remaining (m — r) 
equations. 

A set of elements Zi, z;, • • • , z„ (row arrays, matrices, polj'no- 
mials, numbers, etc.) arc said to bo linearly independent vith 
respect to a field of numbers F (real, rational, or complex) in 
which we are working, if no linear combination of them, 

OiZi + a:Z; + • • • -f- a„z„, 
with coefficients a,- in the field F, is zero unless 

fll = «: = • • • = On = 0. 

If numbers a,- not all zero do exist such that the above combina- 
tion is zero, then the Zi, Z", • • • , Zn are said to be linearly 
dependent relative to F. It is necessary to specify the field F. 
For example, consider the numbers 1, \/3; they are linearly 
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independent relative to the rational field but are linearly depend- 
ent relative to the real field. Similarly, 1 and i are linearly 
independent relative to the rational field or the real field but are 
linearly dependent relati'\’’e to the complex field. 

A particularly important case of Theorem 4.4 occurs when (1) 
consists of m homogeneous linear equations with 

2/1 = • • • = 2 /„ = 0 , 

that is, 

n 

= 0. (?• = 1, • • • , 7 «) (15) 

#=i 

Theohem 4.5. Given the homogeneous equations (15) ^oith 
coefficients in a field F. Let r be the rank of A = [OrJ. Then (15) 
has {n — r) linearly independent sohdions in F, while every other 
solidion is linearly dependent on them [i.e., r equations may be 
selected from (15), ivhose matrix has a non-vanishing r-roived 
determinant and these r equations determine uniquely r of the 
xmknowns as homogeneous linear functions, with coefficients in F, 
of the remaining {n — r) unknowns: for all values of the latter, the 
expressions for the r unknowns satisfy (15)]. 

An immediate consequence of this theorem is 

CoholLliVKY 4.5. Equations (15) have solutioiis not all zero if 
and only if r < n. In particular, n homogeneous linear equations 
in n tinknowns have sohdions not all zero if and only if the determi- 
nant of the coeffiicie7ds of the unknowns is zero. 

If the m homogeneous eqs. (15) have the two solutions 
{u} = (wi, • • • , u„) and {v} = (vi, • • • , t;„), then (15) have 
the solution (orUi + ^vi, • * • , oau fiVn) where a and /S are 
anj^ two unknowns in F. The solutions {uj and (vj are linearly 
dependent if there exists in F constants a and /3, not both zero, 
such that a{u} -|-j3{v} = {Oj; but linearly independent if 
no such constants a and |3 exist in F. This notion can readily be 
extended to any number of solutions. Thus, in Theorem 4.5 
any system (15) of rank r <nhas {n — r) linearly independent 
solutions while every solution is linearly dependent upon them. 

We are now in a position to state an important theorem on 
linear dependence. 

Theorem 4.6. Let S be a set of n row arrays {column arrays) 
of m elements each, and let the elements of these arrays lie in a field 
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F. The arrays of S arc linearly independent rclaih'c to F, if and 
only if the rectangular array composed of these rows {columns) is 
of rank r — n. JfT< n, there arc exactly n — r linearly independ- 
ent linear relations among the rows {cohnmis) of S. 

Tije proof follows immediately from Theorem 4.5 and Corollary- 
4.5 when we ask for the solutioms of the sy.stem of equations 



Note that if m < n, Theorem 4.6 .states that the arraj'.s of S 
are always linearlj’ dependent. 

Theorem 4.6 may be applied to any entities capable of repre- 
sentation as row or column arra 5 ’s. As particularly important 
instances of .such, we mention vectors of order ni, linear forms in 
m variables, and poljmomials of degree m in one variable. 

Example 1. Tlio polynomials x’ — 2x- + 1, x’ — 3x* — x + 3, and 
2x’ — 3x- + X are linearly dependent. For if these polynomials are rep- 
resented rc-spcctivcly by the row arrays (1. —2. 0, 1), (1, —3. —1, 3) and 
(2, —3, 1, 0) the array 

T -2 0 1 

1- 3-1 3 

2- 310 


is easily seen to be of rank 2. The third row is linearly dependent on 
rows one and two. Tlicorem 4.0 nh'^o tells ns that there is just one inde- 
pendent linear relation anionp; these polynomials. 

^Ye leave the proof of the following theorem to the reader: 
Theorem 4.7. If lx”’|i ' ' • , arc q solutions of (15), 

Ajx| = {0|,</!C7!| is a solution of {15), the a, being in 

the field F. 


EXERCISES rV 

1. (a) Let the variables x,, x- be subjected to the transformation 

xj = x] cos 0 — X; sin 0, ) 

Xj = xl sin 0 -f il cos B. J 


( 1 ) 
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What is the geometric interpretation of this transformation? What is the 
matrix of the transformation? Is the transformation nonsingular? 

(b) Find, by matric methods, the inverse transformation. 

(c) If the variables x'l and x'^ are subjected to the transformation 


t it it . . 

Xi — Xi cos a — Xj Sin a, I 
Xj = x'l' sin a + aTj cos a, ) 


( 2 ) 


verify by direct substitution, that the matrix of the transformation carrying 
Xi, xz into s", x '2 is the product of the matrices of transformations (1) and 
(2). ’ 

(d) Verify that the matrices of transformations (1) and (2) are com- 
mutative. Is there any reason for this? 

2. Prove that if A is equivalent to B, then B is equivalent to A. 

3. Prove that if A is equivalent to B and B is equivalent to C, then A is 
equivalent to C. What are the transforming matrices under which A is 
equivalent to C? 

4. Is a matrix equivalent to itself? 

Solve the sj’stems of equations in Exs. 5 to 13 by following the procedure 
outlined below: 

(a) Find the rank r of the array of coefficients. 

(b) Find the rank of the arraj' of coefficients augmented bj’ the column 
of constant terms, thus determining whether or not the system is consistent. 
(See Theorem 4.4.) 

(c) In case the system is consistent, choose a subset of r of the equations 
whose arraj' of coefficients is of rank r, and solve bj' Cramer’s rule for the r 
unknowns corresponding to the minor of rank r in terms of the n — r 
remaining unknowns. 

(d) Verifj’ by direct substitution that these solutions satisfj' each equation 
of the sj'stem. 


. I 2x - 3i/ = 5, 




X + 2/ = 0. 

hx ~7xj = 8, 
lOx - 14 j/ = 7. 


6 . 

8 . 


2x + 3i/ = 4, 

Gx -f 9y = 12. 

2x + y ~ Qz ~ -4, 

5x — 3y -f- 142 = —12, 



1 3x - 4y -b 20z = — 8 , 

1 

i X -b 61 / — 322 

= 0 , 

9. j 

1 -a; -f y — 6 z = 2 , 

10 . ■( 

X — 2 ;/ -b 02 = 

= 3, 

1 

Zx ~ 5y + 22z = — 10 . 

1 

4x “ 23 = —9. 


( 2x -f 3y + 5r = 0, 

1 

[ X — 2y -b 2 = 

0 , 

11 . 

•< 3x -f 4;/ -f 62 = 0 , 

12 . 1 

1 3x -b 5y -b 22 

= 0 , 


( X -b 3y + 72 = 0 . 

1 

[ 4x + 3y -b 32 

= 0 . 


f 3x — ?/ — 22 = 4, 



13. 

) — 2x -b 3i/ "b 42 = — 1 , 





) * + 9y -b IO 2 = 8 , 





1 13x - 2y — 62 = 19. 





14. Show that the linear forms Sz ~ 2y + z, x + y - 6z, and 2x + 2y are 
linearlj’ independent relative to the comple.x field. 
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15. Sho^v that the pohnomials — Sr -f 2, 5.a- — 2r -f 7. 3r* -r 2, and 
2x‘ — n -r 2 an? linearly dependent rehtivc to the complex Eeld, and find a 
panicular linear combination of them, vrith coefneients not all rero. iThich 
is identically co.ual to rcro. 

IG. Consider the pair of straicht lines 

5 n;T -f- 5iy -r Cl = 0 

1 ClT — h.y — C; = 0. 

If A c: I and B F”* F’ *" I- discuss the points of inter- 

.ia- Oii LO; 0; C:J 

section of the lines in the foUon-ing cases: (al d(Al 0; (l>) the rani; of A is 1 
nnd the rank of B is 2; (cl the rank of A is 1 and the rank of B is 1. 

17. Make a discussion similar to that of Kx. IG for the c.asc of three 
straicht lines in the plane. 

6. Bilinear Forms and Equivalent Matrices. The second- 
degree polynomial 


G = 

lU-l 

in the 2n variables a-;. • • • . r,, t/i, t/;. • • • . t;, is called a 
Mincar form. In the abridged notation we may write 

G = (x)A{yi, 

where (x) s (c,. j-:. ■ ■ • , c-,). (y| i.« a similar column array, 
and As . A is called the matri.x of the form G. 

Defikitiox 5.1. The (rampose of a rmlrir A, denoted by A", 
js the matrix rcsuliiny from A by intercEanying (he roir.« and 
cohimn.i of A. Thus if As Ot, , A" = o,-' . 


i ', o 3 r 1 o 
Example 1. i' , . = “ 

— i *t O 

It is easy to prove 

Theoroi 5.1. 


-1 


(A -1- B)v = Av ri- Bv; 

(A -f B -f • - - -r K)’- = Av -f B- -1- • ■ ■ -b Kr. 
Theorem 5.2. 

(AB)r = B^Av; (AB • - - Klv = k- - ■ • B-Ar. 

Theorem 5.3. {Ar)-t = (A~’)-- 

If the variables of G are subjected to the nonsingular linear 
transformations 
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{x} = P{x}, {y}=Q{y} 

where P s ljp„jlandQ s ijg„|I, then writing {xjJ’ = (x) = (x)P’', 
G becomes 

G = (x)Pr • A . Q{y} = (x) • P^AQ • {y), 

Thus, under nonsingular transformations of the variables, the 
matrix of the bilinear form in the new variables Xi, yi is equivalent 
to the matrix of the form involving the old variables x,-, y,-. 

This is an instance of the use of the idea of equivalence of 
matrices. As in the case of equivalence we see that the rank of 
the matrix of G (called the rank of the bilinear form) is an 
invariant under nonsingular linear transformations of the 
variables. 


EXERCISES V 

1. Prove that (A^)^ = A. 

2. Prove Theorem 5.1. 

3. Prove Theorem 5.2. 

4. Prove Theorem 5.3. 

5. Make a briefer statement of Theorem 1.1. 

6. Congruence of Matrices. As a particular kind of equiv- 
alence of matrices, we take up the study of the congruence of 
matrices. Congntence is the case of equivalence wherein P = Q^. 
(See Sec. 3.) 

Definition 6.1. A matrix A is called symmetric, if kT = A. 
Definition 6.2. If two matrices A and B are so related that there 
exists a nonsingular matrix P such that P^AP = B, then B is said to 
he cojigruent to A. 

If A is symmetric and B is congruent to A, then B is also 
symmetric. For if B = P^AP, then by Theorem 5.2 

Br = prArp = prAP = B. 

A quadratic form in n variables Xi, Xz, > • • , a:„ is a homo- 
geneous pol 3 Tiomial of the second degree in Xi, Xz, • • • , x„. 
A quadratic form is a particular type of bilinear form. A 
quadratic form Q may be written in the symmetric form 

n 

Q — 

where Oij = aji. The matrix A = IjarsH is called the matrix of the 
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quadratic form. By virtue of the sjunmetric way in which Q 
is written it is clear that A is sjTnmctric. In the abridged nota- 
tion of Sec. 4, Q may be written 

Q = (x)A{i| 

where (x) is the row array (xi, • * • , Xr.) and jx) is the similar 
column arraj'. 

If the variables xi.x;, • - • .x» arc subjected to the nonsingular 
linear transformation 

ixi=c(yi, c = :a- 

then, since (i) = {x)’’ = (y)C* 

Q = (y)C^ ■ A • C{y) = iy) • C'AC ■ jy). 

Thus the matrix A of (? is transformed into a congruent sjTnmetric 
matrix under the linear transformation of the variables. 

Theorem G.l. Every sijnimciric matrix A of rani: p trith de- 
ments in a fidd F is congruail in F to a diagonal matrix 

[dj, di, ■ • • , d,, 0, • • • , 0], dy 7^ 0. 

We consider the matrix 


an * 

• a,n 

j 

1 

ani 

’ t 
(Inn, 


of rank p. 

If the principal minor of order p in the upper left corner of A 
is singular, then an elementart' transformation matrix Pi can be 
found such that B = P[APi where the principal minor of order 
p in the upper left corner of B is nonsingular. If bn = 0, some 
bit 0. 0^'hy?) In this case select a matrix P; which adds 

row I: to row 1 and column I: to column 1, giving C = P*BP; 
in which cn ^ 0. Now .select a Pj which adds — cu/cu times 
the first row to the 7:th row and — Cn/cn times the first column 
to the 7;th column, (/: = 2, 3, • • • , n), giring E = PJCPj, 
in which all the elements of the first row and first column are zero 
except eii. Xow proceed similarh* with the lower right minor of 
order (n — 1), and so on. until the diagonal matrix 

D ^ I'di, rf;. • • • , d„ 0, • • • , 0|j 



Sec. 6] ALGEBRA AND VECTOR ANALYSIS 673 

is reached. Since 

■ Pf • ■ • Pp>?P5'APiP2P3 • ■ • P, = P^AP = D 

mth P = PiPsPs • • • P, we see that A is congruent to D. 
Since P is nonsingular and A is of rank p, so is D of rank p (Theo- 
rem 2.7). 

An immediate consequence of the proof of Theorem 6.1 is 
Theorem 6.2. Let A, he the principal minor of order i in the 
npper left hand corner of the symmetric matrix A, If diAi) 9 ^ 0, 
then di in Theorem 6.1 can be determined as a rational function 
of the eleinenis of Aj alone. 

The truth of this theorem becomes obvious, since in the begin- 
ning of the proof of Theorem 6.1, if d{Ai) 7 ^ 0, none of the 
first i rows and columns need be interchanged with any of the 
last (n — i) rows and columns. 

We shall now prove Sylvester’s famous theorem known as the 
“law of inertia” (1852). 

Theorem 6.3. Let the field of numbers be the real or rational 
field. // D = llrfi, do, • • • ) dp, 0, • • • , 0)1 is congruent with 
H = ||7ii, hi, • • • , hr, 0, • • • , 0|1, then the number of positive 
d’s is exactly equal to the mtniber of positive h’s. 

Proof. By Theorem 2.7, r — p. Suppose A and B are any 
two congruent matrices 

A = PrBP. 

Let Xi, • • • , Xn be indetenninants which are denoted by (x) 
when written as a row array and by { 2 } when written as a column 
array. Construct the quadratic form 

(x)A[x} = (x)P’^BP{xj. 

Let jy) = P{x}. Then 

(x)A{x} = (y)B{yj. 

If A = H and B = D, then 

n n 

'^hrxl = ^d,yl 

r = r .- = 1 

Suppose the h’s and d’s are so numbered that 
> 0, ■ • ■ , > 0, hx+i <0, • • • , h,< 0 , 

di > 0 , ■ • ■ , dp > 0, dp+i <0, ' • • , dp < 0, 
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and suppose that n < X. Then 

/iiJ-i + • • • + hxxl - dp+iytfi - • • • - d,!/? 

= diy\ + • • • + — ... - 

Select • = a-„ = 0 and a-j, ■ • - , tx not all zero so 

that the y (fi <X) linear forms j/i. • ■ • , arc all zero. This 
last can be done according to CoroUarj' 4.5. But this implies 
/iia"! + • • • + hxxl = 0 for the x'p not all zero; this is a con- 
tradiction of our hj'pothesis, hence p ^ X. But the relation 
between H and D is mutual, so that a similar argument would 
lead to the result ^ X. Hence X = fi. 

The number 2X — p = c is called the signahtrc of D and is the 
number of positive terms diminished bj- the number of negative 
terms in the canonical form D. The two integer invariants 
p and ff determine the number of positive and the number of 
negative terms in D, the canonical form of A. 

In Theorem 6.1, if F is the real field, cverj' positive d,- can be 
reduced to 1. and cverv- negative d, to —1. bj- an elementarj- 
transformation of tj-pc III in the real field. Thus, 

Theoi’.em 6.4. Two real .^/nwiclric matrices arc congruent 
in the real field if and only if they have the same rank p, arid the 
same signature a. 


EXERCISES VI 

1. Is a ruatn\ roiipnioiit to itself? 

2. Provo tliat if A is concruent to B, then B is congruent to A. 

3. Prove tliat if A is conpruent to B and B is congruent to C, then A is 
congnicnt to C. 

4. If A = PrBP, what is d(A)? 

5. (a) Wntc the quadratic form 

<3 = 2xi -}- 3x1 — 2r: + xix- — Sxji, A- ■ixtzt 

in symmetric form. Vliat is the matrix of this form? 

(b) Write Q in the altridgcd matric notation. 

6. Verify, by direct substitution, the law of transformation of the inatn 
of a quadratic form in the case of the form 

xi 4- 4x:X. 4- 2= 


and the transformation 


( xi = 2x1 — 3x! 

[ ii = 4- 
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7. Reduce each of the quadratic forms of Ex. 5 and 6 to a form which 
contains only the squares of the variables, by reducing its matrix to a 
diagonal form by transformations involving rational coefficients. What is 
the single transformation on the variables, in each case, which will accom- 
plish this reduction? 

8. Using results of Ex. 7, reduce each form further to a form in which the 
coefficient of each square term is -t-1 or —1, by using real transformations. 
What is the signature of each form? 

9. Using results of Ex. 8 reduce each form further to a sum of squares with 
coefficients -fl, by using complex transformations. 

7. Transformation of Reference Frame. In Sec. 4 we re- 
marked that a row array (or a column array) could be considered 
as the coordinates of a point in n-space. If wc think of this point 
as the end point of a vector directed from the origin of coordi- 
nates, then such a row or column array defines the vector com- 
pletely. The elements of the array can be thought of as the 
components of the vector in the n independent principal direc- 
tions of the axes of the reference frames. 

Suppose that two vectors {xj and {y} referred respectively to 
two reference frames X and Y are related by 

{x} = A{y), Aslla„ll. 

Let us change from the frame X to a new frame X by the non- 
singular transformation 

{xj = P{x), P s l|p„||, 

and let us likewise change from frame F to a new frame F by the 
nonsingular transformation 

{y} = Q{y}. .Q = ll7r.l|. 

Then the relation between the vectors {x} and {y }, which are the 
transforms of {x} and {yj, respectively, is 

P{x} = AQ{y} 
or 

{x} =p-iAQ{yj; 

in particular, if the same transformation is made for both frames 
then ’ 


{x} = P-iAP{y}. 

Definition 7.1. If two matrices A and B are so related that 
A = P-^BP, where P is a nonsingular matrix, then A is said to be 
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similar lo B. It is dear thal similarity is another instance of 
equivalence. 

Let A be a matrix of order n and let X be an indeterminate. 
The determinant d(A — M) is a polynomial of degree n in X. 
This polynomial is called the charaderislic function of A, and the 
equation c(X) = d{k — XI) = 0 is ealleel the charaderislic equa- 
tion of A. 

A curious theorem, who'e proof will be omitted here, is the 
famous 

Theore.m 7.1 {Ilatnillon-Caylcy Theorem). Every matrix 
.’satisfies its charaderislic equation, irhcn the constant term c of 
the equation is replaced by cl. 

That is, if in the function srfX), X is reidaeed b\’ A and the con- 
stant term c by d then the re.mlting matrix is the 7ero matrix. 

Example 1. lA?t A = 'i \ - Then A — M = , 

and ir(X) = <i(A — XI) = X* — 5X -t- S Hcpiacmc X in <.-!M liy A, we 

find 

ll" 5._.;3 0 0 

>i-10 2' '’'-2 2 ■ 0 1. “ 0 o’ 


EXERCISES Vn 

1—1. Solve Exs. 1, 2, 3, 4 of E\. VI for the r.ase of 'imil.ar matnee*. 
5. Find the characteristic equation of the matnv 


O V c ■ 

' -5 6 2 

and verify the Hamdton-Caylcy theorem for A. 

G. Show, n-jthoiit direct verification and nithoiit coraputmc A~', that the 

, . . 11 2 3'j . 

mntnx A = , i.c its own inverse. 

II — 1 — - j 

7. Show that any matrix similar to A of Ex. G is its ovn inverse. 

S. The Mcll.od of .Siimrutrie Comjwnentf. I^it Ei. E-, Ez. and /i. /;. /j 
be the vector representations in frame £?, of the voltages and currents in 
phases 1, 2, and 3, resjicctively. of a three-phase electrical system./. The 
Kirchhofl equations for./ .are 


r" 


\Ez) 




*51 

--rr --,1 Iz [ 

= jE=[. 

or 

zlH = IE}, 

(1) 

1*11 

rzzhih) 

{ E,\ 





where the elements are lumped impedances in phase t (i =1, 2. 3), and r,,- 
are the lumped impedances common to pLascs i and j. Suppose the voltages 
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and currents are referred to a new reference frame 5^ bj' means of the 
equations 

1 1 1 (7. / 11 1 

£ J = 1 a-‘ a-= \ Ei» M = 1 a-> a-= \ /'« [. (2) 

E, 1 1 a-^ a-* i E<^^ ] ( h) la-’- a-* ( /[« ) 

or 

!E) - SIE), III = Sli), 

where a is the primitive cube root of unity; i.e., a = — ^ + jX-VS/S), with 
j 2 = _i. Then under (2), (1) gives 

2 111 = (El) where 2 = S“'zS. (3) 

The term E[^^ in (El is called the fcth sequence component of the voltage 
in phase 1, fc = 1, 2, 3; and the element in (!}, the fcth sequence 
component of the current in phase 1. The sequence components for 
phase T are defined by means of 


(E<« 

j hn 

b,2 

bn ( Ei» ) 


r = bn 

bit2 

bn 


) bn 

bis 

bn i E[» ) 

where hi, = 

5ij — 0 if t 7^ 6ij 

II 

II 


(a) Express 2 in terms of ztj. 

(b) Show that 2 reduces to a diagonal matrix w’hen J is electrically sym- 
metrical, that is, when zii = za = rjj, zis = zsa = Zia = Zii = Ssi = Zii. 

(c) Solve (2) for |E! in terms of |E). 

(d) Suppose 

El = (100) +j{0), Ej = -(2.7) - j(32.3), and E, = -(37.3) -f j(2.3). 

Find the sequence components for phase 1; phase 2; phase 3. Graph your 
results on the complex plane. Illustrate each step in the theory graphically. 

(e) Generalize this method for the case of an n-phase electrical system.* 

PART B. VECTOR ANALYSIS 

8. Introduction. In formulating the properties of vectors, 
there are several points of view which may be adopted. For 
example, tre may use the Gibbs notation V for a vector, and 
develop thd, subject of vector analysis along geometrical lines, or 
along the line of a generalized or abstract algebra. On the other 
hand, we may build up the vector concept from ihe point of 
view of invariants of transformations. We shall adopt this 
latter viewpoint because it leads directly to the extension of 
vector analysis called tensor analysis (see Part D of this chapter). 

*Buringtox, Matrices in Circuit Theory, J. Math. Physics, December, 
1935. 



678 


HIGH Eli MA TEEM A TI CS 


[Chap. VI 


9. Concept of a Vector. In (his work wo shall use as a refer- 
ence framework a system of three mutually perpendicular axes 
meeting in a point 0, as shown in Fig. 181. We shall agree that 
these axes are so lettered as to form a righl-hamkd .system. (In 


such a system rotation of a right-handed screw, with a.xis along 
OZ, from the positive r-axis through 90° to the po.sith’c y-axis 



causes the screw to advance along 
the positive r-axis.) A point P is 
then specified by its Cartesian 
coordinates (t, y, z) relative to the 
frame OXYZ. 

If another reference frame 
O'X'V'Z' be used, its position may 
be specified with reference to the 
frame OXYZ bj' the coordinates 
(to, I/O, zo) of the new origin O' and 


Fig. 181. 


by the direction cosines of theangles 


which O'A', p'Y', O'Z' make with OX, OY, OZ. As indi- 
cated in the arV.TJ’ listed below, we .shall let nu, oi:, ou, oji, • • • 
denote the directieV' cosines of O'A’' with OX, O'X' with 01’, O'X' 
with OZ, ■ • , rc.spcctivcly, 

0)^ OY OZ 

O'X' aii\ ^1! 

O'Y' «:i Ojj • (1) 

O'Z' a 3\ 

By virtue of the well-known fornii^.^ 

cos 0 = cos ai cos a- -j- cos /?i -t j;,cos ti cos 72 , (2) 

we have the following relations among th.' >i'^t)ve direction 
cosines: 

’ (3) 

t 

the last relation, for example, cxprcs.sing the fact tl ® “ YOZ 
is a right angle. j 

Let (x, y, 2 ) and {x', y', z') be the coordinates of tK'c same point 
P relative to^ahe two frames OXYZ and O'X'Y'Z', irrespectively. 
Let a, p, 7 , 'a' be the direction angles of O'P inth ’(^P-^'> OY, OZ, 
O'X'. Then by (1) and (2), ^ 


“11 + fll2 + ^13= 1 . 
«ii + fl|i + oj, = 1, 


+ a22fl32 + - 0 , 

ai:fli3 -}- 0520:3 -f- 035031 — O.l 
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(4) 


x' = O'P cos a = 0'P[an cos a + au cos /3 + an cos 7] 

= an{x — xo ) + 012(2/ — 2/0) + 013(2 ~ 2o). 

Similarly, we find 

y' = a2i(x —.Xo) + 022(2/ — 2/0) + 023(2 — 2 o), 
z' = azi{x — Xo) + 032(2/ “■ 2/0) + 033(2 — Zo)- 

By Sec. 4, these equations may be combined into the single 
matric equation 


(5) 


Ull 

(ll 2 

an 

ix 

— Xo 

U21 

an 

On 

V 

- 2/0 

asi 

an 

^33 


- 2 o 


By the method used to derive (4), we have 

X — Xo = anx' + a^y' + aziz', 

2 / — 2/0 = anx' + any' + 0322', 
z — Zo = anx' + 0232/' + O332'. 


( 6 ) 


It is easy to see that (6) is the inverse of (4). 

Consider two points Pi and P 2 and an operation that carries 
Pi into P 2 . This operation involves the concept of magnitude 
(the distance between the two points), and the concept of 
direction. These two characteristics are possessed by many 
physical quantities and are frequently represented by the 
geometric operation mentioned above. Such physical quantities 
are known as vector quantities. A vector quantity is said to be 
described when its magnitude and direction are specified. If 
one end point, say Pi, of the segment representing a vector 
quantity be chosen at random, then the other end point is 
definitely determined by the magnitude and direction of the 
segment representing the vector quantity. A vector quantity 
may be represented by any one of a system of equal, parallel, 
and similarly directed vector segments. The term vector is 
commonly used to denote either a physical vector quantity or 
its geometric representation. 

The magnitude and direction of the translation of Pi to P 2 
are commonly specified ,or represented by the projections of the 

directed segment PiP 2 on the coordinate axes. These proj ections 

of the same segment P 1 P 2 are of course different in different 
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reference frames. For example, if (zi, Pi. Zi) and (x;, u., r.) 
are the coordinates of Pi and P;, respectively, in the reference 

frame 7 the representation of the .segment PiP- in this frame is 
(x- - xi. y 2 - Ifu =: - 'i). If (2-1, Uu and (x?. y'., z’.) are 
the coordinate.' of Pj and Pj. rc.'pcctively, in the frame 5', then 

tlie representation of PiPi in frame o' is fxt — x|, yi — t/|. 
zi — zj). As in (4) and (0), the two repre=entation.' are related 

by 

xf — x| = On(X; 

!/s - ’/t = nii(xi 
zf — zj == ajl(X; 

and the inverse is 

X; — X) = an(x5 — x|) aidyt — yj) -f onfx; — r'l), l 

yt — iji = — ^0 + «::(«: " Vi) -r — m). ? (S) 

Z; — Zi = Qisfx; — Xj) -r Ojjty; ~ yj) -t" Ojjfz; Zj). j 

Suppose the measurement of a certain (pliysical, geometrical, 

or other) entity involves the determination of three number.' 
relative to a reference frame. .\re thcio three numbers for a 
certain frame 5 the representation in frame :T of a definite vector? 
In other words, i' the q<iantitj‘ mea'ured a vector quantity? 


— X,) + a,;(y. - yi) -f nij(z; — z,}, I 

— X,) + fl:;(y: — yi) + a2-Jz2 - Zj), > ( 7 ) 

— X,) -f Oz-Jih - ys) + o:=(z: — z,). I 


Example 1. Lcl pfr, j/, z> l>c the i!rn‘-ity of the pat. at any point in a 
jet and let P he a point in the jet. Tor each frame a we r.an detomiine 


three numbers, 


— 

dr 



.\re the-e three nunilierv the com- 


ponents of a vector? 

Example 2. Ixt us determine three numbers for each reference frame in 
the following way: Ix't d’ be a surface containing the jKiint P. For each 
frame S pas.s three planes through P parallel to the coordinate planes of ;T 
and cutting <1" in three plane .cections Cs, C:, Cj with cuia’atures A'l. A';. A's at 
P. Arc the numl>ers A'l, A:, A’:, determined in this way for each frame 7, 
the components of a vector? 

Example 3. Suppose rays of light (of a certain wave length) arc radiating 
from a point P in a heterogeneous medium such that the velocities of the 
rays are different in different directions. For each frame S wo can determine 
three numbers Vi, 1’-, F,, namely, the actual velocities of the rays in the 
directions of the three axes. -Are these three numbers the components of a 
vector? 
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Example 4. Let At, Bt, Ct denote the market values of the common stock 
of General Motors, Pennsylvania Railroad, and United States Steel at a 
fixed time t. Are these three numbers the components of a vector? 

It is evident that, if (A*, Ay, are three numbers determined 
for a quantity Q relative to frame fF, it is always possible to 

construct a directed line segment P1P2 such that the measures 
of its projections on OX, OY, OZ are (A^, Ay, Ai). But for Q 
to be called a vector quantity, it is necessary that the numbers 

{A'„ A^, AO, determined for Q relative to any other frame 5F', 

— > 

be the measures of the projections of the same segment P 1 P 2 on 
O'X', O'Y', O'Z'. 

It is seen that dp/dx, dpidy, dp/dz in Example 1 represent 
the vector quantity called the normal derivative of p in Sec. 22 
of Chap. I. On the other hand, the velocities Vi, V 2 , V 3 of the 
rays in Example 3 maj'- be quite unrelated* in different frames, 
so that V\, V 2 , Fa do not represent a vector. In Example 
4, At, Bt, Ct do not represent a vector since they are not measured 
relative to any three-dimensional frame ?. We leave it to the 
student to answer the question in Example 2. 

We shall now put the preceding criterion in analytic form. 

Suppose a quantity is represented by a line segment PjPj with 
projections on the axes of $F of measures (As, Ay, A*). Then 

Ax x^2 ^1, Ay — y2 yij As — Z 2 zi', 

— > 

if the quantity represented by P 1 P 2 is a vector quantity, then 

Ai, Ay, A' must be the measures of the projections of P 1 P 2 on the 
axes of S', that is, if the quantity is a vector quantity, then it 
must be the case that 

Ax — x-t ij, Ay = 7/2 2/1, Aj = Zj — 

where by (7) and (8), 

A'x = auAx -f- ai2A„ oisAs, 'I 

Ay = a2iAi -f- a22Ay -|- a2zAs, I (9) 

A( = aziAx -f- azzAy azzAz, \ 

* Consider the case where P is on the bounding surface between a crystal 
of Iceland spar and a solution of sugar in water in a magnetic field. 
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and 

At = OuAt + (til'll, + OllA', ) 

ylj, = OisAi -}- o::Ay -|- Os^Ai, > (10) 

At — ais-'li + a 23 /ly + 033 - 4 ^. j 

Thc.'^e relation.? enable ii.s to lay domi 

DnrrxiTio.N' 9.1. If, in any mannrr whatever, a set of three 
manhers (At. A.j. A,) is determined for each frame v, then these 
numbers are said to rcprcseid a rector A, provided that, (Ai, AJ, A'.) 
being the set of numbers determined for any other frame v', the two 
sets (At, A^,, /I.) and (Ai. A'„, At) arc related by (9) and (10), 
where the numbers an arc the coefficients in the trajisformalion (4) 
connecting Sr and Sr'. 

Here A denotes the vector itself, and not any particular 
representation of it. Another interpretation of this symbol A 
is that A represent? all po.ssible representations of the vector, an}- 
two of the repre-^enfation.s in Carte.^an irnmes being connected 
with each other by Eqs. (9) and (10). W'e shall call At, -4j„ A. 
the components of the vector A in frame Sf. 

A convenient notation for the relation (9) is (see See. 4) 


(Al) 

lun 

a 15 

On'' 

fA.) 


^■K > = 

a:, 

0-2 

O 53 ' . 

.4, . 

or |A'!=alAl. (11) 


031 

022 

“”ii 

[At 



It is essential to realize that those properties of vectors that 
are of importance arc principallj- those which are essentially 
independent of the particular representation u.scd. Thus, the 

common length of the representative segments PiPi of a vector 
A is quite independent of the particul.ar reference frame used. 
This length A has the value 

A = +\4.4j + A; + Aj (12) 

in the frame ff, and the value A' = -f .4'- + A(- in 

the frame ff'. That A = A', or 

Az + A= 4- Al = A'= + A'f 4 a;= (13) 

is easily shown from Eqs. (3) and (9). 

We shall call the length A of the vector A the magnitude of A. 
A quantity, such as .4, which is independent of the reference 
frame used, is known as an invariant or scalar quantity. 
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Let A and B be two vector quantities. These vectors A and B, 
while they perhaps arise from different physical or mathematical 
situations and consequently are not necessarily the same vectors, 
are said to be equal when they have the same representative 
segments, or when any representative segment of the first is 
equal, parallel, and similarly directed to any representative 
segment of the second. Thus, we say that A is equal to B if, 
in frame ff, 4,, = Ay = By, and = B,. Equations (9) 
then show that, in frame ff', A^ = Ay = B', and A'. = B', 
i.e., -if two vectors have identical representations in any frame ff, 
they have identical representations in any other frame '5' , and the 
tivo vectors are said to be equal. Thus, the equalit}^ of two vectors 
as defined above is another example of a relationship between 
two vectors which is independent of the frame used. 

10. Vector Algebra. We shall now develop the laws of vectors. 

Product of a Vector by a Scalar. Let A be an arbitrary vector 
whose components with reference to frame are (An '-^v, -4^) 
andWhose components with reference toTraihe are Ay, A'f). 
Let m be a real number, i.e., the measure of any scalar quantity. 
Multiply each equation in (9) Ly m. It is now evident that th'e 
set of numbers (mA*, mAy, mAz) transforms by (9)' of Sec. 9 
into the set (mA^, mAy, mA'f). Hence these two sets of numbers 
are the representations (in frames and ff') of a vector. We 
shall denote this vector by wA or Am and we shall call mA the 
product of the vector A by the scalar m. The magnitude of 
mA is equal to |m] times the magnitude of A, where \m\ is the 
numerical value of m. If m 0, any representative segment 
of the vector mA is parallel to any representative segment of A, 
the two segments being similarly directed in case m > 0, and 
oppositely directed if m < 0. If m = 0, mA has components 
(0, 0, 0) in every frame, and is independent of A. Since the 
magnitude of (0)A is zero, (0)A does not possess direction. We 
call this vector, whose components with reference to any frame 
are (0, 0, 0), the zero vector, and we shall denote it by O. 

It is easy to show that if m and n are any two scalar quantities, 
and if A is any arbitrary vector, 

mA + 7iA = (m 4- n)A. ( 1 ) 

Sum and Difference of two Vectors. Consider two vectors A 
and B, with components (A*, Ay, Af) and {B^, By, Bf) with refer- 
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It is an immediate consequence of (7) that the scalar product 
of two vectors obeys tlic commutalivc law: 

A • B = B • A. (8) 

From (7) it follows that 

A . A = A= = cos 0 = A-. (9) 

In other words, the scalar product of A 65’- it.self is equal to the 
square of its magnitude. 

Since, for anj' reference frame 

A • (B + C) = Ar{B, + a-) + A,ili, + C,) + A,(Br + C.) 

= (A A + A A + AJi,) + {A,C. + A,C, + A.C.) 
= (A . B) + (A . C), (10) 

we see that the scalar product also obc3'.s the distributive law. 

If A • B = AB cos 0 = 0, then at least one of the vectors is 
zero, or else the vectors have perpendicular representative seg- 
ments. In this latter case we shall say that the vectors are 
perpendicular. Hence a necessary and suffwiod condiiion ihal 
two nonzero vectors be pcrjwndicular is ihal their scalar proditcl be 
zero. It is evident that 

i-j=j'i = 0, j*k = k-j = 0, i-k = k-i = 0, (11) 

since, for example, i- j = (1)(0) + (0)(1) -f (0)(0) = 0 by (7). 
AVe shall now prove 

Theorum 10.1. If a set of three numbers (Ai, A^, A.) is deter- 
mined for each reference frame Sj. if B is an arbitrary vector with 
representation {Br, By, Bf) in 5, and if AxBx AyDy -f- A.B. has 
the same value for every frame S, then (A;, A„, A,) is the representa- 
tion in ^ of a vector A. 

To prove the theorem we must show that (9) of Sec. 9 holds 
for any two frames (r and F'. Let B<» be the vector whose 
representation in is (1, 0, 0). By (10) of Sec. 9 the representa- 
tion in of B'” is (on, oj;, an), and by hj^pothesis, 

AL s (l)Ai (0)AJ -{- (O)A' = OiiAr -{- anAy + auA... 

Similarly, with the aid of the vectors Bt=) and B(’> whose rep- 
resentations in Sr' are (0, 1, 0) and (0, 0, 1), we 6nd that 

A^ = QsiAx + oziAy -}- flisAi, 

Aj = flaiAx + ajjAy OssA,. 
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Hence {A=, A^, AJ) and (A', A', AO are related by (9), and 
(A-, Ay, A-) is the representation in 5^ of a vector A. 

Vector Product of Two Vectors. Let A and B be two arbitrary 
vectors which have neither the same nor opposite directions, i.e., 
such that Ar.-Ay.-A- 5 =^ Bx'.ByiB- in every frame At any 
pointP construct the representation 
segments for A and B. These seg- 
ments determine a plane ilf . If C is 
any vector perpendicular to the 
plane of A and B, then the scalar 
product of C with A, and with B, Fig. iss. 

must be zero, i.e., 

C • A = C.A.- + CyAy + a-A, = 0, 

C • B = C^B, -b CyBy + C,Br = 0, 

where (A-, Ay, Ar), (Br, By, B-), (Cx, Cy, Cf) are the representa- 
tions of A, B, C in any frame (F. Sohdng for C*. Cy, Cz, we find 
that 

Cx = A-(AyBx - AzBy), 

Cy = A-(AxBx - AxB.-), (12) 

Cz = A(AxBy - AyBz), 

where A is a constant of proportionalitJ^ By hypothesis, the 
coefficients of A are not all zero. By (12) of Sec. 9, 

C-" = C£ + Cl A- Cl = A=[(A= -f A= -t- A|)(Bs + B= + Bl) 

-{A.BzzA- AyBy + AzBzY] 

= k"[A-B- - (AB cos 5)2] = A2A2B2(sin2 5), 
where we take 6 as the smaller angle from A to B. Hence 

C = ±kAB sin 6. (13) 

Since the magnitudes of A, B, C, and the angle 6 between A 
and B, are independent of the reference frame 5^, it follows that 
A is independent of (r. Let us determine C by taking A =*-}-l in 
(12). Hence the representation of C in 5= is 

Cx = AyBx — AxBy, 

Cy = AxBx - AxBx, (14) 

Cz = AxBy - AyBx. 

In the particular frame tr' such that the representation of A is 
(A, 0, 0) and of B is (B cos 6, B sin 6, 0) with 0 < 5 < 180°, 
it foUows from (14) that C- = 0„ = 0, Cx = AB sin 5 > o! 
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Hence A, B, C, form a right-hand system when A is rotated 
through the smaller angle 6 to B. Since C, in is the magnitude 
C, (13) reduces to 

C = AB sin 0. (15) 

The vector C is called the vcclor produd of A and B and is 
denoted by the sjTnbol A X B. Using the unit vectors i, j, k in 
frame ff, wc have by (14) 

C = A X B 

= iA,B, - ArBAi + (A.B, - A, BA) + {A,B^ - A^BA^ 
i j k 

= A, .4v Ar (16) 

B, By B, 

In case the angle 0 between the segments representing vectors 
A and B is 0° or ISO®, wc define the vector product of A and B to 
be the zero vector. As particular instances of (16), we have 

li j kj 

i X j = |1 0 Oj = k, j X k = i, k X i = j. (17) 

0 1 ol 

B follows from (16) that 

A X B = -B X A, (18) 

which shows that the vector product is not com- 
mutative. Moreover, it follows from (16) that the 
distributive law holds, i.e., 

AX(B-bC) = AXB+AxC, (19) 

and 

fA + B) X (C + D) 

^ =AxC-l-AXD+BXC-fBxD. (20) 

From (14) wc find that the magnitude C of the vector product 
C = A X B is equal to 

C == AB sin 0 = [UyBr - A.BA' -f (A.B. - .4,5,)= 

+ {AyBy - AyBA-V-. (21) 

This magnitude C may be interpreted as the area of a paral- 
lelogram whose coterminal edges are representative segments 
of A and B. 



Fig. iso. 
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If i, j, k be in frame fF, then the representations of i, j, k in 
frame 5 ' are, by ( 9 ) of Sec. 9 , 

(nil) noi, n3i)j (ni2) 022, 032), (ois; 023; 033). 

Let i', j', k' be the fundamental unit vectors for frame £F'. 
Then the representation of the vector product j X k = i in 
frame '5' yields 


i = j X k = 


r 

012 

013 


y 


k' 

Ct33 


C122 

032 

i' - 

Ctl2 

032 

j' + 

^12 

022 

023 

033 


On 

033 

013 

O23 


k'. (22) 


But the representation of i in is (an, an, cai), so that 

1022 032] I012 032] |a]2 O22I /OON 

Ou = L_ „ U21=-L.^ . „ • ( 23 ) 


These fundamental relationships among the direction cosines 
supplement those given in ( 3 ) of Sec. 9 . Similar equations may 
be found for (ni2, a^, 032) and (013, 023, 033). 

If we interchange the frames S? and CF', we find that 


1 

Oil = ! 

(Z22 

023 


1^21 

023 

1 

O21 

Q22 


, O12 = “ 


033 

, Oi 3 = 


! 

^32 

O33 

1 


i 

O31 

(I32 


Similar equations may be found for (021, 022, 043) and (031, 032, 033). 

By ( 23 ) together vdth the other six similar relationships among 
the nine direction cosines, we may verify that the set of three 
numbers (AyB^ — AiBx — AxB~, AxBy — AyBx) is the repre- 
sentation in frame of a vector. For, from (9) of Sec, 9 and the 
corresponding equations in Bx, By, Bz, 

AyB'. — A(,By = (azzazz ~ az«az3)(AyBz — AzBy) 

+ (a 23 n 3 i — a-zzCii^iA-Bx — AxBz) 

+ (aziazz — 031022) — AyBx). 

By ( 23 ) and other similar relations, we have 

~ A'.By = ai\(AyBz — AzB„) -f- a^ziAzBx: — AxBz) 

+ an(AxBy — AyBx). 

Similar expressions can be found for 

A'.Bl - A'^B[ and A',B'y - A^Bx, 
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from which we see that the three numbers under consideration 
actually satisfj' the requirements of (9) of Sec. 9, that thc 3 ’ be a 
representation of a vector in frame a. 

The Scalar Triple Product. Let A, B, and C be three vectors. 
The .'calar quantity’ 




i 

j 


A • (B X C) = (A A A- .l,j + -l.-k) ■ 


B. 

bJ 



c.- 

C, 

cj 


l.-l. A, -'1.1 

-L- 

B. 

C-i 


= B.. B- B, = 


B, 

cj. ( 2 . 0 ) 


la- c, cj 

.1= 

B, 

a! 

is called the 

'cn/ar triple product of A, B, 

and C. 


It is seen 

that A • (B X C) is independent 

of 

the reference 

Frame, i.e.. 






.>11 b: Ci i.-l.- 

B.- 

CJ 



A' B[ c:j = .-4 

B, 

c' 

(26) 


.i; b: c; U, 

B, 

c} 


A particularly short proof is as folio w.s; 

From the equations (9) 

of Sec. 9 for A, B, and C, const met the product matrix 

b: 

Cj 1 ,Cii aiz Ou'; 1 

.1-- 

B.. 


Ia' Bl 

/I/ * M fi * 

Cj. = (Ij; <723 

A, 

B. 

C,|. (27) 


C' ' ‘ (75, as; Oss'l 1 

-ir 

B, 

c.J> 


Since the determinant of the left-hand .‘^ido of (27) is equal to 
the product of the determinants of the right-hand side, and the 
determinant of Q is 1, we have (26). 

If is readilj' showji from (25) that 


A ■ (B X C) = B . (C X A) = C • (A X B) = (A X B) - C 

= (B X C) • A = (C X A) • B, (2S) 

A • (B X C) = -A • (C X B), • ■ • . 

and ' 

A . (B X C) = A • (B X (C -h mA + nB)]. 

Bj’ (28), the positions of the dot, cross, and letters is immaterial 
so long as the cj'clic order of the letters is preserved. Hence we 
shall denote each member of (28) by 

lA, B, C] = [B, C, A] = [C, A, B]. 
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The triple product A • (B X C) may be interpreted as the 
volume of a parallelopiped whose coterminal edges are repre- 
sentative segments of A, B, and C, respectively. The truth 


of this is immediately evident when one writes 
A • (B X C) = A(BC sin d) cos (p 

by (15) and (8), noting that BC sin 9 is the 
area of the base and A cos <p is the altitude. 

The Vector Triple Product. The vector pro- 
duct A X (B X C) is called the vector triple pro- 
duct. The following relationships may be proved 
readily: 



I?iG. 187. 


A X (B X C) = (A • C)B - (A . B)C. (29) 

A X (B X C) -f B X (C X A) -h C X (A X B) = 0. (30) 
A X (B X C) = (C X B) X A. (31) 


EXERCISES Vm 


1. Show that Eqs. (3) of Sec. 9 maj’’ be concisely written by means of 
the equations aft’’ = I and a^a = I. For example, 


On 

a-i 

Ujl 

On 

fll2 

Ol3 

1 

0 

0 

a'^a s oi5 

022 

On 

021 

O22 

O23 

= 0 

1 

0 

Ol5 

023 

033 

Osi 

032 

Oss 

0 

0 

1 


Also, prove that the determinant of a is 1. 

2. If A is a unit vector, give a geometric interpretation to A • B. 

3. Prove (17), (18), (19), (20) of Sec. 10. 

4. Derive the twelve other relations analogous to (23) and (24) of Sec. 10. 

5. Find the x-, y-, and z-components of the representation of the vector 
A X (B X C) in frame ff. 

6. Prove relations (29), (30), (31), using unit vectors i, j, k. 

7. Prove; A X (B X C) is a vector in the plane of B and C. Hence it 
is a linear combination of B and C. 


8. Given: A = 3i -f- 20j - 15k, 
B = 2i + 5k, 

Compute: 


(a) A -t- B. 

(c) A • B, A • A = A\ 

(e) A • C - B • C. 

(g) A X C - C X B. 

(i) A X (B X (C X D)), 


(k) ~A. 

A • A 


C = 7i + llj - 2k, 
D = i - 4j - 7k. 


(b) A + C - D. 

(d) A X B. 

(f) A X B -I- B X A. 
(h) A X (B -b C). 

0) A • (B X C). 



X A. 


(m) Find the cosine of the angle between A and B; A and C. 
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denote the coordinates of P in frames IF and 5', respectively. 
If y, z) represents this function in ? and if y', z') 

represents tiiis function in S', then the functions <pix, y, z) and 
y', z') are such that 

V5'(x', y', z’) = ip{x, y. z). (3) 

Differentiating (3), we find that 

dip' __ ^ ^ 

ax' ~ SxJ„.,dx' dy/r.^dx’ dz/,.,dx’’ ^ 

where by (6) of Sec. 9, dx/dx' = au, dy/dx' = Oi;, dz/dx' — au. 
Similar relations can be found for dtp' / dy', dip'/ dz'. We then have 


[ dip' 


an 

Q 12 

On 1 

dp 



dx 


> — 

an 

a;; 

023 

1 dp 

)dy'\ 


\ dy 

1 dip' 




OnjI 

dp 

1 


an 

Oj: 

dz 


Comparing this equation with (9) of Sec. 9, we see that 
{dip/dx, dip/dy, dip/dz) is the representation in Sr of a vector. 
This vector is known as the gradient of the scalar point function 
4', and is commonly written grad 4'. (See Sec. 22, Chap. 1.) 
The square of the magnitude of grad 'I> is a scalar denoted by 
and with reference to frame Sr is given by 

By (14) of Sec. 9 and by Ex. XIX, 36 of Chap. I, we see that Ai4’ 
is an invariant, i.c., 

^-'-(s:y+(5^y+(i?'y 

■ (S) + (t) + (f) - 

The operator denoted by Ai, and whose representation in 
frame SF is 

“ {£) + {£) + (I) ' 

where {d/dx)- operating on ip means {dtp/dx/-, is called the^rst 
differential operator. 
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It follows directly from (9) of Sec. 9 that the set of differentials 
(dx, dy, dz) is the representation in 3^ of a vector. Likewise, if a 
curve C is given in the parametric form x — x{s), y = y{s), 
z = z{s), when s is arc length along C, then {dx/ds, dy/ds, dz/ds) 
is the representation in of a unit vector t in the direction of C 
at the point (x, y, z) on C. 

Consider the family of surfaces <f>(x, y, z) = k. Then 
d(j) = Q = (d4>/dx) dx + (d<j)/dy) dy 4 " (dip/dz) dz. 

Let (x, y, z) be the coordinates of a point P on one of the surfaces 
S of the family. Then {dx, dy, dz) is the 0 

representation of an arbitrary vector in 
the tangent plane to S at P. Evidently 
d(f) is the scalar product of the vectors 


(dx, dy, dz) 



Fia. 188. 


{d(f>/dx, d4>/dy, dcp/dz) = grad (p 

and {dx, dy, dz). Since this product is 
zero, it follows that grad <p at any point 
P is normal to that surface of the family (p{x, y, z) = k which 
passes through P, and grad <p is directed toward the side of the 
surface on which <p is increasing. 

The directional derivative of <p in an arbitrary direction t is 
d<p 
ds 


d(p dx i ^'P dy I dz 
dx ds dy ds dz ds 


= i' + 1?" + S’* - 


( 7 ) 


where I, rti, n are the direction cosines of the unit tangent vector t 
at {x, y, z). Thus d<p/ds is the component of grad (p in the 
direction t. The maximum value of the directional derivative 
of (p at any point is knovm as the normal derivative of <p at the 
point; by (7), this maximum value is attained when t is taken 
in the direction of grad <p, and this maximum value is 


^ = magnitude of grad <p 


+■>/ A.i<p. 


( 8 ) 


Thus, the directional derivative at {x, y, z) has a maximum value 
when s is measured normal to the surface of the family 

<p{x, y,z)=k 

at (x, y, z). The normal is directed in the sense in which <p 
increases. If 9 is the angle between this normal and the direction 
s, then by ( 7 ), 
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In other words, 


( am: 

(in 

<Il2 

Oisj 


AC-li 

' s= QaI 

fl22 

0:3 ^ 

AM. 

(AMiJ 

031 


03:1 

A:.4, ) 


This shows that is a vector. 

Curl of a Vector. We define the curl of a vector field A to be 

curl A = V X A. (19) 

It can be shown that curl A is a vector. In frame ff, the compo- 
nents of curl A arc (see Sec. 21 of Chap. II), 

^ dAr _ ^ ^ _ dA,\ 

\ dy d: dz Or dx dy ) 

The representation of curl A in a i« frequently written in the 
form 


1 i i kj 

!a ^ i.1 

jtlj- dy fl 2 | 

i.'l. .-1„ .ij 


(19') 


For some purposes it is convenient to denote the r, y, and z compo- 
nents of curl A by curl- A, eurl^ A, and curl.. A. (Many writers 
use the notation rot A for curl A.) 

We define 0, W, <I» to be matrix operators whose representations 
in frame ff are given by 


1 0 

1 

d 

dz 

d 

dy 

Iv= 

t 

0 

0 

Ill 

® 

0 

-&■ 

1 

M- = |o 


0 

1 5 
ii 3!/ 

d 

dx 

»ll 

!o 

1 

0 

v=| 


a- 

dx- dx dy dx dz 

dy dx dy- dy dz 
d- d- ^ 
dz dx dz dy dz- 
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Writing A in frame as a column array {Aj and using the 
“ro\y-by-column” rule for the product, it is easy to see that curl A 
may he written in the form 

curlA = 0{A}, (21) 

that is, 

_a 

dy 

dx 
0 

Also, it is clear from (18), that A^A may be written in the form 

AoA = 'F{A), (22) 

that is, in the form 

(a^A*) 0 0 (A,) 

AjA = < A,Ay > = 0 0 ^ A, >• (220 

( AsA, ) 0 0 VU A J 

It is an immediate consequence of these definitions that 

curl grad <f> = 0, div curl A = 0. (23) 




For example, by (210, have 


cxirl grad 4) = 
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We shall leave it to the student to prove div curl A = 0. 

The gradient of the divergence of a vector field A may be com- 
puted from the definitions given. The result may readily be 
seen to be vritten in the form, for frame ff, 


grad div A = d'jAl, 


(25) 


that is, as 


grad div A 


dx- 

d- 


dij dr 
d- 


\dz dx 
d~At 
dx- 
d\A, 


d- 

dx dy 

dy- 

d- 

dz dy 
d-A., 
dx dy 


+ 


+ 4- 

^ dy- ^ 


d- 

dx dz 
d" 

dy dz 
d- 

a? I 

ax a; 

avi. 



dy dx 

€Ai. 4- 

dz dx ^ dzdy^ dz'- 


dy dz 
d-A: 


(26) 


From (20), we find upon multiplying the matrix operators 
00 = 0= = <I> - »I*, for 


that 


0= = 


0 

d 

a 


0 

_ a 

a 

dz 

dy 


dz 

dy 

a 

0 

_ a 


a 

0 

a 

dz 

dx 


dz 

dx 

a 

a 

0 


_ a 

a 

0 

dy 

dx 


dy 

dx 

d- 

d- 


d- 


d- 


dz" dy- 

a- 

dx dy 
d- 

dx dz 


'dz- 


1 ^ _a= 

d"- 1 

dX“ dx dy dx dz\ 

a= a- 

d- 

dy dx dy- 

dy dz 

a= a^ 

d- 

dz dx dz dy 

dz- 


dy dx 
- 

dx'- 

d- 

dy dz 


dz dx 
d" 


dz dy 
d- _ £_ 
dy- dx- 


(27) 



X- 

0 

0 

— 

0 

T= 

0 


0 

0 
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The curl of the curl of a vector field may be found quite simply, 
using the relations developed above: 

curlcurlA =: 00{A} = O^A} == («I> - ■*I'’){A} = 4>{A} - -^-lA} 
= grad div A — V‘A. 

From (21') if <^> be any scalar point function, we find 


curl <^>A = 6{^A} = 


0 

__5 

d 

dz 

dy 

d 

0 

_ d 

dz 

dx 

d 

d 

0 

dy 

dx 


= 4> 


<j)Ax 

<j>Au 


0 

d 

dz 

d 

dy 

UA 1 

d 

dz 

0 

-A 

dx 

< > + 1 


d 

0 

1^1 / 

dy 

dx 

\ 1 \ 


. d<f> A 

+ 

-A^ 4- 


<}) curl A + grad ^ X A. 


EXERCISES IX 

1. Given the scalar point function ¥> = (®' + 2/' + 

(a) Find the directional derivative of v in the direction of the vector 
ai + J/j + zk at the point (xo, Vo, zo). (b) Find grad v> at (xo, 2/o, zo). (c) 
Find div grad ip. (d) If A = 3i + 20j — 15k, find V • (v>A). (e) If 


B = 3xi + 20yj — 15zk, 


find V • (¥>B). 

2. Repeat Ex. 1 when (a) tp = xyz. (b) <p = x“ + j/* + z*. (c) 

p = log (x= + J/= + z^). 

3. Given A = 3xy i + 20i/z’ j — 15.xz k, B = x’ i — sin ?/ j + e'k, and a 
point function p = y- ~ xz. Find 


(a) curl A. 

(d) V • VA = A.A. 

(g) V X (A X B). 

( 1 ) VXVp. 


(b) div A. 

(e) V- (V X A), 

(h) V(A.B). 

(k) V- (pA). 


(c) V • B — div A. 

(f) V X (V X A), 

(i) Alp. 


4. Find the divergence and curl of 


(a) r = xi + j/j + zk. (b) r = -i + - j + ?k, where r = a/*! 4- ,,2 + js. 

r r r v i j i 

5. Let A and B be vectors whose components are functions of x, y, and z. 
P is a point function and a is a scalar. Prove; 
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(a) div curl A = 0. curl grad c = 0. 

(c) div A X B = -A • curl B -f B • curl A. 

(d) iB • gTad)A = (B • grad -1^)1 + (B - grad -f (B - grad /l,)k. 

(e) curl A X B = A div B - B div A -r (B • grad)A - CA • grad)B. 

(f) div oA — a div A -r A • Va. 

(g) curl (tA = c curl A -r (Vv') X A. 

(h) grad (A’/2) = (A • grad)A -f A X curl A. 

6. Show that if 't(i, y, a) he a point function, and if spherical coordinate? 
r, e. are U5cd. 


grad d’ = ri 


fir 


0, Od- 
r dO 


If. Od* 
r Fin 0 56 


where rj, 0;, and 4>i ace unit vector? in the direction of increa?inc r. 0, and c>, 
respectively. 

7. Prove that Vd> Ls perpendicular to the turfacc d fx, y. z) = coii'-tant. 

S. Show that V- V(l/r) = 0. 

9. Let A he a vector with reprc'cnt-ation (.A-. .-1^. .L) in fr.imc if. Show 
hy direct differentiation that aI.-I! = 

12. Derivative of a Vector. Lot C be .a curve cacli point of 
tvliicb i.s as.=ociatc(i tvith a vector of a vector field A. Let the 
parametric equation of the curve in frame ir be 

T = j(X). ;/ = t/(X). r = c(X). 


where X is an independent real parameter, independent of the 
frame ir. The components (.-I.. .-L, of A in frame fr are 
functions of (x, ?/, z). and hence of the independent variable X. 
Since X is independent of the frame used, we may differentiate 
(9) of Sec. 9 with respect to X. Since the direction co.rines 
On. nil. OiJ, ■ ■ ■ ste constants, we find 



This shf/f^s that dA-/d\. dA^/dK, dA-/d\ are the components 
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in of a vector which we will denote by dA/dX. This vector is 
known as the derivative of the vector A with respect to X. The proof 
that dA/dX is a vector depends essentially on the fact that the 
direction cosines an, an, • • • which fix the relative orientation 
of the two frames, are independent of the parameter X. 

From the vector dA/dX, the vector d-A/dX-, known as the 
second derivative of the vector A, whose components in W are 
d-A:c/dX-, d-Ay/dX-, d-A^/dX- may be found. 

From the definition of the derivative of a vector A, we can 
readily prove the following relationships; Let m be a scalar, and 
let A and B be arbitrary vector fields. Then 


d(A • B) 
dX 


= A 


d{mA) 

~dr~ 

’ dX dX 


dA , dm , 


B, 


d(A ■ A) 


d{A X B) 
dX 


dX 

dA 


= 2A 


dA 

dx’ 


^^S'^dX 


X B. 


( 2 ) 

( 3 ) 

( 4 ) 


If A is a vector of fixed magnitude, then A • A = A - is a con- 
stant, — Oj so that A • ^ = 0. The la$t equa- 

tion shows that dA/dX is perpendicular to A when A is of constant 
magnitude. 

From (4), we find that 



But the vector product of equal vectors is equal to zero. 
Hence 



Line and Surface Integrals. The various line and surface 
integral definitions and theorems which we studied in Chap. 
II maj’’ all be written in the notation of vector analysis. This 
fact has already been pointed out in Chap. II. For example, 
the definite integral SJ f (X) dX is defined by the formula 
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where X is a real parameter, and f(X) is a vector function of X. 
x\s a further e.xample, Gauss’s law may be written in the form 

S^.E.c/A = S^V.EdF = 4:rS^pdF, 

where E is the electric intensitj', and p is the charge density. 


EXERCISES X 

1. Lot r bo the position vector of n point on n plane cun-e represented 
in polar coordinatea (r, 6). Then r is the macnitude of r, and r = rri, 
where ri is a unit vector in the direction of r. Show that the velocity is 


dr 

Ti 


dr do 


where n is a unit vector perpendicular to r. 

2. If r is the position vector of a particle of mass m, and if F is the force 
acting on this particle, then F = m dv/dt, whore v = dr/d/. Prove: 

(a) The x, y, z components of F are m d'x/dH, m d'y/dH, tn d'z/dl-. 

(b) If the path of the particle is in the (r, P)-plnne, then (see Ex. 1) 



3. A particle P moves in a plane with constant angular velocity u about 
a fixed point 0. Show that, if the time rate of increase of its acceleration 
is parallel to PO, then f = Irub 

4. Find the time rate of change of momentum M when the mass is a 
function of the time. Show that dM'dl h.as the direction of It if the mass 
is constant. 

5. (a) The “areal velocity” A of a moving point P about a fixed point 
O is the Kite of sweeping out of vector area by the line OP. Show that A 
i.s the magnitude of the vector Ir X V. If we write .-1 == \H, show that 
II — r'u = where p is the length of the perpendicular from O to the 
tangent at P, and v is the speed of P. 

Or) If the point P moves under the action of a central force F = yr, 
then m d'ljdp ~ yi. Hence r X (d=r ’dP) = 0. Show as a result that 



= 0, and hence by part (a) that .4 is a constant. 


0. Find the path of a particle P with position vector r relative to O 
when P is acted on by a central force directed toward O and varjing inversely 

with r=. [Hlxts: (1) mV = (2) r X V = Hk = r’ak, where k 

r- r 


is a unit vector perpendicular to the plane of the orbit, and u is the angular 
velocity of r. (3) The orbit is given by H-/yr = 1 + c cos 6.] 

7. A rigid body rotates about an axis OA with uniform angular velocity 
w. Let <j be a vector of magnitude u in the direction OA, and such that a 
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right-hand screw would advance in the direction <o when turning with the 

body. Let r = OP be the position vector of any point P in the bod}’’, and 
let V be the velocity of P. 

(a) Show that V = o X r. 

(b) Show that cxirl V = 2<d. 

(c) Find the acceleration vector A = dV /dt. 

(d) Give the physical interpretation of the results in (a), (b), and (c). 

8. (a) Let r be the position vector of a moving particle relative to a fixed 
point 0. If we regard the momentum as localized along a straight line 
through the particle, the moment of the mo7nentum M = vii of the particle 
about 0 is called the angular momenhim H of the particle about 0. Show 
that H = r X (wir). Show that the rate of increase of angular momentum 
is dH/d? = r X F, where F = tar is the resultant force acting on the particle. 
This relation dH/d< = r X F is called the principle of angular momcnlum. 

(b) Show that the kinetic energy of the particle P in part (a) is • H, 
where co is the angular velocity in Ex. 7. 

9. Let tfi and be two frames of reference having a common origin 0, 
and let o be the angular velocity at any instant of EFo relative to Fi. Let r 
be a vector function of the time t. If {dT/dt)t is the vector in frame 
representing the time rate of change of r with reference to frame ffi, and if 
(dr/dt)s has a similar interpretation with respect to frame Jrs, then by 
Ex. 7, 


(f), ' (f). 


-f- to X r, 


( 1 ) 


or 


Vi — V«-f-coXr, 


( 2 ) 


where to X r is the velocit}^ relative to :7i of that point P: fixed in frame (Fj 
whose position vector at the instant in question is r. By regarding Vi as 
the position vector of a mordng point, we see that 


Likewise, 




if we substitute (2) in (3), then by (4) we have Coriolis’ ihcorerti: 

A, = Aj + 2<o X V. -k ^ X r -k to X (to X r), 


( 3 ) 


( 4 ) 


(5) 


where A. - (dVa/dt):. If we multiply both sides of (5) by the mass m of a 
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moving particle with position vector r, we have, upon transposing terms and 
writing u X (o X r) = (r • o)o — t>*r, 

mAj = F + nto’r — ni(r • olu — 2m(w X V;) — m X r, (6 

where F = mh\. Give the physical interpretation of each term of this 
result. The term 2m(u X V;) is called the Coriolis force. The term 
— wu X (o X r) = viu-T — 7n{r*o)o is called the centrifugal force. Show 
that the terra —tan is to be added to the right member of (C) when the 
origin of frame moves relative to the frame ui with position vector n. 

10. Let r rr r(X) = J:(X)i + J/(X)j + r(X)k be the position vector of a 
point on a cun’c C, where X is a real independent parameter. The differ- 
ential dr of r is defined to be dr = </x i + dg j -f dz k. Lot fix, y, z) be a 
scalar point function. Show that the dilTcrential df in the direction dr 
is Vf • dr. 

11. (a) If a vector A is of constant magnitude, show that dA is per- 
pendicular to A. 

(Ij) If the magnitude of A is identically 1, .show that the magnitude of dA 
i.s equal to the angle dO between A and A -f dA. 

12. Show that the area of the triangle with sides r, dr, and r -1- dr is the 
magnitude of the vector 5(r X dr). 

13. Prove the following formulas: 

fdF d'F , 1 dF dF ^ 

J dt dt' 2 d( dt 

Tt, „ 'IF 

JPX-J,-FX^+C. 

Id. Show that the center of gravity of a body is the point whose position 
vector f is given bj- 


f 



where .If is the mass of the body and p i.s the density at any point whose 
position vector is r. 

15. Interpret ScF’ dr when (a) F is the force acting on a particle at 
any point, Oj) F is the velocity of a fluid at any point. 

1C. Interpret Ss F • dA when (a) F is the electric or magnetic Dus of a 
field at an 5 ' point, O^) P is the velocity of a fluid at any point. 

17. (a) Show that r = (cos n/)a -f- (sin nt)b is a solution of the differ- 
ential equation — -r n-r = 0, and also of the equation r X — = na X b. 
at- (ii 
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(b) Show that r in part (a) traces out an ellipse with center at the origin, 
and that the motion is that due to a central force proportional to r. 

18. Consider a perfeet nonviseous fluid in which the density p and pres- 
sure p are functions of the time t. Let v denote the velocity of the fluid at 
the point P and at time i. Show that the acceleration of the fluid at P is 

— = — -1- V • Vv. Show that the angular velocity u about P is given by 
dl dl 

<j-= -Jv X V, where v refers to the velocity at P. If u is everywhere zero, 
V is called irroiational. 

19. Show that any irrotational vector is the gradient of a scalar point 
function. If the motion of the fluid is irrotational, we shall write v = — V4>, 
where '!> is called the velocity potential. A surface •h = constant is known 
as an cqnipotential surface. Those curves in a fluid having everywhere the 
direction of v are called streamlines. The equations of these lines are 
dx/vx = dy/vy = dz/vc. 

20. Show that is normal to <1* = constant. This shows that the 
stream lines are normal to the equipotential surfaces. 

21. Show from the equation of continuity [Chap. II, Sec. 20, eq. (18)] 

that dpfdt = — V • (pv). From this, show that dp/dt -f pV • v = 0. What 
does this equation become when the fluid is incompressible; incompressible 
and irrotational? Ans. V • Vi" = 0. 

22. In exactly the same way that the space rate of change of velocity 
determines the rate of expansion of a fluid at a point (see Sec. 20, Chap. II), 
just so the space rate of change of unit pressure p at P within a fluid deter- 
mines the force acting per unit of volume at P due to the surrounding fluid. 
Show in detail that this force is — Vp. Then show that the equation of 
motion is p dv/dt = pF — Vp, where F is the external force per unit mass of 
the fluid. If F is derivable from a potential, we shall write F = — Vtl. 

23. Show that the condition for irrotational motion of a fluid is that the 
circulation be zero around every closed curve. 

Remark. It can be shown that, if F = —Vtl, then the circulation around 
every closed curve is constant with respect to time. 

The converse of this result may also be proved. 

24. Give the physical interpretation of the relation 



(A= + Y^ + Z^)dz dy dx 



dtp 


dn 


dS 


when Ip is the velocity potential of a fluid (see Ex. XII, 4, Chap. II), and 
X, Y, Z wee the components of velocity. Show that the kinetic energy of 

the fluid is E = i I ( pa— dS. 

2J Js dn 

25. It has been shown in Ex. 18 that a fluid of velocity V(x, y, z) at 
P{x, y, z) has an instantaneous rotation about an axis parallel to V X V. A 
vortex line is a curve which at each of its points is tangent to the instantaneous 
axis of rotation. A vortex tube is the surface generated by the set of vortex 
lines drawn through each point of a closed curve. A vortex is the fluid 
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contained in sucli a tube. On the surface of a vortex tube the vector 
V X V is cvcrj’wherc perpendicular to the normal to the tube. 

The circiilalion around a closed path C is defined to be fc V - dR. 

(a) Show that the cirrulation is the product of the length of the path and 
the average velocity along the path. 

(b) Lot Cl and cj be two closed curves on the surface of a vortc.x tube 
both dniwn once around the tube in the same direction. Denote the portion 
of the surface of the tube between ci and c; by D. Show by moans of Stokes’s 
theorem that the circulation around a path containing ci and c. i.s zero, and 
thus prove that the circulation is independent of (lie position of the path 
on the surface of a vortex tube. The strength of the enclosed vortex is 
taken to bo the circulation V-tlR. 

(c) Show that /a n • V X dA is also a mc.asure of the .strength of a vortex. 

(d) If the velocity V of a fluid is perpendicular to a surface D at all point.s 
P of D, .show that the vortex lines through point.s of D all lie on D. 

(e) Find the value of /.< V • n dA over the surface of a cube whose face.s 
lie on T — 0, 1 / = 0, z = 0, T = 2. p = 2, z = 2, when 

V = (i’ .v’)i + (2xy)j -f (t- — !/=)k. 

20. Suppose the field of a vector F is con.scnatirc, that is. .suppose 
/c F • c/R =0 around every closed cun-c C. 

If Pn is a fixed point and P(x. y, z) is a vari.ablo jioint. the quan- 
tity — /?, F • dR is called the jiotential at P. 

fa) Find the potential at P if a particle is attracted toward the origin 
with a force inversely proportional to the square of the distance from the 
origin. 

(b) Find ttie potential at P if a particle i.s attracted toward the origin 
with a force inversely proportional to the distance from the origin. 

(c) Find a potential for the centrifugal force of a particle of nia.ss M 
which rotate.s with constant angular velocity about the z-axis. 

27. Find the value of /a F • n d.l over a sphere of nidius r when 

F = nzi + byj -f czk, 

n, b, and c being constants. Show that the above integral over any simple 
closed surface S is (a + 6 -f- c) times the volume enclosed by S. 

28. Show that /r V X F dV — 0, where F is a vector normal to the 
boundarj’ b of R at each point of S. 

29. Ijct R be the position vector from the origin to the point P(x, y, z). 
Show that the unit vectors tangent to the coordin.ate curves arc: 

(a) ii = dR/Sr, i- = (l/r)(PR/t)9), ij = k when the cylindrical coor- 
dinates r, 0, and z are used; 

(b) Find an expression for the acceleration d-R/dt- — odi + o-i; -k OjI- 
for the case fa). (Hint: Show that a\,/d0 = i;, dh/do = — ii, aij/ao =0.) 

(c) ii = OR/dr, ij = {1 /r){ffR/d0), i, — (1/rsin (?)(aR/5<^), when 
spherical coordinates r, 0, and are used. 

(d) Repeat 0>) for the case of spherical coordinates as given in (c). Hnrr: 

= ij sin 0, 515/50 = ii cos 5, 5ii/50 = — ii sin 5 — i-cos 5; 5ii/55 = 15 , 
515/55 = — ij, 5ia/55 = 0, 
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(e) Calculate Vr, Ve, V({> for Case (c). 

PART C. SOME DIFFERENTIAL GEOMETRY 
13. Space Curves. Let the point P trace out a space curve C 
along wliich the parameter is X. Let r be the position vector of 
the point P whose coordinates tvith reference 
to frame S' are (a-, y, z), i.e., r = a;i + yj + zk. 

From the definition of the derivative of r at P, 
the vector dr/dX has the direction of the 
tangent at P to the curve C, the tangent being 
drawn in the direction of increasing X. We 
shall let s denote the are length along the curve, 
measured from some fixed point in the direction 
in which X increases. Then dr/ds is a vnit vector 
in the direction of the tangent, for 

(a) = (a‘ + + a'') = ^ t = i. 

Let t = dx/ds, where t is a unit vector. Then if 


M 



ds 
~ dX 

we have 


By (2) of Sec. 12, 



kV 

y’ 

(1) 



(2) 

we see that 



d~i dt dv 

dX2 ~^d\'^ dX^- 


(3) 


Since t is a vector of constant unit length, dt/dX is a vector 
perpendicular to t. We define the direction of the 'principal 
normal to C to be the direction of dt/dX at P. Let n denote the 
unit vector along this principal normal. Then, using a prime 
to denote differentiation with respect to s, we see that 


so that 

n = pt' = pr" (4) 

defines the positive number p ■which is known as the radius of 



HIGHER MATHEMATICS 


710 


(Chap. \1 


cun'ature of the cun’e C at the point P; k is called the curvaliire 
of the cnn-e C at P. 

Sinee ^ ^ Substituting this relation in (3). 

d\ ds dX d\ p 

tve find that 


dh ja , dv. 

= '’'p 


( 5 ) 


If X denotes time, then ds/d\ represents the speed c of P along 
its path, dv/d\ is the rate of change of speed, and (5) sliotcs that 
the (principal) normal component of the vector acceleration is 
v-/p, and the tangential component is dv/dt. 

We define the osculating plane to the cur\'e C at the point P 
to be a plane passing through P and parallel to the vectors n 
and t. From (5) we see that the vector d-i/d\- lies in the oscu- 
lating plane. If C is a plane curve, C lies entirely in the osculat- 
ing plane and the principal normal is then the ordinary normal 
directed toward the center of curvature. 

The equation of the osculating plane is 


A' - r Y -y 

(R - r) • (t X n) = ii t- 

: til tl; 

where R is the current point on the plane, 
written 



nj 


( 6 ) 


This ma}' also be 




The equation of the principal normal at P is 


R = r -}- wn, 

where u is a parameter. 


(S) 


EXERCISES XI 

1. Given x = X, y = .V, z = X’. Find the equation of the tangent line 
to C at X = Xt- Find the equation of the osculating plane to C at the point 
X = Xo. Find the equation of the principal normal to C at X = Xc. Find 
the cur\-ature of C at X = Xc. What special fonn do these results assume 
when X = s? 

2. From the definition of the osculating plane derive its equation (6). 
Derive the equation of the osculating plane in the form (7). Write (7) in 
determinant form. 
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3. Show that the plane containing “two consecutive tangents at P” to C 
is the osculating plane at P. In other words, if P and P be two neighboring 
points on C, show that the osculating plane is the limiting position 
attained bj' a plane passing through the tangents to C? at P and P as P 
approaches P as a limit, 

4. By squaring (4) show that 

5. Show that the direction cosines of n are 

d~x 

px", py", pz", where x" = ■ ■ ■ . 

14. Binormal. Torsion. The normal to the osculating plane 
at P is called the binormal. Let b be a unit vector parallel to 
this binormal and so directed that t, n, b form a right-handed 
system of mutually perpendicular unit vectors. Then 

t.n = n-b -b.t = 0, 
tXn = b, nXb = t, bXt = n. 

We take the positive direction along the binormal as that of b. 
Then the equation of the binormal at P is 

R = r -h ttb. (2) 

The vector db/ds = b' is perpendicular to b, for b is of constant 
length. Since t • b = 0 it follows that t • b' -j- 1' • b = 0. 
From (4) of Sec. 13, t' = (l/p)n, so that 
t • b' -f (l/p)n • b = 0. Since n is perpendic- 
ular to b, n • b = 0, so that t • b' = 0. Hence 
we find that t, as well as b, is perpendicular to 
b'. Thus b' s db/ds = — rn, where the con- 
stant T is called the torsion of the curve at the 
point P. It represents the rate of rotation of the osculating 
plane. Torsion is agreed to be positive when the rotation (with 
s increasing) of the binormal increa.ses in the same sense as that 
of a right-handed screw traveling in' the direction of t. 

Since n = b X t, it follows that 



Fia. 190. 


g = rb - 


(3) 
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■n-here »: = 1/p. Fonnula (4) of Sec. 13, and (2) and (3), are 
called the Scrrcl-Frcnci formulas: 

t' = Kn, n' = rb — Kt, b' = — rn. (4) 



Fig. 191 . 


EXERCISES Xn 

1. Sho^Y tbf.t (2) mny he written R = r fri X r", where ris s param- 
eter. (Hint: b = t X n.) 

2. Show that the direction corincs of the hinormal are 

piy':" — r'l/'l, pir'x" — — i/r'h. 

3. In Ex. XI, 1. find the equation of the binorm.".! at X = X,-, and find a 
formula for the torsion r. Find the Serret-Frenet formulas for thi? cun'e. 

4. Show th.at r = r", r’") = (t, n, n']. 

5. A circular h'Uz is a curve drawn on a circular cylinder of radius o so 
that it cuts each element of the cylinder at a constant anplc d. Its pam- 
metric equations in rcctanpular coordinates are 

I = a cos 6. 1/ = a sin e, r = ae cot 3. (.ol 

Hence the position vector r of a point P on <5) i.s 

r = (o cos O'li T- (a sin flij -f- (nO cot 3)k, 

where i, j, k are unit vectors alonp the x-. t/-. and x-axes. Find t = r'. 
Using the fact that r” is a unit vector, show that = sin’ 3. Find 
r" == «3i. From the relation. «r’ = r" • r" (n being a unit vector), show 
that K = aS'-. Find n. Find r = (1/a) sin 3 cos JS from Ex. 4. 

6. Show that k = t — ^ for the curve 

3a(l -F u-i' 


I = a(3u — n’)i + 3au’j + a(3u -F u’)k. 
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7. Knd K and t for the curve 

X = a(u — sin n), i/ = <j(l — cos w), s = 5i<. 

8. Show that a cur^^e is uniquely determined, e.\cept for its position in 
space, when k and t are given in the intrinsic cqualions 

K = /(s). V = !7(s). (6) 

[Hint: Let C and Ci be two curves such that k and r are given for each by 
(6).] Let t, n, b refer to C and let ti, Hi, bi refer to Cj. Show that 

— (t • ti 4- n • ni + b • bi) =0, 
as 


and hence that 

t • ti 4- n • ni + b • bi = const. (7) 

Place C and Ci so that t = tj, n = nj, b = bj at some point Pp. Then the 
constant in (7) is 3. Using the fact that the ma.\imum value of each of the 
quantities t • ti, n • ui, and b • bj is 1, show that t = ti, n = ni, b = bi all 
along C and Ci. Since t — ti s 0. show that r — n is a constant and 
deduce the theorem. 

15. Surfaces. The parametric equations 

•r = v), y = y{u, v), z = f(«, v) (1) 

represent a surface <S in rectangular coordinates. We write (1) 
in the abbretdated form 

r = x{u, v) = xi + yi + zk (2) 

= ^ (t(, v)i + t')j + r(w, t')ki 

where i, j, k are unit vectors along 
the X, y, s-axes. We call r the 
position vector of a point {x, y, z) 
on S. If in (2) we set xi = xio, 
then (2) represents a curve C on 
the surface S along which v alone 
varies. Likewise, if we set v = j>o we obtain another curve 
C' on S. All curves C and C' obtained from the relation xt = xio 
or from the relation v — vo are called paraxnclric curves on S. 
Again, the pair of numbers («, v) are called the 'parametric or 
curvilinear coordixiates of the point (a:, y, z) on S. It is seen 
that the curves xi = xxq and a = t>o are analogous to the lines 
X — xo and y = i/o in the a:y-plane. 
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We introduce the notation 

5r d^{u, v). , dti(u, v). , ar(w, »),_ _ _ ar. 
~~dr-' + “ To’ 

d-I _ d-T _ d-T 

rn - r,. - r.- - 


By Sec. 13, the vector r, is tangent to the parametric curve 
V = const, at tlic point r, and r; is tangent to w = const, at the 
point r. 

Tlie equations it = <^(s), f = ^Pis) reprc.sent a curve C on the 
surface S in (1), s being tire arc length of C. The unit tangent 
to C is given bj' 


dr du 
ds ^'ds 



Since t • t = 1 , we have 


We define 


, ./ du\" , ^ du do , J do\’ 

F = riT- = -— + + 

‘ - dudv ^ dudv ^ Budu 

«-=:=(iy+(iy+(iy' 


(3) 


( 4 ) 


Using this notation and rmting (3) in differential form, we have 


ds- = E du- + 2F du do + G do". (5) 

We call E, F, G the first fundamental magnitudes for the surface 
(1), and we call (5) the quadratic differential form for arc length. 

Let C and C be two curv'es on S intersecting at P, and let s 
and O' be the arc lengths of C and C'. Then 


dr _ du do dr du do 

ds ^^ds ^'ds dir ^Vo" ^~d(r 


and if is the angle between C and C, 


cos p = 


* 

ds 


— = F— — A- f(—— A- A- 

da ds dir \ds da da ds) dsda 


( 6 ) 



Sec. 15) 


ALGEBRA AND VECTOR ANALYSIS 


It follows that G and C' are orthogonal atP if (dt/ds) ■ {dr /da) = 0, 
i.e., if 

^du du , du dv , dit dv\ , ^dv dv „ 


du ( du 


^du du I r ./ dv , du dv\ , ^dv dv „ 

%s;+%* + 3;5j+®siK“'’' <'> 

du ( du\ dv 

To eliminate s and a from (7), let us W'nfe ^ = I ^ 

^ where, for example, indicates that — is 

to be computed along G. If we substitute these relations in (7) 

and then dmde by ^ we find that G and G' are orthogonal 
as da 

when 

We define the area /i of a region K on the surface S bj*^ the 
formula 

VEG - F2 dv du. (9) 

We shall show that (9) is an immriant for all coordinate systems 
Let 

ti = Xui + J/uj + Zuk, To = x..i + y4 + Zrk. 

By (4) and Ex. XXI, 7 of Chap. I, 

- (.X„Xv + IJuVr + Z«Z,.) 

= t(^\ Ii I T r J(y,~z/u,v) Y 

\u,vjx lJ{x,y/u,v)\ \^J{x, y/u, v) 

Hence (9) assumes the form 


■a 


'l+zl + 2 : 


\u, V } 


dv du. 


By Sec. 19 of Chap. II, (10) reduces to 


^ Vl + 2* dy dx. 


( 11 ) 
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This result agrees Avith (20) of Sec. 17, Chap. II. Hence the 
area A is independent of the !/i'-coordinatc system (2). 

As a special application of (9), consider the surface of revolution 

X = cos y = u .sin i}>, z = /(»)• 

By (9) and Ex. XIII, 3, 

A = £ //V(l + flu = £' 2-ux/TTT- du 

= J'“ 2r>i ds. 

A normal to a surface S at a point r Is perpendicular to ti and X;, 
and hence is parallel to ri X r^. We define the unit normal n to 
S at r by the relation 


ri X r; 
Tl X f;' 


Ti X r- 

—fr’ 


( 12 ) 


where II = [rj X r*!. 

'We define the second fundamental maejnitudrs L, M, N by the 
formulas 


L = n • Tii, M = n - t,:, .V = n • rji. (13) 

We shall show the geometric significance of these quantities in 
Exs. XIII, 7 to 13. 


EXERCISES Xin 

1. Let (kc, t'o) and (wt. + du, r,. + dr) be two points on the .surface (2). 
Show th.at r, du is approximately the are Icnpth along the parametric curve 



V = Vi from (uc, t'o) to (uo + du, vA, and hence that E du- is approximately 
the square of this length. Interpret F du dv and G de’ similarly. Hence 
deduce that (5) is a form of the law of cosines as applied to the triangle 
FQR in Fig. 193. 

2. Show that the parametric curves are orthogonal if and only if F =0. 

3. Show that the equations 

X - u cos y = usm <;>, 2 = /(u) 
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represent a surface of revolution with axis along the e-axis. IJescribe the 
parametric curves u = Uo and <f> — ijx,. Write 

r = (« cos 0)1 + (m sin <^>)j 

and show that 

E = 1 +f\ F =0, G 


Compute ds= and interpret the formula geometrically. 

4. Compute ds^ for the surface 


X — It cos <t>, y — u sin <j>, z — cip. 


Describe the parametric curves on this surface. 

5. Show that IP = EG ~ F-. (Hint: If o> is the angle between the 
parametric curves at r, then cos tii = F / y/ EG. Compute sin to in two ways.) 

6. Show that 


n • ti X rj = H, 


ri X n = — Eti), 

li 


12 X n = — (ffii - Fti). 
H 


7. Show that 

HL - Ti y. Ti' Til, HM = ri X r. • rn, NN = ri X th- Tii. 

8. Compute L, M, N and n for the surfaces of Exs. 3 and 4. 

9. If r -|- dr is the position vector of the point (u -b du, v -)- dv), then by 
Taylor’s series, 

(r -f dr) = r -b (ri du + r 2 dv) + ifrii du^ -b 2 ri 2 du dv -b r 22 dv®) -b • • • . 

The distance D from the point r -b dr to the tangent plane at r is n • dr. 
Show that D is approximately l(L du- -b 2il/ dudv A- N dv-). What is the 
geometric interpretation of L, M, and N? 

10. Show that 

L — — ni • Ti, M = — ui • r2 = — n2 • ri, N — —02 ■ r2. 

Hint: Differentiate relations of the type n - ri =0 with respect to u or v. 

11. Show that 

H®ni = (FM - GL)Xi -b {FL - EM)n, 

H=n2 = (FJV - GM)ti -b {FM - EN)Ti. 

Hint: Since ni is perpendicular to n, we can write ni = axi -b 6r2. Deter- 
mine o and 6 by forming the products ni • ri and ni • r 2 . 

12. Show that 


ffni X n 2 = jP®n, 

where T® = LN — M-. 

13. Show that 

Hn • ni X r, = EM - FL, 
Hn • 02 Xti = EN - FM, 


T’- 

0 • 01 X 02 = — > 


Hn • 01 X r 2 = FM ~ GL, 
Hn • 00 X r 2 = FN — GM. 
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34. Fi«d*tho oquatioii of the tangent plane to the surface of 3 at 
(tir, tSo). Repeat for &. 4. 

IS. Certain Curves on a Surface. \^'c say that a norujal 
sedion of a surface S at a point P is a section cut by a plane 
containing the normal n at P. For convenience, tve take the 
principal normal of the section in the direction of n, so that k 
for the section is positive when the section is concave on the side 
on which n lies. If r moves along a normal section, we have 

K,. = n • r" = n • (riit" -r rjr" -f rnw'* + 2riin'r' -r r;:r'-) 

= Lit'- ri- 2.1fn'r' -f Kv’' (1) 



where the Last formula is obtained with the aid of (5) in Sec. 15. 
We call K, the normal ciirraturc of S at P in the direction dii/dc. 

Xow suppose r traces out an arbitraiy curve C on the surface 
■S. Let e be the angle between the surface normal n and the 
principal normal t”/k of C at a point P. Then 

cos e = o.IfnV + Xv'-). (3) 

K K 

If C„ is the normal section of at P tangent to C. then by (1). 

= (Lm'- -f 2Mu't' -i- Xr'-). (41 

Since C and C, arc tangent. Lu’- -h ~ Xr’- is the same 

for the two curves at P by (2) since du/dr is the same for C and 
C„ at P. By (3) and (4), we have .IfcKsnicr's theorem: 

»., = K cos 6. (5) 

This formula shows that, of all curves on <S through P with a 
given direction, the normal section in this direction h.as the least 
cur\-ature. 

If C is a curve on a surface S such that, at a point P. 

[t, n, n'] = 0. (6) 


where n is the unit surface normal, the direction of C at P is 
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called a principal direction of S at P. By Ex. VIII, 12, (6) implies 
that n' is parallel to t. Write (6) in the form n • n' X r' = 0, i.e., 


/ du . dv\ ^ dv\ _ f. 


Then 


( d?A ■ ,dudv 

+ {n • n 2 X ri + n • ni X ^ 

+ n . na X ra(~) = 0. 

By Ex. XIII, 13, this may be nnitten as 


(EM - FL)(^y + (EN - GL)^ + (FN - GM) = 0. (7) 

This equation determines two values for du/dv which we may 
write as (du/dv) i and {du/dv)z. By (8) of Sec. 15, the directions 
determined by (du/dv) i and (du/dv)<> are orthogonal. We have 
thus shovm that, if EM — FL and FN — GM are not both zero, 
i.e., if E:F:G 7 ^ L:M:N, then at any point P on a surface 5 
there are two principal directions, and these two directions are 
orthogonal. A curve C on S along which (7) is satisfied identi- 
cally is called a line of curvature. It follows that there are two 
families* of lines of curvature on a surface S, one curr^e of each 
family going through any given point P. 

Let us now determine du/dv in (2) so that k„ is a maximum 
or minimum. Write (2) in the form 


LX2 + 2MK + N 
E\^ + 2FK + G’ 


( 8 ) 


where X = du/dv. If we differentiate (8) with respect to X and 
set the result equal to zero, we obtain the equation 

(PX2 + 2F\+ G)(Ll -t- M) 

- (LX 2 -I- 2m + N)(FrK + F) = 0. (9) 

This equation e^’idently reduces to (7). It may be show (in 
general) that, of the two values of in (8) resulting from the two 
values of X determined in (9) , one is a maximum and the other is a 
minimum. Hence the principal directions at P are the directions 
of maximum and minimum normal curvature. 



720 


HIGHER MATHEMATICS 


[Chap. VI 


If we write (9) in the form 

LX -f M LX2 + 2il/X + K 
LX -f F LX= -f 2/’X + G ’ 

we see by (8) that 

(La%, - L)\ -h (La-, - M) = 0. (10) 

Write (8) in the form 

(La, - L)X- + 2(La„ - .1/)X -f (Ga, - iV) = 0. (11) 

Multiply (10) by X and subtract from (11). We obtain 

(La„ - .M)X -f (Ga, - iV) = 0. (12) 

Elimination of X from (10) and (12) leads to the equation 

H'k^ ~ {EN - 2FM 4- GL)a, 4- = 0. (13) 

which determines the maximum value ai and the minimum value 
A; of a, at a point P on S. 

It follows by (4) of Sec. 15 and Ex. XIII. 10, that (10) and (12) 
may be written as 

ri • ((aTi 4- ni)X 4- (at. 4- D;)] = 0. 
r- • [(aT) 4- ni)X 4- (at- 4- n-)] = 0. 

where a denotes either ai or a*. Since X = du/dr these relations 
in turn may be written (by the u.=ual manipulations with differ- 
entials) in the form 



But di/ds and dn/ds both lie in the tangent plane to S at P. 
Thus lA(dr/ds) -f (dn/rf.s)] lies in the tangent plane and is 
perpendicular to both ri and r*. Hence 


dr , dn 
' ds ds 


= 0 . 


(14) 


w-here r and n range along a line of curvature, and where (14) 
is called Rodrigues' s formtda. 

IX e define J = ai 4- a; to be the first {mean) curvature of S at a 
point P, and we define K = aja; to be the second {specific, total, 
Gauss) curvature of S at P. It follows bj' (13) that 


J = ^{EN - 2FM 4- GL), K = —■ 
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A geodesic is a curve on a surface S whose principal normal at 
each point coincides ndth the surface normal n. By Meusnier’s 
theorem, the geodesic curvature is the normal curvature in the 
direction of the geodesic. It can be shmvn that (vdth certain 
restrictions) the geodesic joining two points A and B is the short- 
est of all curves on S joining A and B. (A taut thread stretched 
on S from A io B assumes the position of shortest length, this 
being also the position such that at each point the tension in the 
thread tends to produce no lateral motion, i.e., t' is along n. 
(See Ex. I, 11, of Chap. VIII.) By the defining property of a 
geodesic, 

t" s Tiu" -f- Tia" -{- rix«'* + 2ti-iu'v' -f = m, (15) 

where n is the surface normal. If we form tlie scalar product of 
each side of (15) vdtli ti and ra, we obtain the differential equa- 
tions of the geodesics on S: 

Eti" + Fv" A- + Eiu'v' + (F^ - = 0, . 

Fu" + Gv" -f (F.i - mu’- + GiuV + IG 2 V'"- = 0, 
where Ei = dE/du, etc. 

Since the principal normal of a geodesic is the surface normal 
at any point, it follows by Ex. XII, 4, that 

T = [t, n, n'], 

where n is now the surface normal. Since [t, n, n'] = 0 in the 
direction of a line of curvature, it follows that the torsion of a 
geodesic is 0 in the direction of a line of curvature. Moreover, 
[t, n, n'] being identically zero only along a plane curve (n being 
the principal normal), it follows that if a geodesic is either a plane 
curve or a line of curvature, it has both of these properties. 

It turns out that geodesics play much the same role on a surface 
that straight lines do in a plane. For example, one may set up 
“polar” coordinates on a surface using geodesic distance, and 
one may measure the curvature of a curve relative to the tangent 
geodesic. But many of those properties are better dealt with by 
tensor analysis, and we pass over them here. See, for example, 
Weatherburn, “Differential Geometry”; Eisenhart, “Differential 
Geometry;” Levi-Civita, “Absolute Differential Calculus.” 

EXERCISES XIV 

1. Find J and K for the surfaces of Exs. XIII, 3 and 4; also find the 
differential equations for the lines of curvature. 
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2. The difiercntial equations reprcscntini; the lines of curi'ature being 
du/dc — 0 and dv/du = 0, shovr by (7) and Ex. XIII, 2, that the parametric 
cun-cs arc the lines of cun-aturc when and onh' when F = M = 0. 

3. Show that n = L/E, = X/G when the parametric cur.’cs are the 
lines of cuiwaturc. Let r. be the normal cur/ature in a direction making 
an angle ^ with the direction in \vhich jcj is taken. I’se the preceding result 
to prove Eitler'.^ fo-muln: 

ir, = jci CO'- — c- ‘■in* -y. 


4. Show that (10) may be written in the following .alternative forms: 

—(Eu' d-Fr'} — -(Eia'' -r 2Fiu’r' -r GiF'). 
ds 2 

—<Fu' -f GF) = iiE-W' -h 2F.u-r’ Crr"), 

df 2 

u” -f In'’ -f 2m«'r' r.C' = 0, ; 
r" -f Xu'* -f 2;x>j'r' — rr'* = 0. f 

where I, tn. n. X. p. r are certain expresnoas in E, F, G and their derivatives; 
alro 


(17) 

(IS) 


dk" 

du- 



t2m 



~<l - 2u) 


dr 

du 


- X. 


(19) 


Since (19' is a second order equation. th''rc exist? fin general) exac'l.v one 
geodesic on a surface S through a given point m a given direction. 

5. Show that the gco'ie.'ics in a plane are straight lines. 

0. Shoiv that the geode'ic.s on a sphere are arcs of great circle* 

7. Show that the geodesic* on a circul.ar cylinder are helices. 

8 Find the geodesics on a right circular cone. 

17. Maps. Let S and S' be two surfaces. If, by any means 
there is made to correspond to each point of S e.xactly one point 
of S', then we sax* that S is fraris/ormcd tnfo. or mapped upon, S'. 
If, moreover, exactly one point of *S has anx' given point of S' 
for its image, then the mapping is said to be biunsque. For 
example, a geographic map is a mapping of (part or all of) the 
earth’s surface upon cither a sheet of paper or a sphere. Again, 
the usual operation of projection maps one plane or surface 
upon another. More generally, if F is a familj- of curves in 
space such that through each point there is one and only one 
curxp, and if S and S' both cut all curves of the familx- F. then 
this family maps S on S'. 

A simple waj* to establish a mapping of two surfaces S and S' 
is to represent each surface by equations of the form (1) or (2) of 
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Sec. 15 using the same parameters u and v. Then the pair of 
numbers («, v) determines exactly one point on each surface 
(assuming the ranges of u and t> to be the same) and a mapping 
M of S upon S' is established by associating these pairs of points. 
Arc lengths on S and S' are then given by 


ds- = E du= + 2F du dv+G dv\ \ 
d<r- = E du- + 2F du dv G dv\ f 

At an 3 ' particular point P the ratio ds/dcr is constant for all 
directions du/dv if and onl 3 ’- if 


E F G ^ 

E F G 


( 2 ) 


where, however, p nia 3 ’' be a function of and v. We say that 
the mapping M is coiiformal if (2) holds, and as p = da/ds, we 



call p the magnification. A relation J{n, a) = 0 determines a 
cur^'e C on S and a cur%'e C' on S'; the relation g{^^, v) — 0 
determines curves D and D' on S and S'. If C and D intersect 
at P, C and D' intersect at P', and if ^ is the angle between 
C and D, with the angle between C' and D', then it is seen b 3 ’- 
(6) of See. 15 and (2) that cos = cos 4''- By proper choice of 
signs, we have = ip'. Thus angles are preserved at every 
point b 3 ’^ conformal mapping. It follows that infinitesimal figures 
in the neighborhood of P and P' are similar in shape, though the 
ratio of their linear dimensions is p. 
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Example 1. Ve shall construct a conformal mapping of the surface S 
of revolution 


s - ic cos <>, p = «■ <=iii c> i 
on a plane. We fir=t obscn'c from Ev. XIII, 3. that 
tie- = (1 -f 

Let us change the parameter t- to a nev,- parameter u by the relation 


du = 


Vl ■i-f’jtr) 

V 


dtc. 


(3; 


(4) 


(5) 


(This iiH-rtU a change of «calc along the curves r = const.) Then (4t 
becomes 


djt- = tr-idu- — do-) (Oj 

If we use /:u and hr as rectangular coordinates in a plane M, then 

dfft = J.=idu’ -f- do-). (7) 

By (61 and (7‘. the surface l3> is mapped conformally on .11. where corre- 
sponding points on .S and M h.avc the same coordinates (u. o) end where at 
any point the magnification is J: tr as given by (2). Because a straight line 
I m M cuts all lines u = u: at a constant angle and all lines (^ = at a 
constant angle, the imago of / on 5 cuts all the menduins o = ot- st a con- 
stant angle and all the parallels of latitude u = u; at a constant angle. 
If the equation of i in .1/ ts chu -r bl.o -f c = 0, the equation of the image 
of 1 on if IS Qu -r ho — c = 0 (when the parametne coordinates on 5 arc 
t.aken as u and o) 

Example 2. .4s a special ca'c of the preceding c.xample, we shall map 
a sphere S of radius o on a plane. We may represent m the form 

X = c co^ v- cos g, y = c cos «■ sin f. r = a sin v, 
where <■ denote- latitude and P lo.nptude Then 

di- = a- CO-- c tsec- v" -r dg-‘ 

If «e introduce the variable a by the relation 


da = sec w do, 


so that a = log tan 



ds* = u* cos- o{dcA -r d6-). (S) 

Let z = kO and y = ha. Then de~ = }:-{da- -f- dP-}. Since condition (2) 
is met. the sphere is mapped conformally on the plane. Moreover, ana' 
straight line on the plane represents the image of a curve on the sphere cut- 
ting all meridians at a constant angle. The magnification is k/ta cos c). 
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Because this magnification is large for values of v near 7r/2, this mapping, 
called Mercator’s ■projeclion, causes areas near the poles to appear unduly 
large. This mapping may bo obtained geometrically as follows; Let L 
be the axis of the sphere through the poles, and let C be a cylinder ivith L 
for axis and tangent to the sphere along the equator. The mapping is 
effected bj’- projecting each point P of the sphere onto C by a line through P 
perpendicular to L. C ma 3 ' now be rolled out into a plane. 

If instead of x — k6 and y = ka, we take x = kc~‘‘ cos 0, y = /fe““ sin 0, 
then 


= da;* + dp* = kH--«[.dcA + d0=), 

and we have another type of conformal mapping of a sphere on a plane called 
slereographic -projeclion. This mapping may be obtained geometrically 
by taking the a;y-plane tangent to the sphere at the south pole; if P is a 
point on the sphere, the image P' of P in the plane is found by projecting 
P onto the plane from the north pole. It is seen that meridians project 
into straight lines through the origin, and parallels of latitude project into 
circles with center at the origin. 

EXERCISES XV 

1. Show that the surfaces x = u cos <t>, y = u sin <f>, g = c(j>, and 
I = u cos <i>, 2 / = w sin <^), z = c cosh"* it/c can be mapped conformally on 
to each other with linear magnification identically one. 

2. Determine J(v) so that the surface x = u cos v, y = u sin v, z = f(v) 
can be mapped conformally on a surface of revolution with linear magnifica- 
tion identically one. 


PART D. TENSOR ANALYSIS 

18 . Definition of a Tensor. In Sec. 9 we said that if three 
functions y, z), Ay(x, y, z), A:(x, y, z) transform according 
to the law ( 9 ) when the coordinates (x, y, z) are transformed by 
(8), then Ai, Ay, Az are the components of a vector. We shall 
now generalize this concept. Let 

^ 3.2^ . . . ^ (a = 1, 2, ■ • • , n) (1) 

represent a transformation of coordinates in n-dimensional 
space, where we use superscripts, instead of subscripts, to dis- 
tinguish the variables. Suppose that the Jacobian 



of (1) exists and is 5^ 0, so that (1) has an inverse: 

X* = yP'{x'\ x'^ • • • , x'"). (f = 1, 2, • • • , n.) (2) 
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Defixition' 18.1. If, in any manner whatever, a set of n func- 
tions F'(a’', • • • , X’'), • • • , F"(x‘, ■ ■ ■ , x") is determined for 
each coordinate system (1) and (2), and if these functions transform 
according to the laic* 

F-VK ■ . ■ . .-) - 

(a = 1, 2, ■ ■ • , n). (3) 

then we say that the functions F*, • • • ; F" arc the components in 
the coordinate systetn , x") of a contravariant tensor of 

order one, and F'*, • • • , F'" are the components of this tensor in 
the coordinate system (x'^, • • • , x'"). 

Since (9) of Sec. 9 is a special case of (3), a contravariant tensor 
of order one is sometimes called a contravariant vector. 

If F'Ca:', • • • , a:"), ■ • ‘ , F”(z', • • • . z") arc any given 
functions in the coordinate system (z’, • • - , z”), a tensor maj' 
always be constructed by defining the functions 

F'Hx'\ ■ ■ ■ , z"-), • • • , F'»(z'>, • • • , z'") 

for ever}' other coordinate svstem (z'b • • • , z'”) bv means of 
(3). (See Ex. XVI, 3.) 


Example 1. Let a unit of distance be selected in Euclidean 3-spacc. 
If a fluid is morinp with velocity V at any point, and if (z‘, i*. x’) are the 
rectangular coordin.atcs in frame a of a certain particle P, with xK x-, 2 ’ repre- 
senting distance along the axes, then dx'/d!, dx'/dl, dx^/dt are the compo- 
nents of velocity of P parallel to the axes. Under the transformation (1) 
we have 


— = 

dl ~ Ox' dl 


(a = 1, 2. 3.) 


(4) 


At any instant the derivatives dx'/dl are functions of the position of P. i.e., 
of ( 2 ', 2 ’, 2 ’). Since (4) is of the form (3). dx’/dt and rfz'^/di are components 
of a contravariant tensor of order one. 

Example 2. Let us regard the diflcrcntials dx' in the coordinate system 
(z', • ■ • , x") as defined at each point (x‘, - • ■ , x"), i.e.. dx‘ are given 
functions of (i', • • • , x’). Then in another system (x'L • • • , 2 '*) the 
differentials dxt° arc given by 

•Since the range of all indices in this discussion is from I to n unless 

n 

otherwise indicated, we shall write instead of 

i I «=» 1 
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dx'° = (a = 1, • • ■ , n.) (5) 

dx' 

t 

Since the differentials dx'" and dx'" are functions of the coordinates alone, 
and since (5) is of the form (3), it follows that dx' and dx’" arc components 
of a contravariant tensor of order one. 

Example 3. Let a and a' be any two reference frames of axes with com- 
mon origin 0, where the axes may be orthogonal or oblique, and where the 
scales along the axes in each frame ma}* be arbitrarj’ and distinct (i.e., not 
based on the unit of distance), but such that the coordinates in ff and ff' are 
related by the transformation 


x'“ = 2)afxS (6) 

t 

where of are constants. Since dx'"/dx' = o“, we see from (6) that 



i 

Hence by (3), x' and x'" are components of a contravariant tensor of order 
one ndth respect to transformations (6). Since the coordinates x' of a 
point Q transform as a contravariant tensor, it follows that we may represent 
the components in frame Sr of an arbitrarj’ contravariant tensor of order one 
as the coordinates in ff of a point Q when we consider onlj’ frames Sr related 

by (6). It is common to regard the segment OQ as “representing" the 
tensor itself. Thus, in E.xample 1 consider the motion of the particle P 
at a certain instant. For convenience choose a frame hax’ing its origin at 
P at this instant. Then we maj’ represent dx^/dt, dx-/dl, dx^/dt as the 
coordinates in a of a point Q. Bj’ the preceding remark, the coordinates of Q 

in anj- other frame a' represent the transforms of dx'fdt in S', and PQ repre- 
sents the tensor vrith components dx'/dl. However, in cum’ilinear coordi- 
nate sj’stems this representation is not always possible. Moreover, it 
must be remenrbered that dx’" /dt represent the actual components of the 
velocitj* V in frame v' onlj' when x'" represent distance. For example, 
if X' is based on the unit of distance, and if x'» = 5x*, then dx’'/dt is 5 times 
the component of velocitj' along OX'. The question of scales and velocitj’ 
components will be taken up in the next section. 

Definition 18 . 2 . If, in any manner whatever, a set of 7 i 
functions F • ■ ■ x"), • • • , F„{x^, • • • , a;") is determined 
for each coordinate sijstern (1) and (2), and if these fimctions trans- 
form according to the laiv 
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(a = 1 , • ■ • , n.) (7) 

dx 

i 

(hen ICC saij (hat the fundions F\, •••,/’„ are the components 
in the coordinate system (x'. • ■ ' , x") of a covariant tensor of 
order one, and F[, F^ arc (he components of this tensor in 

the coordinate system (x'‘, - • • . x'"). 


x’, x’) 

Example 4. I^t v’ be a point function. If v"i denotes : — : and 


dx' 


if i/„ denotes 


3F{x'\ x-= , 
ax'" 


j where <f(x', x-, x*) and sr'fx'S x’’, x'*) are the 


repna^entations of the point function <e in the respective coordinate systems 
(see Sec. 23 of Chap. I), then 



(a = 1,2, 3.) (S) 


Since (8) is of the form (7), arc the components of a covariant tensor of 
order one. We denote the tensor hating those components by grad v and 
wo refer to tliis tensor as the gradient of v- 

It should be noticed that we use a superscript, as in F', to 
indicate the components of a contravariant tensor, and a sub- 
script, a.« in F„ to indicate the components of a covariant tensor. 

If o is a point function with representations cfx*, ■ ■ • , x") 
and ■ ■ ■ . x'") in the respective coordinate systems 

indicated, then 

sr'fx'h ■ • ■ . x'") = v'(x', • • ■ . I"). (9) 

Because of this relation between the representations of o, we 
speak of ^ as a tensor of order zero, or as a scalar or invariant. 

To prove certain properties of tensors, we shall need a generali- 
zation of the result in Ex. XX, 21, of Chap. I. According to the 
usual rules of differentiation, we have by (2) and (1), 

dx* _ dx' dx"" 

a 

Let the Kronecker delta 5] denote I when i = j and 0 when 
i 9^ j. Since dx'/ dx’ = 5J, we have 



a 



h). 


( 10 ) 
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It is evident, for example, that = F' and that 

} 

XPiS) = F,. 

% 

Example 6. If F* and <?,- are the components of any contravariant and 
covsriant vectors respectively, then ^fF‘Gi is a scalar point function. 

t 

To shoe* this, we have bv (3), (7), and (10), 


Hence 


the change of order of summation being merely a rearrangement of terms, 
and the last term being obtained by summing first with respect to j while 

treating i as fixed. Since the relation "^F'^G'a = ’^F'Gi is of the form (9), 

a » 

is a scalar point function. 

I 

Theorem 18,1, Let n functions Gi he determined for each 
coordinate systcjn. If ^F'Gi is a scalar for every contravariant 

V 

vector* F', then Gi is a covariant vector. 

By hypothesis, '^F'^’G^ = '^F'Gi, that is, 

a % 

- XF'Gi = 0, 

a % 

Since F' is a vector, it follows by (3) that 

= 2 ( 2 «^-‘) - 2 ^' 8 - - 0 . 
* cf i 

* For convenience we shall often speak of “a tensor F‘” instead of “a 
tensor ha\'ing components F' in the coordinate system (a:h ■ • • , a-").” 



730 


HIGHER MATHEMATICS 


[Chap. VI 


Hence 



t a 


Since this relation holds for every vector F', the coefficients of 
F' in this relation must each be zero. Hence G,- is a covariant 
vector. (To see this, interchange the primed and unprimed 
letters in (7).) 


Example 6. Considering only reference frames J related by (6), so 
that X' is a contravarinnt vector, it follows by Theorem IS.l that if the 
relation 


X 


i;(i‘ 


= 1 


(H) 


is to hold for all frames Sf, then u, must be a covnriant tensor. (It is mani- 
fest that 1 is a scalar ptoint function.) Now (11) is the equation of a plane 
not through the origin. If we define the coordinalcs of a plane to be the 
reciprocals of its intercepts on the coordinate .a.xcs, then u, are the coor- 
dinates of the plane (11). Thus the coordinates of a fi-xed plane transform 
like the components of a covariant tensor. This leads us to the counterpart 
of the result obtained in Etaimplc 3: Wo may represent the components in 
frame a of an arbitrarj’ covanant ten'or F, of order one ns the reciprocals 
of the intercepts in if of a plane .If when we consider only frames 5 related 
as in (6). It is common to regard the plane .If as "representing” the tensor 
itself. 


1. Show by (3) that 


EXERCISES XVI 


F’ 



( 12 ) 


Multiply each equation (3) by Ox’idx'". respectively, add the 
results, interchange the order of summation in the right member, and use 
(10). Deduce the analogous form of (7). This shows that the law of 
transformation of tensors has an inverse. 

2. Show that if F"^ = ]^F'“(ax''^/t)z'“), then it follows from (3) that 

a 

F"^ = ‘{dx"^ /dx^. Deduce the analogous relation for F,. (This 

J 

shows that the law of transformation of tensors is transitive.) 
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It follows from Ess. 1 and 2 that the components of a tensor are uniquely 
defined for each coordinate system, and that it is immaterial what series of 
transformations is followed to get from one coordinate S 3 ’stem to another. 

3. A tensor has components 1, x, x- — yz in the (x, y, z) rectangular 
coordinate sj'stem. Find the components of this tensor in cylindrical, polar, 
and parabolic coordinates if this tensor is (a) contravariant, (b) covariant. 
Parabolic coordinates are given by the relations 


X = (n cos Ip, V = iv sin p, z = |(f- — ??*). 


4. Write (3) and (7) in matric form, using upper indices for row numbers 
and lower indices for column numbers. Note that a contravariant vector 
is represented by a one-column matrix and a covariant vector by a one-row 
matrix. 

5. According to (11), = ]^i<,x*. Use this relation and (6) to 

or i 

show that u’a = ^A^ia, where A^ is 1/a times the cofactor of af in the 
i 

determinant a = |a^|. (The matrix ||.4],11 is the inverse of the matrix IjojU.) 

6. Show that if the components of a vector (either contravariant or 
covariant) are all zero at a point P in one coordinate system, then they are 
all zero at P in every coordinate system. 


19. Tensors of Higher Order. The concept of a tensor may 
be extended as indicated in 

Definition 19.1. If, in any manner whatever, a set of n^ 
functions , x") {where i, j = 1, ■ • • , n) is deter- 

mined for each coordinate system, and if these functions transform 
according to the law 


’,<*3 


= 2 -'-^ 


,,dx' dx'^ 
dx' dx^ 


( 1 ) 


then we say that the functions F'’ are the components of a con- 
travariant tensor of order two. If a set of n^ functions transforms 
according to the law 


F'„ 

' aB 


dx' dx’ 


or 


dx' dx' 




F\ 


dx' dx’ 


dx’ 


dx’ 


( 2 ) 


then Fij are the components of a covariant tensor of order two, and 
F} are the components of a mixed tensor of order two. 

Tensors with components • • • are similarly 

defined. The tensor is of order 5; also, we say that is 
contravariant of order 2, and covariant of order 3. 
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Example 1. Let F' and G‘ be contravnriant vectors. If = F'G' and 
^ f '“G'®, then 




•r 


,e» _ ,5 
, dl dx 

dx‘ Sz^ 


(3) 


Hence f’' are the components of a contravnriant tensor of order two. 
(ss” is called the outer product of F‘ and G'.) However, not cverj' tensor 
can be represented as a product in this way. 

Example 2. The Kronccker delta i] arc the components in every coordi- 
nate system of a mixed tensor of order two, for if i\ are taken as the com- 
ponents of a tensor in the coordinate system (iL • ■ • , i"), then these 
components tran^fonn into 


2 3i’° ai‘ 0z‘ 

‘‘Ox' ^ Ox' 


(■i) 


dz' 

ij i 

where in ^ we sum first over j treating t as fixed. Hence are the com- 


ponents of this tensor in the system (I'L 


. x'"). 


It is roadih' seen that the sum or difference of tiro tensors of the 
same order and type is a tatsor of this order and type. For exam- 
ple, if <?'> = F'‘ -h G'>, then is a tensor by virtue of (1). 

The product of any tivo tensors (regardless of order or tj-pe) is 
a tensor. This is illustrated by Example 1. Again, if 

where F'’ and arc tensors, then it is rcadilj' proved as in 
Example 1 that is a tensor contravariant of order 3 and 
covariant of order 2. 


If F',’i„ arc the components of a mixed ten.^or, then <vh — 

i 

is a .•'Ct of 71^ functions, each of which is the sum of n of the func- 
tions FVi„. Since 


7“ _ 'S^r77"» 'S’ / 'S po dx' ax"\ 

_ I?., ei' 

^ f If 

xvhere = ipl„ it follows that are the components of a 
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tensor. Tlie process of summing the components of a tensor of. 
order r over any contravariant and covariant index is called con- 
traction, and the resulting functions are the components of a 
tensor of order r — 2. A contracted tensor may evidently be 

contracted again; for example, are the components of 

I 

a covariant vector. If we contract the tensor 5} we obtain the 

scalar 2)^1' = 
i 

Since tensors may be multiplied and contracted to give tensors, 
we may combine the two operations to obtain new tensors. For 
example, 

y k 3,k 

are components of tensors. The combined process of multiplica- 
tion and contraction is called iji7ier rnvUiplicadon. 

If is a tensor, and if, for example, for every set 

of values of the indices, then F(/i„ is said to be symmetric in the 
indices h and in. If a tensor is symmetric in everj' pair of con- 
travariant indices and in every pair of covariant indices, then 
the tensor is said to be symmetric. If interchange of any pair 
of indices of the same type causes merely a change of sign of the 
component in question, then the tensor is called skeiu symmetric. 

Example 3. If p,-, is a covariant tensor, then because dx' is a contra- 
variant tensor (see Example 2 of Sec. 18), rfi’Vfa:' is an invariant 

(scalar point function), i.e., 

Xff'ais = ^!7i/ dx' dx’. (5) 

tj 

If ■ ■ ■ , x”) are rectangular coordinates with each coordinate rep- 
resenting distance along the respective axis, then the element of arc-length is 

= (dx’)= + (.dx-Y +■■■ A- (rfx-)*. 

If we define p,-,- in this coordinate system by the relations 


then 


1 when t = j, 

(6) 

0 when i ^ j, 

= X^ii dx* dx’. 

(7) 


ij 
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If vrc now use (0) to define gij as a covariant tensor for all other coordinate 
sj-stems bj' the first part of (2), then, because of (5), (7) holds in ererg 
coordinate sj’stem (sec Es. X^^I, 7). The tensor gij in (7) is called the 
fundamenlal mdric tensor for n-dimcnsional Euclidean space, and ds is the 
magnitude of the tensor with components dx'. 

Example 4. In rectangidnr coordinates (based on the unit of distance) 
the magnitude F of the vector with components is piven by 

E* = (8) 

where g;j is given by (C). Since '^,g%,FTt is an invariant. E is a scalar point 

ij 

function and (S) gives the magnitude F of the tensor E‘ in every coordinate 
sj’stem. We say that E* is a unit tensor if E — 1. In the .same manner, the 

.scalar product ]^g./E‘(7t of the tensors F* and G‘ is an invariant for every 

IJ 

coordinate .system. Since in rectangular coordinates we have 

FG cos 0 = '^g.,F'G>, (9) 

IJ 

where 0 is the angle between the vectors F* and G’, it follows tliat FG cos 0, 
and hence cos 0, is an invariant for all coordinate sj’stcms; however, e has 
as yet no interpretation in cuiwilinear coordinates since we have as yet no 
geometric representation for a tensor F* in curvilinear coordinates. We 
now give this representation in 

Theorem 19.1, Lcl F' be the components of a tensor in an 
arbitrary coordinate system {x^, • • • , x"). Let each component F' 

be represented at any point Pbya line segment PP' along the tangent 
at P to the parametric curve of parameter x' (i.c., the curve with 
equations x^ — constant for all j 9 ^ i. x' alone being variable), the 

~ y 

length of PP' being the magnitude of the component FK Then 

the vector sum PQ of all the line segments PP' represents the given 
tensor in every coordinate system. 

The magnitude of the component F' is computed as the magni- 
tude of the tensor with components 

0, 0, • - • , 0, F', 0, • • • , 0. (10) 

By (8), 

iF'|= = (magnitude of F‘)' = g„F*F', (11) 

since all the F’s in (8) are 0 except F'. By (9), we have for two 
different tensors of the type indicated in (10), 
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1F'1 • |F-i(cos fl).-,- = goF^F', (12) 

where 0 is as 3"et undefined. (11) and (12), 

F"- = XguF'Fi = + ^\F'\ ■ jF'Kcos e).-,-, ( 13 ) 

tj i 

where in we sum first for equal i, j and then for distinct i, j. 
ij 

But if we regard PP‘ and PQ as vectors (in the elementar3" sense), 

PQ= = ■ (Sp?') 

= ; 2 (^ 0 = + cos ( 0 ,y), ( 14 ) 

1 

where • indicates the elementar3’- scalar product and 0,7 is the angle 

between PP’’ and PP^'. Since ( 13 ) and ( 14 ) hold for every tensor 
F', (cos 0),7 = cos (0,7) and the theorem follows at once. 

In applying Theorem 19.1 care must be taken to distinguish 
between the magnitude of a component F‘ [which by (8) is 
invariant for all scales in all coordinate S3’^stems] and the numerical 
value of F' (which depends, for example, upon the scales of the 
variables x'}. 

If the tensor F' has components of unit magnitude, then b3'’ 
(11), F' = l/Vgu since IF'I = 1, and by (12), 


cos 0.7 = 


0.7 


V 0 . 70 « 

Let gij be any s3Tnmetric covariant tensor. We write 
jffn • • • 


( 15 ) 


g = 


Qnl * ’ ' Qn 


g'’ = ^ (cofactor of <7,7 in g). 


( 16 ) 


It is readil3^ proved that g‘’ is S3’-mmetric (see Ex. XVII, 9 ). 
Moreover, '^gjig'’= is 1/g times the expansion of the determinant 

k 

obtained by'^ replacing the tth row in y by the jth row. By 
Theorem 1.10, 
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= o'r ( 17 ) 

Jb 

If F' is an arbitrary vector, then G, = is an arbitrarj' 

t 

vector. Since g„ and g'‘ arc s\-mmctric, \ve have by (17), 

'Zo'’G, = 

i j.r I • 

Since F' is a vector, it follows by Ex. XVII, 10 that g'’ is a tensor. 
If F' is a given contravariant tensor, then F, = ^g„F' is a 

t 

covariant tensor. Since g„ is sjTnmetric, F, = "^g^F'- We call 

t 

F, the iemoT associated toilh F>, and we speak of the components 
F, as the covariant components of the teti'-or with contravariant 
component.? F’. Let A' he the tensor associated with F, by the 

law A' - '^g”Fj. If F, = '^g,iF‘-, then by (17), 
j t 

A' = 

; }.k k 

Hence contracting with rc.spect to g„ and g'> are inverse opera- 
tions, and the roles of F' and F, are interchangeable. In rectangu- 
lar coordinates where g„ is given bj' (6) and g" is numerically 
equal to p,„ F' and F, are numericallj’ equal. This accounts for 
the fact that no distinction was made between contravariant 
and covariant vectors in Part B of this chapter. 

The idea of associated tensors may be generalized; for e.xample, 
if 


F‘, = '^F''‘g,K, or Gh = X^.vg", 

I I 

then F'j and F‘* are associated, and Gi’i and G,ik are associated. 
Note that the indices should be spaced to show which index is 

raised or lowered, for, in general, tensors like F‘, = '^^^g,i. and 

k 

ip,' = are not the same. 

k 
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Example 6. In rectangular coordinates, where p,,- are given by (6), we 
have 


i l when 
0 when 


1 3^ i- 


If Fi are the components in a rectangular coordinate system of a covariant 
tensor, if p is tlie distance from the origin to the plane .1/ representing Ft 
(see Example 6 of Sec. IS), and if we define the magnitude F of the tensor 
with components Ft to be 1/p. then in rectangular coordinates we have 


F= = '^r'FtFi, (19) 

as may be seen by ^v^iting the equation of the plane M in normal form. 
Since '^g'’FiFj is an invariant, (19) gives the magnitude F in every coor- 
fj 

dinate system. If F' is the associate vector of Ft, and if in (8) and (19) 
the summation is carried out over j, then both of these equations may be 
UTitten as 


Fi 



( 20 ) 


shoeing that the magnitude of a vector and its associate is the same. In 
rectangular coordinates, the components Ft are direction numbers of a 
normal N upon the plane ill representing the tensor Ft; moreover, in rec- 
tangular coordinates, the associate vectors Ft and F' are numerically the 
same. Hence the line segment representing F' is parallel to Ah It follows 
that the angle 0 between the planes representing Ft and Gt is equal to the 
angle 0 between the line segments representing F' and G‘. Thus, by (9), 

( 21 ) 

3 j ij 

this relation holding in every coordinate system. 

If a set of fxinctions transforms, for example, by the law 




or 

ij.k 


where J is the Jacobian 


9(xS 


, X’') 


of the coordinate 


d{x'^, • ' • , a:'") 
transformation, then these functions are called the components 
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of a relative tensor of weight p. It is evident that the sum of two 
relative tensors of the same tj'pe and weight p is again a relative 
tensor of this same tj-pe and weight p. The product of any two 
relative tensors of weights p and q, respectively, is a relative 
tensor of weight p + q. Contraction of a relative tensor does 
not alter its weight. 

Example G. Ixt 


( 1 when ijk is an even pcriniit.ntion of 123, 

c”’* = r,,k = •{ — t when ijh is an odd permutation of 123, 

( 0 when two or more of (he indices ijk arc equal. 


It follows from Sec. 1, (2), that 


/■all 


ri 

CnSr 

k 


= ^c’'*n7ofa7. 


tj.l' 


( 22 ) 

(23) 


where all indices range over 1, 2, 3. The symbols c”'- = e,/...n with n 

indices may bo defined in a similar manner and may bo used to represent 
the expansion of determinants of order n. If we diWdc both sides of (23) 
by the cocfTicieiit of CoSt replace nj, by dx’/dx'°, we have 



C.jk- 


Oi- ax‘ 


ax' 


ax'® ax'"^ 






(24) 


a(i* X- x’) 

where J = -2 — ^ Hence in three-dimensional space c„i arc the 

a(x'‘, I'’, X'’) 

components in everj- coordinate system of a thirti order covariant relative 


afx'^ x'" 

tensor of weight —1. By Ex. XXI, 14, of Chap. I, ’■ = J-', 

a(x‘, x’, x’) 

Hence it may be shown [as in (24)] that in three-dimensional space e’>‘ is a 
relative tensor of weight -1-1. In n-dimensional space, c,, , and c''-" 
(with n indices) arc the components in every coordinate system of relative 
tensors of weights —1 and -M. 

Example 7. If g,i is a covariant tensor in three-dimensional space, and if 



P'l 

Pi! 

Pu 

? = 

7si 

Pi! 

P!1 


ffsi 

ffjs 

P>! 


then p is a scalar of weight +2, for by Example 6, 
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O' 




a^.y 


dz'"' ax'^ ax''‘ dll dx'' dx" ax^ di< ax' 

a S -v 

3x' ax» 0x*^ ax'i ex' ex'^ ex' ex'« ex'^ 


a£,y 
iJJ: 

J,m,n,p,qz 

2 dxf dx” 
c'^gK^g.pg^srsfsi— — 


dxf ax" Sr® 


ij,k 

l,m,n,p,gx 


2 az^ 6x" ar» ^x' ax" 5x« 

— = J2i i7» i? 


ax' ax" ax« 


/,r:,n,p,?,r 

= J-j?/ = J=g. 


lfn,Q 


It follovTS at. once that \/ g is a scalar of weight +1. Hence in three- 
dimensional space ■%/ pe,-,i is a tensor of ■weight 0, i.e., an ordinarj* or ahsoluie 
tensor. It may be shown in a similar manner that, if p,-,- is a tensor in 
n-dimensional space, then •\/p«’.-/.„n (« indices) is an absolute tensor in 
n-dimensional space. Since 1/p' = /~-(l/p), l/'v/ p is of weight —1 and 
(l/Vpifi”"'” is an absolute tensor in n-dimensional space. For brevity, 
we shall write 

V?«o...- «•/...»= (25) 

Vg 

where p = 1 in rectangular coordinates. 

Example 8. In rectangular coordinates in three-dimensional space. 


<p' = fit ~ FGsin 6v' (20) 

i.k 

is the vector product of the vectors f ,• and Gt, where a’ is a unit vector orthog- 
onal to Fi and (?,•. Because (26) is in tensor form, it defines p*' in everj' 
coordinate system. 


EXERCISES XVn 

1. State the law of transformation for the tensor 

2. (a) Prove the statements made in the two paragraphs follo'wing 
Example 2. 

(b) Prove the properties stated of relative tensors. 

3. (a) Show that if the eomponents of a tensor are symmetric (skesv 
symmetric) in one coordinate sj-stem, then they are symmetric (skew 
symmetric) in every coordinate sj'stem. 

(b) Show that if o,-,- is any tensor, then o,-,- -f a,-.- is a sj'mmetric tensor 
and Oij — Oji is a skew-sjTiimetric tensor. Represent a,-,- as the sum of a 
symmetric and a skew-symmetric tensor. 
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4. Prove relation (5) directly from the tensor tarrs of transformation. 

5. Show that if is a tensor, then and ” arc tensors. 

: ij 

C. Show that ^ri., v"‘\ '’'^d (preceding Eeample 3) arc tensors if 
F‘>, Gjii, • - • , are tensors. 

7. (a) If (r. e) are polar coordinatci? (r based on the unit of distance. 
S in radians), find and dsK If s, and s, represent arc lencth along the 
parametric curves, find (if, and dsg as the magnitudes of dr and d9. Repre- 
sent your results geometrically, and illustrate the significance of Tlicorem 
19.1.' 

(b) Prove the following formula.^: 

ds- = dr- -r T- dS- -f r- sin- 6 di<- in spherical polar coordinates. 

dx- = dr- -b r- d5- -b d:- in cylindrical coordinates. 

ds- = -b c'lfdj* -b d^•) -b Jnj* d-* in parabolic coordinates. 

In each case find the diflcrcnti.al of arc length .along the parametric curves, 
represent your results geometrically, and illustrate the significance of 
Theorem 19.1. 

8. A coordinate .system is called orihogonnl if = 0 for i j in this 
Ej’stcra. Find dx- and fl,,- in such a sj*stcm. Show that p'* = 1/p.-,, g'i — 0 
for i j. 

9. If p,/ is sj'mmctric. show tlrat g" is .=ymractrie 

10. Show that if the set of functions F'- U such that is n vector for 

everj' vector G„ then F‘- i' a tensor. Gcneraltrc tins result. 

11. If po is any (absolute) contravariant tensor, «how that the deter- 
minant !pU| is an invariant of weight —2. 

12. (a) If FJ>,, are vectors m three-dimensional ,>.pace, where (X) serves 
merely to distinguish the vanous vectors. X = 1. 2. 3, .«how that the deter- 
minant {FJxj LS an invariant of weight —1. 

(b) Give the analogue of part (ai for covariant vectors. 

13. If Fj is a ini-xed tensor, show th.at the cofactors of the determinant 
iFJj are the component* of a tensor. 

14. Show that if o.jF'F' is an invariant for every vector F‘, then the 
quantities o., -b a,, arc the components of a tensor. 

15. Show that in oblique Cartesian coordinates p,, = cos P.|, where 
is the angle between OA'* and OX’, and where 6„ = 0 for all t. 

16. If X* and are unit vectors, and if 9 is the angle between them, show 

that sin= 9 = feu'?"- — P,.=Pj.>X‘X>/i’’p". 

17. Show that and e’t- * are associated tensors. (Hdct: In three 
dimensions. pcsSr = ^ e'’‘po,p3,PT»-) 

iJri 

18. Show.that p,j, g'K and iJ- are associate tensors. 
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19. In three-dimensional space if F' is the associate of F{, and G' that of ft. 
and if p*’' = F'G> — F’G', show that p’> is skew symmetric and that 

ieijsp'* are the covariant components of the vector product of ft- and (?,. 

20. (a) In three-dimensional space, if F*> is a skcw-sjTOmetric contra- 
variant tensor, show th> t '\/gF-\ ■\/gF^\ yj gF^" are the components of 

the covariant vector 

i.h 

(b) If Gij is a skew-symmetric covariant tensor, show that (l/\/p)<7is- 
(1/Vp)fti, (1/V9 )Gi= are the components of a contravariant vector. 

(c) If ft-f is skew-symmetric, and if p' = ]^e’'*fty, show that 

},k 

G,j = 

it 

21. If X* is a unit vector, show that the cosines of the angles it makes with 
the parametric lines are (l/V^lX,. 

22. In three dimensional space, show that the element of volume in any 
coordinate system is given by 

dV = Vp dx^ dx'- dx\ 

where g is given by (16) with p,,- the fundamental metric tensor. 

20. The Covariant Derivative. It was shown in Example 4 of 
Sec. 18 that ft s dF/dx' are the components of a covariant 
tensor when F is a point function. However, if ft- is an arbitrarj" 
covariant tensor of order one, it is not the case that the n- func- 
tions dFi/dx’ are the components of a tensor, for 

dx'^ dx'^^ ^ 

( 1 ) 

The presence of the last term shows that 3ft./ dx' does not trans- 
form as a covariant tensor. We shall now define a quantity 
ft-,,- (in terms of dFi/dx') which transforms according to the 
tensor law. Let gr,-,-, g, and < 7 ” be the tensors in (16) of Sec. 19. 
The quantities 


^'S^dFk dx'Aa.x*-- , ^ 


d~X^ 


dx' dx' 


{|} = 2 


[y, i] (2) 
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are called the Christoffcl symbols of the first and second kinds. 
These quantities are evidently sj'mmctric in i and j (since gt,- is 
sj-mmetric). From the relation 


2 ax' 

!?■< ,o 


ax' ax 


ax’’ 


vnth similar formulas for g'„i and g'^s, we have 


^Qas _ dg,; dx‘ ax' ax’ 


ax' .jj ax' ax' ax' ax' 


, r a=x' ax’ ax' a-x’ 

■ ax'“ax'*ax'‘'J 


dg'„i _ ^ ax^ 

ax'" ^5^’ax'"ax'“ax'' 


+ ^g.i| 


a-x' ax' ax' a^'x' 


tj 


ax'" ax' ax’* ax 


Ei 1 

ax'" ax'* J’ 


ax' 


sj _ ^ .££i 

ax'“ax'"ax'* 




av ax' , ax’ 
+ 


ax' ax' ax'* ax'" ax'" ax' 


^ a’x' 

'" ax'" ax'*J 


Since the second sum in each of these equations may be written 
with summation indices i and j, we may combine these equations 
to show that 


r o !V 'N^r-.- n , "VI 5=X‘ dx’ 

M, "I ,» -«r7' 

iji 

If we multiply both sides of (3) bj- < 7 '^* ax*/ax'^ and sum over 
7 and 6 , we find that 


since = g‘', and '^gijg'^^ = 6 J. If we solve (4) 


7.J 



Sec. 20 ] 


ALGEBRA AND VECTOR ANALYSIS 


743 


for d^/dx'“ dx'^ and substitute the result in (1), we have 
aF' _ dx>= dx> 


+ 2 (' 2 ^^ 


/ k \ dx’ dx’ 


In the first term we ma 3 ’- change the summation index k to i. 
If we collect the first and last terms, and transpose the middle 
term, we have 

Thus the quantity 

transforms as a second order covariant tensor. We call the 
tensor Fj.,- the covariani derivative of the tensor Fi with respect 
to the tensor gij. It may be shown in a similar manner that 

k 

is a mixed tensor. We call F*,,- the covariant derivative of F' with 
respect to g,-/. Since 




Fi.,- is sjunmetric if and onlj’- if dFi/dx^' — dFj/dx', i.e., when F,- is 
the gradient of a scalar point function F. By (8), 

F - F (a\ 

^ iji ^ iti — ^ ^ (9) 


dx^’ dxi 


We call this quantity the curl of the vector F,-. Since the differ- 
ence between two tensors is a tensor, the quantity (9) is a tensor. 
In three-dimensional space the quantity 


( 10 ) 
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is a contravariant vector. In rectangular coordinates the compo- 
nents of <p' reduce to the quantities given in (21) of Sec. 11 since 
= 1. (In Part B of this chapter we omitted the proof of 
the fact that were the components of a vector. We have now 
supplied this proof by tensor methods.) In general orthogonal 
coordinates («, r, w). have the values 

!7n = cj, g;; = c|, gzz = d. g„ = 0 when / j; 

ds- = cf du- Ar r; dv- + rj dir', (11) 

where Ci, c-. o are functions of (?/, r. w). By (10) the components 
of <p' are 



(This relation holds for arbitrary coordinates.) Let £7, denote 
the magnitude of the component F„ so that By 

Ex. XVII, 8, Fi — If we denote the vector with compo- 
nents o’ by curl F (not to be confused with the general concept 
of curl given above), and if we denote the magnitude of o’ bj’ 
(curl F)', ’^0 that (curl F)’ = c,o’, we have 


(curl F)' = M ^ ^ I 

C1C3 ( dr dio I 

(curl F)'- = -L( I 

I dw On I 


( 13 ) 


(curl F)’ = 


— _Li \ 


CjC: 


d» 


dv (■ 


The divergence of the vector F’ is taken to be 2^‘ >- Bj’ (6). 

2 -.. 


Since = gnr., '^'^g'‘(dg,i/dx') = "^"^g'^dg.j/dx^), and the 
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last two terms of the last sum cancel out (after summation) 
Moreover, 

d 




1 ..dpii 13 1 o /- 


dxi 


Hence (14) reduces to 




1 . 

Vg^^’ 


Thus the divergence of the vector F* is given by 


(15) 


(16) 


In any coordinate S 3 ’’stem for which g is constant, this expression 
reduces to the form given in (10) of Sec. 11. If denotes the 

magnitude of the component F\ so that bj' (11), 5*’ = — F*, (16) 

reduces for orthogonal coordinates in three-dimensional space to 
the form 


div F = 


CiCiCa 


^(c-estFi) -b — (esCiSFo) + 


(17) 


1 dU 

Since the magnitude of the fth component of grad U is 

e,- ox* 

we have 


div grad U = 


1 


eiCjCj 


d / CjCz dU\ CsCi 3i7 \ 
di(\ei dll / 3y\ e» dv / 


+ 


3 / CiCs dU 


). 


dlo\ Cj dw 

This reduces to the Laplacian when the e’s are constants 

EXERCISES XVm 

• 1. Show that in any orthogonal coordinate system, 


(18) 


de- 

[ij, k] = 0, [ij, t] = ~[ii, J] = Ci~, [m, i] = c,- 

ox' 


dCi 

5x‘ 


/ 1 _ n i \ ^ log a / i \ d log fii 

1n|-U- 


where ej = gu, and i, j, k are distinct. 
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2. Compute the divergence, Lapladan. and curl in polar, cylindrical, 
and parabolic coordinates. 

3. Shovr that if F‘ is a contravariant vector, then F'.,- is a mixed tensor 
of order tvo. 


1 . Sow ,tai } " S'"*'! ,i}’ 


are tensor=. These quantities arc called the corcriarit dcnro.'irrj of F,„ 
F’‘, F] respectively. 

5. Write the formulas for the cox’ariant derivative^ of several higher 
order tensors. 

C. Shorv that p,,.i = j"' , = = o, i.e., that the tensors p,,, ft. and 

c) behave like constant' under covariant difiemntiation. 

7. ShoT,- tint the rales for covariant ditferentiation of t he sum. difTerence, 
outer and inner product of tno tensors arc the same as for ordinarv' differen- 
tiation of scalars. 

8. Shotv that F.,, — F.;, = 0. Find formulas forF,,,i and f,.,i — 

9. Show that if v,, — F,_, — F,,.. then 


tVi, dc-,j i>cu 

-r v-)t.. -r Vi.., = -rr -r -r —7 = 0. 

fz* Hz' ^z’ 

What theorem of ordinar;.' vector analy.-is is a special case of this result? 


10. Show that [ij. /:] = 


I 

ly.( 


11. Show that the Inplacian of V in general coordinates is given by 




12 . Show that the diicrgcnef of the tensor o’-' is 

2 “"- - ^ 2 ”'’{ #}■ 

3 3 jJt 

To u-hat form does this reduce when the <7's are constants? 



CHAPTER VII 

PARTIAL DIFFERENTIAL EQUATIONS 


1. Introduction. A partial differential equation is an equation 
involving partial derivatives. Explicit solutions of such equa- 
tions can be written down in only a relatively few cases. The 
theoretical questions involved in the study of such equations 
are so great that we shall not. undertake to do more than note 
certain equations of importance in applied mathematics and to 
indicate certain methods for their solution. We shall not con- 
sider the problems relating to the existence of solutions, or to 
the validity of the operations upon the series involved. 

The solution of a partial differential equation usually involves 
arbitrary functions, in much the same way that the solutions of 
ordinary differential equations involve arbitrary constants. 
In the applications of the theory to physical problems, the 
problem usually involves the determination of a particular func- 
tion which satisfies the differential equation and which, at the 
same time, meets other conditions — frequently called houndary 
conditions — of the physical problem. 

2. A Simple Form of Partial Differential Equation. Euler’s 
Equation. We shall first consider the equation 


— = 0 . 

dx dy 

Integrating with respect to y, we have 


( 1 ) 




where <pi is an arbitrary function of x. Integrating with respect 
to X, we find 

2 = <p{x) + 

where (p and \l/ are arbitrary functions of x and y, respectively. 
We shall now consider the general Euler equation, 


d^z , d^z 


+ c 


d^z 


0 , 


where a, b, c are constants. 


( 2 ) 
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We shall change the independent variables by means of the 
linear transformations 


5 = aa: -f 0y, 
ri = yx + 5y. 


Erddenflj’, 


dz dz (3$ dz dr] dz , dz 
d'-z { d , dV 

Substituting these relations in Eq. (2), we have 

(aa- + 2hap + + (or- + 2byb + ch-) ~ 

ar)‘ 

+ 2[a<xy + b(ao + Sy) + cfio] = 0. (5) 

If we select a = 7 = 1, d = Xi. S = X*. where Xi and X* are the 
roots of the quadratic 

a + 26X + cX= = 0, (6) 

Eq. (o) reduces to 

[fl+ ft(Xi 4* X-)-}- cXiX;] = 0, 

oc O’? 


If h- — ac > 0, Eq. (2) i.^ said to be hyperbolic, if b- — ac = 0, 
Eq. (2) is said to be parabolic, and if b- — ac < 0, Eq. (2) is 
.said to be elliptic. If ac b-, then (7) reduces to 


which ha.s the .solution 

z = "Pi^) + 'I'iv) = V’fx + Xij/) + ^(x + X:?/). (8) 

If ac = b-, then Xi = X;, and $ = ij. In Eq. (5), set a - 1, 
d = X, 7 and 5 arbitrary, we 6nd 

^ = 0 
dr]’ ’ 


( 9 ) 
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2 = »($) + #(^) = + ^y) + (t'® + ^y)' '/'(* + '^y)- (lo) 

The method given above applies to the equation of a stretched 
string, 


dH 

dP 




( 11 ) 


Set ^ = a: + \it, ij = a: + 'KJ,, udth X- — a- == 0, Xi = o, Xa = —a. 
We then find 

?/ = + ot) + \l/{x — at). (12) 


EXERCISES I* 

1. Show that 

z = Fo + YiX + Y^- 4" • • * + Fn-ix"*"* + Xlo + Xiy + Xaj/* 

+ • • • 

where the F’s are arbitrary functions of y and the X’s are arbitrary func- 
tions of X, is a solution of a"+" 2 /ax’" Oi/" = 0. 

2. Show that z = ci sin v>x c* cos wx, where ci and Cj are arbitrary 
functions of y, is a solution of d-z/dx- = —o^z. 

3. Show that z = <pi{x 4- ay) 4* ¥>:(s — ay), where v>i and ¥>: are arbi- 
trarj' functions, is a solution of the equation (0-z/dy-) — a^{d^zfdx-) = 0. 

4. Find a partial differential equation ha\'ing the primitive 

(x - a)' 4- (y - t)- 4- 2= = 1, 

and show that — 1 = 0 is a singular solution. 

5. Find the partial differential equation representing each of the following 
families: 


(a) z = (x 4- a){y +h). (b) ^ 4- ^ ^ = 0. 

a- o- c- 

(c) z = ax- 4- 2bxy 4- ay- 4- dx 4- ey. 

(d) A family of conical surfaces with vertex at (ct, -y). 

Atis. (x - a) -f (y - — = 2 - y. 

OX dy 

(e) A family of cylinders where generators are parallel to the line x = az, 
y = /3z. 

(f) A family of surfaces of revolution wth OZ as axis. 

Atis. xq ~ yp = 0. 

(g) A family of surfaces generated by lines parallel to a fixed plane and 

intersecting a fixed normal to that plane. A«s. xp 4- 7/5 = 0 

* We shall frequentlj'- use the notation p = azfax,q = az/ay,r = a-z/ax^ 
s = a-z/bx dy, t = a^z/dy^. 
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general if P 0 at (xoi 2/c, zo), for othenn-ise, it is only necessary 
to interchange the role of x and y. 

The cur%’es ir whose equations are (4) are called the charac~ 
ierislics of the differential equation (1). 

The normal at any point (? of the 
surface (5) is perpendicular to the 
particular cuire yf of f4) through (?- 
The direction numbers of y^ are P, Q, 
R and tho'e of the normal to ye at <? 
are q.j, —1. Hence the eurfacc (p) 
ie an inkgral surface of (1). since (1) 
is satisfied. 

If the cun-e C is pr'en bj' the 
Fiq. 100. equations 



= i(^), y = J7(x), s = r(x), 


( 11 ) 


where X is a parameter, the equation for the .‘urrface (5) may be 
written [by .=ubslituting (II) in (4)] in the form 

2 = m, f(X), ^(X), f(X)i. y = f.[t, m, r!(X), f(X)i. 

2 =/:[bi(X),n(X),f(X)]. 

Any solution of (1) jnelds a surface z = ^{x, y) which Ls 
generated by a one-parameter family of curces (4). This fact 
follows iramediatelj’ from the obseiration that through each of 
the points of the surface parses a cim'e (4), and each cun-e of 
this .sort lies entirely in the surface. 

It can be shon-n that 4 »(m, r) = 0 is (he general solution of 
equation (1), where ^ is an arbitrary fundion and where 

y, s) = Cl, t’(x, y^z) = cz 
is the general solution of cgualions (.3). 


dz Sz 

Example 1. Find a solution of i b -f Zx-y-e'') — =0. Here 

Sx 3y 

P = X, Q = y -i- Zz^’j'c^’. R - 0. We suppose z = g[x. ij) is a solution of 
the given equation. The family S of characteristics of the given equation 
is defined by 


dx dy dz 

V 4- ^ “o' 


X 


( 3 ') 
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w s — [- e** = Cl, 1) = z = C2. (4') 

y 

Hence the surface z = (x/y) + e*’ is a particular solution of the given 
equation. 

The general solution of the given equation is 

<t>(w, v) S + c*’, 2^ = 0. 

Example 2. Solve p + g = 1. 

Here P = Q = R = I, and dx/l = dy/1 = dz/l have the (characteristic) 
solution X — y = Cl, X — z = Ci. The characteristic through (xo, yo, zo) is 

X — y = xo — yo, X — z = Xo — Zo. We select x = 0, z = e'v in the 

2 /z-plane for the curve C. Pick a point, say (0, yo, on C. The charac- 
teristic through this point is x — y — —yo, x — z = — e“*'o. These are 
the equations of a surface S generated by the characteristics when yo is a 
parameter. The equation of the integral surface S is found, upon eliminat- 
ing the parameter yo, to be z — x = The general solution of the given 

equation is <E>(x — y, x — z) =0. 

Example 3. Solve (x= — y* — z’)p + (.2xy)q = 2xz. Here 

P = X- — y- — z^, Q = 2x1/, R = 2xz. 


The solutions of 



dy dz 

- — = - — arc tlie characteristics 
^xy ^xz 



x^ + y- + Z- 
z 


= C2. 


Consider the cunm C with equations x = 0, z = y’ in the yz-plane. We 
select the characteristic through xo = 0, Zo = yj, namely, 

y ^ + y- + z- ^ y; + yg 

z vl z y\ 

These are the parametric equations of a surface generated by the character- 
istics tlrrough curv'e C with yo as the parameter. Upon eliminating yo, we 
have 


yH®’ + y= + r')* - z{if -b z')2 = 0. 
which is a solution of the given equation. The general solution is 
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EXERCISES n 

1. (a) Show that the equation of the tangent plane to the surface 




z = y) at (lo, Vs) is 1-^ “ ~ — ^ol = ii- 


tI ^ 

3;/ Jo 


(b) Show that the equation of the normal to the tangent plane at the 


point te. j/o, Id) is 



z — Zo 


-I 


2. Find the equations of the tangent plane and the normal to each of 
♦he following surfaces at the points indicated; 

(a) I'- + j/= + c’ = 14 at (1, 3, -2). 

z = logzg at (1, c, 1). 

(c) 2 = Tan-' (y/z) at (2, -2. --/4). 

3. Solve: dz/x = dy/y = dr/r. Ans. x = c,t/, x = c-c. 


4. Find a solution of 


dx 


dy 


d.- 


which 


y’z(2 + l) z’2(2 + l) 2-y-(l+r) 
passes through the point (I, 0, —2). /Ins. — y’ = ], x- — r’ = —3. 

5. Solve: dx/s = dy/< = dz/2st = dt/0 = d.s/0. 

/Ins. s = Cl, I = Cz.tx — sy = cj. 2(x — r = c«. 

0. Solve; yzdx + xzdy + dx = 0. (Hist: set x = constant.) 

/Ins. xy + log cix = 0. 

7. Find a solution for (x + x) di + y dy — r dr =0 on the surface 
3x = x= + y’. 

8. (a) Find integral curves of 2y dx + x dy — dx = 0 on the surface 


X + »/ — X = 0. 

(Ij) Also, on y- = x. 

9. Solve: yx= + (xyx + l)(ax/ax) = 0 by assuming y = y, is a constant. 

Ans. xc--" = v>(y), where v is an arbitrarj- function of y. 

10. Solve: (x ctn xx — ij)(dx/dy) = x. A ns. log sin xx = yx -f v-(x). 

11. Find a particular integral of each of the following equations, using 
the method of Sec. 3: 


(a) (cos X + sin x) — + (sin x — cos i) — =0. 

Sx Oy 


(b) + y(l - i) = 0. 

dx dy 

(c) I log x^ + Oog X — y) = 0. 

dx dy 


/Ins. X = y + log (cos x + sin x). 

A ns, X = log - — X. 

y 

Ans. 2 = J(log x)- — y log x. 


12. (a) Prove that if z = y(i, y) is a solution ol (1) in Sec. 3, then x = 4 >( 5 ) 
is also a solution of (1), where 4> is an arbitrarj- function of g. 
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|hint; =P =^'{g) + •} 

(. a® a?/ L srj L ^uj L J 

It can be shown that (1) has no other solutions not contained in z = 5>((7). 

(b) Use (a) to find general solutions to the equations given in Ex. II 
above. Thus the answer to part (b) is z = 4'[log (.x/y) — a;]. 

13. Find a solution to Example 2 above when the curve C is taken to be 
y = X-, z — and when the point P is taken to be (xo, x\, xl). 

Ans. (x — y)^ = (,y — z)(x — 2y + z). 

Also find the general solution. 

14. Solve xp + yq — z = 0, using y- = 4x, z = 1, for the curv'e C, and 
(xi, yi, zi) for the point P. Find the general solution. 

15. Prove the statement made at the end of Sec. 3 that a general solution 
of (1) is $(«, a) = 0. 

16. (a) Prove: If f(x, y, z) =0 is a solution of Pp + Qg = R, then 

g = f(x, y, z) 

is a solution of P(s, y, z){dg/dx) + Q{x, y, z){dg/aij) + R(x, y, z){ag/dz) = 0, 
when X, y, z are independent variables. Show that the converse is also true, 
(b) Solve {xyz - x){dg/ax) + (y — xyz){ag/ay) + (xz — yz){ag/az) = 0. 

Ans. g = 4'(x + ?/ + log z, log xy + z). 

17. Find an integral surface for p — 5 = 0 through the curve x = s, 
y — s^, z = s’, where s is a parameter. 

18. Given xp + yq = z. (a) Show that the parametric equations of the 
characteristics are log x = f + ci, log j/ = f + c», log z = f + cj, where t is 
a parameter, (b) Find the characteristic at the point where ( = 0 through 
the cui^'e x = s-, y = 2s, z = 1, where s is a parameter, (c) By eliminating 
s and t from the result found in (b), show that y- = 4xz is an integral 'surface 
of the given equation. 

19. Solve each of the following equations. Interpret your solutions 
geometrically. 

(a) 3p + 5g = 0. 

(c) p(x - 3) + g(x - 5) = z — 7. 

(e) py — qx = 1. 

(g) px + qz + y = 0. 

(i) xp + yq = nz. 

(k) (x + y)p + (y — x)q = 0. 

20. Find integrals for each of the equations in Ex. 19 which pass through 
the curves: 

(a) x= + ?/= - 1 = 0, z = 0. (b) 1/ = 3x, z = 1. 

(c) X = j/, z = 0. (d) X = 2/ = z. 

21. Show that z = ax + Py + c, with a and P subject to the relation 
G(“! /3) = 0, is a solution of the differential equation (?(p, q) = 0. 

22. Find integrals for: 


(b) py = qx. 

(d) p + gz = 0. 

(f) 3(p + g) = z. 

xyz 
(j) a:“p + y-q = z’. 


(a) pg — 1 = 0. 


(b) p’ -}- 1 - gr = 0. 



756 


HIGHER MATHEMATICS 


lCn.^p. VII 


23. Solve: 

(a) p - g -r (x - y)s = 0. (b) i(r - 0 + 2p = 0. 

(c) r- + 2p + X = 0. (d) r’ = y -}- x. 

(e) r’ — op + Cx = 0. 

4. General First-order Partial Differential Equations. We 
now consider the partial differential equation 

OCX, y, X, p, g) = 0, (p = g = (1) 

where the function (7 is assumed to have continuous first partial 
derivatives throughout a region D. We shall suppose that 
Gp and G, do not both vanish at any point (x, y, z) in D. We 




Frc. 197. 




shall furthermore suppose that p and q can assume any values 
whatever within D. 

Select a fi-\ed point (xo, pc, 7o) in D, and consider the lines £ 
passing through this point with direction numbers [p, g, — 1], 
and which satu:f 3 ' (1), so that G(xc, po, ro, p, q) = 0. [This 
relation shows that at (xp, pp, Xp) onlj- certain directions are 
pos.rible.] These lines £ generate a cone SJl, and their normal 
planes through (xp, pp, xp), represented b^- 

X - Xp = p(x - Xp) -f- g(y - pp), (2) 

envelope a cone 3. The rulings of 3 are determined bv' (2) 
and b 3 ' 

0 = (p - Pp) -C- |^(x - Xp), (3) 

or b 3 ’ 
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dGjxo, I/O, Zq, p, q) ^ g dG{xo, t/q, Zq, p, q) ^ g 
dp eq 

Let a solution of (1) be the surface S A^th equation 

2 = ypix, y). (5) 

At (.To, 2 / 0 , So), the tangent plane (P to S is giA^n by (2). The 
ruling of cone 5 AA’hich lies in (P also lies in the plane (4). This 
shows that at eA'-ery point of S a direction is determined. 

We shall show that the surface S ina}"^ be generated bj’- a one- 
parameter family of curves G, each curve of 0 being tangent at 
eA'-ery one of its points to the direction associated Avith that point. 
The differential equation 


dx _ dy 

Gp Gq 


( 6 ) 


AAuth 2 given bj”^ (5) has for a solution in the neighborhood of 
(to, 2/o) a one-parameter family of curves 02 wliich saatcp out 
this neighborhood exactly once. The cylinders on 02 as direc- 
trices, with elements parallel to the z-axis, cut from S the curA'-es 
0, and these curves 0 SAA'eep out that portion of S in the neighbor- 
hood of (to, 2/0, 2o) e.xactly once. 

We shall introduce in (6) a parameter t: 


dx 

Gp 



(7) 


Along the curA^es G, dz = p dx + q dy = {pGp 4- qGq) dt. Hence 
(6) becomes 


dx _ dy _ dl _ 
Gp Gq pGp -}- qGq 


Along 0, 

dp = r dx + s dy, dq = s dx + t dy, 

where 

r = — = ^, s = = ^, . _ d=2 _ dq 

dx dx dy dy dx ~ dy" ~ dy' 

Hence 

dp = (rGp -b sGq) dt, dq = (sGp -f- /(?,) dt. 


(8) 

(9) 

( 10 ) 

( 11 ) 
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The function (5) satisfies Eq. (1) identically. Bj' (1), 

(?.- + p(?.. -f rt?;, + = 0, -f /(?, = 0, (12) 

where (?- = dG/Sx, G.j = SG/dy, Gc = dG/dz. By (11) and (12), 




G. + 9G, + ^ = 0. 


Equations (S) and (13) give 

^ = -^P = n-i 

Gp G, pGp + 5G5 Gr -T v^t G.J + oGr 

This sj-stem (14) involving five dependent variables x, y, 
p, g, and the independent variable i define a family of curves: 

X ~ .fi(t? 2/0, •-0, po, go). \ 

y = / 2 (^; ^ 0 . yc. za. pa. go). / 
r = faGt Xo. yo. Co, Po. go), > (b 

p = /.(f ; Xp. yo, Xp. Po. go), \ 

g = /s(^i ^ 0 , yo, "o. Pc, go). / 


'i' (p. 9,-11 


We shall a.s.sume that at / = 0. x = Xo, y = yo, • • • , g = go. 

These equations (15) define the 
family knoum as the characlcristics 
of the given differential equation. 
The first three equations in (15) 
determine a cun-e Q tlirough 
(xo, yo. Xo). and the last two deter- 
mine for each point of C a definite 
Chiacieristic Strip normal ha^^ng direction numbers 
Ip, g> ~1], Jind a tangent plane per- 
pendicular to this normal. We can 
think of e as being imbedded in a 
jp, narrow strip of surface S such that 

at each point of C. the tangent plane 
to the surface has the position belonging to that point. Such a 
strip is known as a characicrislic strip Ij'ing in the surface S. 
S can be thought of as being made up of a one parameter familj* 
of such characteristic strips. 

Example 1. Given G s xp- 4- i/? — xr =0. 

The normal planes (2) at (xj. yc. Cp) are given by 

z - za = p(i — xc) 4- g(w — t/c). 


Fro. IPS. 


( 2 ') 
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The rulings of cone 0 are determined by (2') and (4). 
Since P = Gp = 2pxo, and 0=0,— i/o, Eq- (4) is 


X - xp ^ y - yo 

2px(, 2/0 

The planes (2') through (xo, yo, zo) envelope the cone 3 whose rulings are 
given by (2') and (4'). Eliminating p and q from (4'), (2') and 

G{xo, yo, Zo, p, q) = xop- + yoq - xoZo = 0, (!') 

we maj' obtain the equation of the cone 3. 

Example 2. Given G{x, y, z, p, g) = pg + z{p + g) =0. Find the equa- 
tion of the cone 3 through (Xo, yo, zo). 

The normal planes (2) at (so, yo, zo) are given by 

r — Zo = p(a: — xo) -b q{y — yo), (2") 

and the rulings of 3 are given by (2") and » 


g + Zo p -b Zo 

where 

2 / 0 , Zo, p, g) = pg -b zo(p + g) =0. (1") 

Eliminating p and g from (2") and (4"), and substituting in (1"), we have 
the equation of the cone 3, the envelope of the family of planes (2") subject 
to the restriction (1"). 

The rulings of the cone 3 are found from (2"), (4"), i.e., 

p(,x - Xo) -b q{y - yo) - (z - Zo) = 0, (2"') 

and 

(P + Zo)(a: - Xo) - (g -b Zo)(2/ - yo) = 0, (4"') 

to be 


X — Xo _ y — yo _ z — 2 o 
g + Zo p -b Zo 2pg -b zo(p + g) 

By (1"), g = -Zop/(p -b Zo), so that the equations for the rulings on the 
cone may be written 


X — Xo _ y — yo _ z — Zo 
z; (p + Zo)* — zop* 

Example 3. Find the characteristic strips for G ^ pq — z = Q. 
Equations (14) are 

^ _ dp _ dq dt 

q p 2pq p q ~ q’ 


( 14 ') 
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where the parameter i has been introdured. The characteristics of the 
given equation through (=t, ys. r:') are the solutions to (14'}, namely, [recall- 
ing that at t = 0, (r, y, rl = (r., j/(, Ct)]. 



EXERCISES m 

1. Show that the family o: planes r — = a[z — Xt) -r V.y — y*) 

envelope a cone with vertes (r-. gc- r;i, where a and 6 are dependent param- 
eters subject to the relation G{a. h) = 0. and where £7 is a suitable arbi- 
trary function. Show that the rulings of the cone are determined by the 

X ~ w — Vi 

given family of planes and —v = 

2. Find the envelope of the family of ellipses {x';a'} -r (y'/b-i = 1 of 

constant area rch = I:. .Ins. xy = ±hj2x. 

3. Find the envelope of the family of circles having their centers on the 
line y = 3 t and tangent to the i.'-axis. 

4. (a> Find the envelope of az ~ H'J -r - 1. 
fb) Find the envelope in case (a) if a = -/S. 

5. (at Find the characteri.stic strips for rp -f p’ — c = 0. 

.4n«. g = Cl, u = — t -r ci. log p = —t ~ cj. rp -f pi = c<. 

r = (c, - c,) log p - Y -f Cl. 

(b) LYing r-po -r p; — gc = 0, climin.ate Xs from the c-quations of the 
characteristic strips in (a), thus leaving tour initial constants, t/., ir- pi. gt- 
C. Fnd characteristic strips for ;>g = 1. 

7. Show that in case G(x, y. x. p, g> = 0 is linear, the cone 3 degenerates 
to a line. 

5. From equations (2} and (4) of Sec. 4 show that the solutions of 

^ ^ _ d: 

Gj gG^ 

are curves e in space having the direction of some ruling on the cone 3. 

9. Show that if we demand that the curves C in Ex. S lie on the surface 
X = v' (x. y), then dp/5y = dj/3i. If we further require that the curves e 
also satisfy G(x, y. x, p. g) = 0, show that e satisfy Eq. (14). 

6. The Method of Characteristics. Throughout Sec. 4 we 
have assumed a deSnite solution (5) of (1). In this section we 
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shall discuss methods of constructing general solutions of type 
(5), Sec. 4, by means of characteristic strips. 

We shall suppose that Gix, y, z, p, q) is continuous and has 
continuous first and second order derivatives throughout a 
neighborhood g of the point (a, b, c, a, (3) in the space R of the 
variables (x, y, z, p, q), where (x, y, z) is a point interior to the 
region D of Sec. 4. We shall furthermore suppo.se that 

G{a, h, c, a, fi) = 0, 

and that in 0, Gp and G, are not both .‘simultaneous^’- zero. Let 
{xo, 2 / 0 , Zo, Pa, go) be an arbitrary point of g. The system (14) of 
Sec. 4 defines a four-parameter family of curves (15) which 
sweep out g exactly once. 

The first three equations of (14) define a family of curves Q. 
Let Cl be the curve of 6 passing through (a, h, c, a, p). Any 
solution of 

Gix, y, z, p, q) = 0, (1) 

say 

z = 4>(x, y), (2) 

■with c — q?ia, b), a = <I>a.(a, b), and /3 = ^v(a, b), where ^ is 
continuous and has continuous first-order partial derivatives 
throughout a neighborhood of (a, b), must contain the curve Ci 
and the corresponding characteristic strip. This result follow’s 
from the fact that Ci and its characteristic Strip are uniquely 
determined by the initial values corresponding to (a, b, c, a, P). 

The curve Ci is tangent at (a, b, c) to a plane Ti through 
(o, b, c, a, |3) whose normal has direction numbers k P, -1]. 

Let r be any curve not tangent to Ci but tangent to T\ at 
(a, b, c). Suppose the equations of F are 

x = Wi(i0, y = W 2 («), z = W3('a), (3) 

where coi(ii) and its first derivative are both continuous. 
i = 1, 2, 3. We suppose that at (o, b, c), u = 0; and that 
w'i(O), 6 ) 2 ( 0 ), 6 ) 3 ( 0 ) do not all vanish together. From the third 
equation of (3), we find upon differentiating that 

6 ) 3 ( 0 ) = a6)J(0) 4- Pto'ziO). (4) 

(Evidently 6)((0) and 6 ) 2 ( 0 ) are not both zero, for if they were, we 
see from (4) that 6 ) 3 ( 0 ) w’ould also vanish, contrary to hypothesis.] 
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We shall indicate the proof of 

Theorem 5.1. The equation G{x, y, z, y, q) =0 has exactly one 
solution satisfymg the conditions placed upon 4> in (2), and this 
solution is such that the curve F lies on the surface z — 4>(x, y). 

We shall select from (15) of Sec. 4 bj' means of F a one-para- 
meter famil}' of characteristic strips ivhich sweep out the solution 
of (1). We require a solution such that the values of p and q 
on F, saj' po, qo, satisfy the restrictions 

Gla)i(u), u:(m), 0)3(1/), po, f/n] = 0, (5) 

‘■■’i(w)po + o)5(w)9o = o)^(i'). (6) 

The latter condition follows from the fact that (2) must be 
satisfied identically along F, and that at an}' point on F, 

<l-j[o)i(j/), 0)2(7/)] = Po, 'I>„[o),( 7 /), 0)2(7/)] = go. 

It can be shown (see Ex. IV', 4), that Eqs. (5) and (6) can be 
solved for po, qo- Suppose these solutions are 

Po = 0)4(7/), qo = 0)1(7/). (7) 

Then 0)1(7/), 0)2(7/), • • • , 0)1(7/) arc the values which xo, Vo, , 
qo have in (15) of Sec. 4. The functions o>i, 0)2, 0)3 depend on the 
selection of F, while oit, o)i depend directly on a)i, a>2, 0)3. In 
other words, the first three equations of (15) in Sec. 4 determine 
a surface which represents an integral solution (2) of (1). 

We shall restate Theorem 5.1 in a form independent of the 
curve F. Let 

Xo = 0)1(7/), yo = 0)2(7/), zo = 0)3(7/), 

Po = 0)4(7/), qo = 0)1(7/) ^ ^ 

be each continuous with continuous first derivatives in the 
neighborhood of // = 0, and suppose that 

a= o)i(O), b = 0)2(0), c = 0)3(0), a = 0)4(0), jS = 0)5(0). (9) 

Furthermore, suppose that 


G(xo, yo, 2o, Po, qo) — 0. at 


dz 

du 


dx , dy 


Gp Gg 
du du 


7 ^ 0 , 


at i = 0, 
at i = 0, 


7/ = 0, 

XI = 0 , 


u — 0. 


( 10 ) 

( 11 ) 

( 12 ) 
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Then x, y, • • ■ , q are given by (15) in Sec. 4, the functions 
wi(m), • • • , W6(w) replacing the functions Xo, yo, ' • ' , Qo in 
/i) /s) ■ ■ ■ ) /e- 

Theorem 5.2. If conditions (8), (9), (10), (11), and (12) hold, 
the first three equations of (15) in Sec. 4 define a surface z = 4>(a;, y) 
whieh is a sohdion of (1). 

Proof. By Eqs. (14) of Sec. 4 and (8), we find 


dx p 

dt ~ 


% 

dt 


= G„ 


^ — —(Gx + pGf), 


3wj(=o 
By (13), (12) gives 


= “!(«), 


Gp 

Gq 


dx 

dy 

dt 

dx 



dx 


du 

du 


du 

3m 


7 ^ 0 , 


— 


— pGp + qGq 


If = -{Gp + qGx), 


ag 
’ du 


at 


/=o 


= w^m). 


i = 0, 


u 


(13) 

(14) 


(15) 


By Sec. 20, Chap. I, the first two equations of (15), Sec. 4 can be 
solved for t and u in terms of x and y, so that the first three equa- 
tions of (15), Sec. 4 are the equations of a surface S, 


z = ^x, y), 


(16) 


where 4> is continuous with continuous first partial derivatives. 
This surface S contains both the curves C\ and F. By Lemma 
5.2 below 4>(x, y) satisfies the given differential equation (1). 

For a more thorough treatment the reader is referred to Horn, 
“Partiale Differentialgleichungen ” ; Bieberbach, “ Differential- 
gleichungen”; or the works of Goursat, “Cours d’analyse,” 
Tome II, and “D4riv(5es partielles du premier ordre.” 

Lemma 5.1. In the preceding notation, 


— 

m 


dx , du 

+ "si" 


^ _ dx dy 
du ^du ^du 


(17) 

(18) 


Equation (17) is an immediate consequence of equation (15) 
of Sec. 4. 
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Consider the function 


aTJ* 

dl 


BTf, 


dx 

~P^i 



1 when t 

= i« = 0. 

Now from (19) and (17), 

3-z _ 

d'-x 

d-y 

dp dz 

dq dy 

dl du 

P 3 I du 

^31 du 

WJu 

dt du 

3-z 

d-x 

a^''P 

dp dx 

dq dy 

du dt 

Pdu dl 

^du dt 

^idi 

du dt' 


[Chap. 


( 19 ) 


0 = 

Subtracting (21) from (20) and using (13), vrc obtain 

OTI' dx , ^ ^ Sy , „ dp , ^ dq 


31 


~ {G. + pGi) ^ + (^p + 9^') ^ 


dll 


^dlt 


3u 


Differentiating (1) •with respect to v, we have 

0 = ?? = + G-M. + G.~ + + G, 


du ‘ du du 

Subtracting (23) from (22), we find 


du 


5TT' _ „dT ^dij 

IT -pG^ru-^ ^‘d^i 


flu 


-G,W. 


( 20 ) 

( 21 ) 

( 22 ) 

(23) 

(24) 


Let u be fixed, though arbitrarj-. Then integrating with 
respect to t, wo liave 


w = nv 



(25) 


Since TFo = Tr(0, w) = 0, we sec that TF = 0. Equation (IS) 
now follo'ws from (19). 

Lemma 5.2. The Jinidion z = 4>(x, y), where 4> and its first 
partial derivatives arc contimwus, satisfies the equation 

G{x, y, z, p, q) = 0. 

By Sec. 20 of Chap. I, 


y) 


3{z, y) 
dlt, v) 

3 ( 3 -, y) 

d{t. u) 


y) 


d(z. z) 
H(, ti) 
Hx, y) ' 
3(t, ?/) 


(26) 


Substituting (17) and (18) in (26) expanded, we find that 


4>x = p, 


4>„ = q. 


(27) 
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This shows that $ satisfies the differential equation (1). 

Example 1. Given a:p + p- — g = 0. (a) Using for the initial cur^^e 
r, Xo =0, yo = Wj So = compute p and q for the initial strip. Here 
G = sp + p= — g, coiOd = 0, to:(«) = V, us(n) = w. (b) Find an integral 
surface for the given equation. 

Solution. In Ex. Ill, 5, we found the strip through (xo, j/o, so, Po, go) to be 


X = —e‘ — Poe”*, y = Vo — t, 
Po 

From (5), we find 


z = =0 + ^°(1 - 


p = Poe-*, 


g = go. 


0 • Po + Po — go = 0, 0 • po + 1 • go — 1, 

so that p and g for the initial strip are po = 1, go = 1. Hence, the initial 
characteristic strip is 

Xo = 0. I/O = u, zo = M, Po = 1, go = I. 

The first three equations of (15) in Sec. 4 give the parametric equations of 
a surface which is an integral solution of the given equation, namely. 


X = e* 


?/=«-<, r = II -f 1(1 - e"-*). 


Eliminating u and f, we have the integral surface r = 4>(x, y), i.e., 

, , X + Vx^+x X 

z = y + log H 

z X + "v X* + 4 

E-s-identlv the cur\'e T lies on this surface. 


EXERCISES IV 


1. Solve Example 1 above if r is the curv'e Xo = u, yo = 0, zo = v\ 

z-e'-' 


Ans. z = 


3c-» - 2e‘' 

2. Find integral surfaces for each of the following equations, using the 
indicated initial curve F; 


(a) pg — 1 = 0, F: Xo = 0, yo = e", zo = v. 

(b) 2p=y = g, F: xo = m, yo = 0, Zo = 

(c) pg = z, F: Xo = ii, yo = 1 — u, zo = 1. Ans. 4z = (1 + x + y)-. 

3. Find integral surfaces, selecting your own cura’e F, for; 


(a) zp(x + y) + p(g — p) - z* = 0. (b) pg — px = gy. 

4. Show that Eq. (5) in Sec. 5 can be solved for po and go. 

Hint: (a) when v = 0, and po = a, go = P, Eqs. (5) hold by hypothesis. 

(b) The Jacobian J oiG and L ^ — powj — gowl with respect to po and go 

does not vanish, for if J” = 0, then the projections of Ci and F on the xy-plane 
would be tangent at (a, b). Recall Eq. (4). 

5. Prove Eqs. (27). 



im 


niGHEP. IfATHEifATICS 
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6. The Pxinripal Equations of 2»f2theniatical Phrsics. The 
chief partial difToTentiai equations c; classical mathenaatical 
phj'sics are, v.iih a ferr exceptions, included in the genexai second 
order nartini differentia! eouation 


•ri' 


.a^ aT~ dz, oZf 

r-I »”J r-J 

where all the ns. Vs. c. and F are functions of r, ir-depi-ndent 
variables j-;. ru. z-.. ■ - z^. 

Included in tins c!a==: of differ'^ntia! r<;uat:or.s are the follovring 
iinDor.anl tviK-s: 


_ 5^ 

~ dZ- 

1 ^ ^ ^ ^ ^ dx rt ^ « * 

-T *T’ = U. ’l^piace S MII2t202} 

C'J' C-' ' ^ 

(2/ 

E-z = -c. 

(Po:'-s5n'= equationj 

fS' 


d.- . — „ 

— — G- V*.; = 0. 
d! 

(4/ 


5^ — . 

— - C- V -c - C-r. 

(5) 


- c- V-c = 0. 
ct* 



d-z . 

— r — a- ^ -c — C-i. 

d'.- 

(7'i 


G*tS ^ ^ 

T -T- C- > = 0. 

di* 

(S,. 


. . T-c 

— T -T C‘ = <l-t. 

cl’ 

!5) 

these cqua 

rions. c, a. '. and c; denote the measure; 

: of 


certain pbt'sical quantities. 

Equations f2j, (3). ■ ■ • . T ( are all e.'camples of 

— A- c~-z = -cr. (Telegraph eoaarion 5 (lOj 

C." Ol 

7. Laplace’s Equation in Two Variables. The general solution 
of the Laplace equation 


^ri-^ = 0 
dz- av- 
is of the form 

= /i(r -r iy) -f- Jz{x — iy), v ?= — 1, 


(L 


( 2 ) 
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where /i and /s are arbitrary functions. In practice this solution 
has been found to be too general, because of the diflBculty of 
determining the functions so as to satisfy given boundarj'^ 
conditions. 

A number of methods have been found useful for sohdng (1), 
but in many of them a general solution is not found, but rather 
a particular solution which may satisfy the given conditions. 

A method which has been found quite useful depends upon 
assuming the solution to be a product of functions each of which 
contains only one of the variables. Such a solution is only a 
particular solution, but the combination of a number of such 
particular solutions often results in a sufficiently general solution. 

For instance, suppose we assume 

^ = X{x) • 7(2/), (3) 


where Z is a function of x only and 7 is a function of y only. 
We wish to determine X and 7 in such a manner that ip will 
satisfy equation (1). 

Substituting (3) in (1), we find 


X 



(4) 


Now this equality cannot hold unless each fraction in (4) is 
equal to a constant, for X” fX is a function of x only and Y" lY 
is a function of y only, and such a function of x cannot equal such 
a function of y unless the functions are both constant and of the 
same value. Thus 


1 d-^X 
X dx- 


= —W-, 


1 ^=7 

7%- 




(5) 


These equations are ordinary differential equations. Their 
solutions are 


X = Cl cos wx + C2 sin wx, 
We thus conclude that 


7 = cse'^v -}- (6) 


<P = (ci cos m + C 2 sin taa;)(c3e”’*' + Cte-^y) (7) 

= cos wx-Y B sin wx) +.e-^>'(C cos wx + D sin wx), 


where Ci, C2, C3, C4, A, B, C, and D are arbitrary constants, is a 
solution of (1). 
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Since w ma}’^ be assigned any value, it follows that there are 
infinitely many solutions of the tj^re (7). In particular, the 
solutions for w = 0, 1, 2, • • • . w arc, respectively, 

= .4o + Co, 

v5i = c‘'(j4iCosx+5isinx)+c~‘'(CiCosi+-Disinx), • • • , (8) 

v>n = cos iix + Br, Em «x) + c"‘"‘'(C„ cos nx -f Or. sin nx). 

It is evident from the linearitj' of (I) that the sum of any finite 
number of solutions of (1) is a solution of (1). Thus, 

= ^^0 + v>i + • ■ ■ + V’n (9) 

is a solution of (1). AVe shall assume this to be tnie when we 
let «—>+«>. (This of course needs proof, and by no means 
necessarily follows from the assumptions made.) We thus 
assume 


ip = '^ [c’-'‘'(.-l,r cos wx + B,r sin tex) 

v *>>0 

+ COS u'x + Ot- sin trx)I (10) 

as a solution of (1). 

We must now detennine the constants in (10) so that (10) will 
satisfy the given (boundarj-) conditions of the particular problem 
at hand. To illustrate the application of such boundarj* condi- 
tions we shall consider the following example: 

The fundamental equation for the conduction of heat through 
a substance in which the quantitj' of heat created (or destroyed) 
per second per unit of volume is A has been shown to be (see 
Sec. 20, equation (20), Chap. II) 

‘ P-A. (11) 

dx- dlj- dz- dt 

where h and ft are constants.* 

If the flow is steady, that is, independent 
of time, then dtpfdl = 0. If we further 
suppose that A = 0 and the flow of heat 
is in planes parallel to the xi/-plane, <p is 
independent of z, so that d'<p/dz- = 0. Equation (11) then reduces 
to Eq. (1). 

= cp/K, where p is the density of the bodj-, c its specific heat and 

= 1 where K is conductivitv of the substance. 



n 

Fig. 199. 
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We now seek a solution of (1) for the case when the heat flows 
in a rectangular plate of breadth ir and of infinite length, the 
end being maintained at unit temperature, and the long edges 
at zero temperature. We consider the case when no heat is 
allowed to escape from either surface of the plate. 

For convenience, we locate the end of the plate on the a:-axis, 
and one of the long edges on the y-axis. The problem now con- 
sists of sohing Eq. (1) subject to the boundary conditions 


<p = 0 

whei'e 

X = 0, 

(12) 

(p — 0 

where x = nr, 

(13) 

where 

2/ = 0 

for 0 < X < TT, 

(14) 

^ = 0 

where 


(15) 


where the last condition arises from the nature of the physical 
problem. 

We shall attempt to make (10) a solution of our problem. 
The boundary condition (15) shows that (10) must not contain 
terms in so that = 0, Bu, = 0 for ta = 1, 2, • • • . 
From (12), we see 

ao 

0 = Cv:er^v (16) 

tr»0 

for all values of y. Hence for all values of w, P^, = 0. Solution 
(10) is now reduced to the form 

te 

<p = D,ce~^« sin wx, (17) 

tp = 0 

which satisfies conditions (12), (13) and (15). In order that 
condition (14) be satisfied, we must determine (if possible) the 
Da’s so that 


1 = sin wx, for 0 < x < tt. 


( 1 ?) 


ip = 0 


This is a Fourier series for the expansion of 1. From Chap! IV, 
Sec. 26, Example 1, we have y * 


1 - + tfjinSx + |sin5a: + • ■ ■ ^ O X x <Tr. (19) 


? 



770 


HIGHER MATHEMATICS 


[Chap. VII 


By comparison of (18) and (19), we see that 
4 

= — for w odd, = 0 for w even, 

ter 

We have now shown (subject to questions of convergence, etc.) 
that 

(p = sin X + sin 3i -{- sin + • • • ^ (20) 

is a solution of (1) which satisfies boundary' conditions (12), 
• • • , (15). (This does not, however, show tliat the solution 
is unique.) 

8. Laplace’s Equation in Three Variables. We consider the 
equation 

dx= ' ay- ■ dz- ^ 

This equation becomes, when {x, y, z) are replaced bj' cjdindrical 
coordinates, x = r cos 0, y = r sin 0, 

We shall attempt to find a particular .solution of (2) bj' a.ssuming 

= Rez, (3) 

where 2? is a function of r only, 0 is a function of 6 onl}’, and Z is 
a function of z only. Substituting (3) in (2), we find 

Z dz- R dr- rR dr r-0 dd- ' ' 

Since the right-hand term in equation (4) does not change 
when z varies, it follows that (l/Z)(d-Z/dz-) does not change 
with z. Hence 

I d-Z _ , 

Z dz- ^ 

where to is a constant. A solution of (5) is 

Z = Cie-‘‘ -f c;c-^'. (6) 

From (4) and (5) we find 

r'-d-R , r dR , „ „ 1 d=0 

RW-+R-d? + ^-^'^ -qW 
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from which we conclude that both the right and left-hand mem- 
bers of (7) are constant. Let this constant be k". Then 


d^e ^ 
de^ ~ 


-k-Q, 


( 8 ) 


so that 

0 = Ca cos kd -b Ca sin kO. (9) 


From (7) and (8), we conclude that 

Substituting wr — x in (10), we find (10) reduces to a Bessel 
equation 

+ x^ + (x- - k~)R = 0. (11) 

dx- dx 


If k is fractional, a solution of (11) is 

R = C,Jk(x) + CJ-,ix) = C,J,iwr) + C,J-,iwr); (12) 
if k is an integer, 

R = CJkiwi-) -b CM-wr). (13) 

The various values of R, 0, and Z found above when substituted 
in (3) give a solution ip of (2). The sum of any finite number of 
such solutions is also a solution of (2). A particular solution of 
importance occurs when la is a fixed constant and k assumes 
positive integral values. In this case, the sum of a finite number 
of terms of 


+ 50 

<P = lie'"=(Afc cos kd -b Bk sin k6) 
fc = 0 

-I- e-'^-{Ck cos ke -b Dfc sin kd)]Jk{v)z) (14) 

is a solution of (2). We shall assume that the limit of this sum 
as n — > -b is also a solution of (2). 

If Eq. (1) be written in spherical coordinates x = r cos 6 sin (j), 
y = r sin 0 sin 4>, z = r cos </>, (1) becomes 
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We shall consider the special case when c is independent of 6, 
and hence 8ir/dB = 0. Equation (15) may then be reduced to 


r-z-k + 2r- — J- . -r ctn o — = 0. 

ar- dr do- dd> 


(16) 


We seek a particular solution of (16) by setting 

y = (17) 

where R is a function of r onlj- and d’ is a function of 6 onh-. 
Following the procedure used above, we find 


,d-R 

^'dr- 


2.T 


dr 


- ir-R = 0. 


^ 4* ctn -f tf^' = 0, 

GO- GO 

where tr is anj- constant. 

Solving (IS) by the method of Sec. 19. Chap. HI. we find 


(IS) 

(19) 


R = (20) 

where 

h = -i -t- Vu-- d- h 
Equation (19) can bo written in the form 

g. d- ctn og + /:(/: -rl)-h = 0. (21) 

If in (21). we sot n = cos 6, we obtain a Legendre equation 
d^^ d^ 

(1 - ?/•-) - 2«^ -f /:(/• d- 1)4> = 0. (221 

au- au 

A particular solution of importance occurs when J: is taken as a 
positive integer, in which case a .solution of (22) is the Legendre 
pohuiomial 

$ = Pi(m) = Fi(cos p). (2.3) 

C-ombining the various solutions obtained, we find 

"T * 

P = 2 (24) 

h^O 

for a solution of (16), provided of course that the series converges. 
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EXERCISES V 

1. Solve the problem given in Sec. 7 for the case where condition (14) is 
replaced by the condition v> = sin a: when y = 0, 0 < x < -. 

2. (a) Show that Laplace's equation (1) becomes 


B-ip ^ av , 1 _ Q 

dr- r- dd- r dr ~ ' 


( 21 ) 


when X and y are replaced by polar coordinates (r, 0). 

(b) By means of the method given above and placing ip = RB, where R 
is a function of r onlj^ and 0 is a function of 6 only, show that equation (21) 
leads to 


d-R dR „ 

r — 77 4- r— tv^R = 0, 


dr- 


dr 


d^e 


= - w^B. 


( 22 ) 


(c) From (22) show that 

R = Cir" 4- C:r-“, 

0 = Cj cos tv0 4- Ci sin tc0. 

(d) Show that 

4- ® 

c = ^ [r“'(d« cos u-0 4- Etc sin w0) 4- r"“(C« cos wB 4- Da sin u>a)] 

tf «0 


is a solution of (21). 

3. Give examples from the theorj' of heat, sound, light, electricity, 
• • • , toillustratetheimportanceof theequatioDS (1) to (lO)gjveninSec. 6. 

4. Show that V = -g( i » : ) satisfies V’F = — — an equa- 

r \ c X — ly/ c- dF 

tion fundamental in light and sound. Here = x- y- s’, i- = — 1, 
and g is arbitrarj'. 

5. Write the equation of continuity for the conduction of heat. Sec. 7, 
Eq. (11), in cylindrical coordinates, in spherical coordinates. 

6. Solve the equation of continuity (11) in Sec. 7, assuming that the 
flow of heat is steady and takes place radially outward from the axis of a 
cylinder. Assume that and v’: are the temperatures of the cylindrical 
isothermals of radius a and 6, respectively. Find the quantity of heat 
crossing an isothermal per unit of length per unit of time. 


Ans. <p = 


{<p\ — Vi) log r 4- (ys log a — tpi log b) 


log a — log b 

7. (a) Solve Eq. (11), Sec. 7 in the case of steady flow of heat in the 
direction of the s-axis, with the temperature being given as ¥» = ¥>o at s = 0, 

S3 = (PI at s = d. ^ — i f . * ~ j. 
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(b) rind the qtiantity oi heat that fioT.'s across an area S of any isothermal 

Kicb — eilS; 


in time i. 


Anf. Q = ~J I* ^ — 


(c) Find the quantity of heat contained in the slab bounded by the planes 
~ = 0 and X = d. .In'. IfcpS'xdx = Icp.?d(c-: -F <rj). 

S. (a) Solve Eq. (IF. Sec. 7 in the case of steady fiqvr of heat Sowing 
out from a point, assuming the temperature «r = for c = a, and c = ec 
for r = 0 . for all time, (b > a). 

ob 1 . cab — ctO 
^ tc« ■ Qy — a) 

(b) Find the qa.antity of heat that Sows across .any isothermai in time f. 

AT.f. — oii- - 

0 — C) 

(c) Find the quantity of heat contained Ivctweon the isothcrtnals r = c 
and r ~ b, 

, . J c5'cd-C ‘ , /c* -F c*. -r- i'A 1 

.In... 4r,c) ~ c ^ - c.. ^ J 

9. Consider a thin plate bounded by the lines 

= =0. r = h v=0. !/=-.=. 


Suppose that the tempemture on the edge y = 0 is given by /(r >. where/ is 
independent of the time; and suppose that on the other e-dgos of the phatc. 
it is always 0. Suppose that the beat cannot escape from either rarzsce 
of the plate, and that the e.doc; of initial conditions has vanished, so that the 
temperature ea'crywhere is independent of the time. land an eapruss'.on 
for tlie temperature at any point (x, y *o; the plate. 

10. Consider a rectangular plate bounded by 

r = 0. r = h y = 0. y = h 


under steady-state conditions and suppo-e that the ixiundary conditions 
are as indicated below: 


.r = 0 for r = 0. 

s.- = 0 for y = 0. 



tor 

for 


= f, 

= h. 


Find the temperature at any point r. y. in the plate. [Btstr: Trv 




nh^sin ^ 


2I£.l 


1 1. Consider the rectangular plate in Eci. 10. but subject to the boundar 
conditions: 


e =0 


<r = i (r) 




tor 

for 


= h 

= A. 


Find the steady-state solution for the temperature at any point in this plate. 
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12. Given a thin bar of length I, of uniform cross section whose surface is 
impervious to heat and from which no radiation occurs. Let one end of the 
bar be taken as the origin and let distances along the bar be denoted by x. 
Suppose that the temperature satisfies the following conditions: (a) 
p = 0 for a; = 0 and a: = Z for all values of time <; (b) <f> = f{x) for t = 0, 


to at t = to . 


( 


Hint: <p — gjn 


n-irx 

~r 


) 


13. Solve Ex. 12 when the initial temperature is given by (p = 


cx{l — x) 
F 


14. Solve Ex. 12 if the ends of the bar are impervious to heat. The 
boundary conditions are: (a) d<p/dx = 0 for a: = 0 and a: = 1 for all values 
of t; (b) <p — f{x) for t = 0, ¥> 5 ^ « for t = (Hint: 








riTX \ 

TV 


15. Solve Ex. 12 for the case when the ends are maintained at different 
temperatures. Suppose: (a) For all values o{ i, — tpi for a; = 0 and 
(? = ¥>2 for a; = 1; (b) <p = j{x) for t = 0, ¥> « at t = «. 

(^j — v?i) 


where 


dns. tp — 


‘■-frh- 


^ + VJl + gJjj 

(<f>i — Vl) 

I ® 


mrx , 
sin — dx. 


16. A rod of length I radiates heat according to the law 


Sl dx^ 


Both ends of the rod are maintained at temperature zero, and the initial 
temperature distribution is given. Find <p. Here (a) (? = 0 when x = 0 
and X = 1; (b) <p = f(x) at t = 0, <p w at t = «. (Hint: Let tp — c~*‘u.) 

Am. ip = gjpj 

17. Find an expression for the steady-state temperature over a semi- 
circular plate of radius o if the circumference of the plate is maintained at 
50°C. and the boundary diameter is kept at 0°C. (Hint: Use Laplace’s 
equation in polar coordinates.) 

18. By means of the transformation 

by! dx = p, dy/dt = g, xi -px + ^ 
show that the equation of propagation of plane waves of sound, 
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( eA'"'5'*v . chi 

w 

can be •nrritlen p'*’ 6--J -dp^ = c- c-a/cj*. 

IP. SboTT tbat 77- — c log g.y — h lc>g f] = 0 is a solutien of 


ICh-U'. Ml 




■sTbeTf c and h are ronstants. and rebere F and c are arbiinary fur.nions of 
r- y. and r. Is p(r, j,-. :) = 0 a solnlion? 

20. Sbotr that p =/i(n — c.') is a snlafion o-f tie trave 

equation c'p = <r c-p/ore. Sbore tbat irben plotted. and/;(r — ot) 
are cxactlv tbo same shape, but taben as a trbcie/i;r — ft) is displaced bv 
a distance ft to the ricbt of This shores that j;;> — ri) is an irregular 
reave traveling to the right retth tinifortn vclocitv c. State a sitnilsr result 
redth regard to fi'z 4- ft', a reave rehich travels to the loft, 

Or/ A . .re,,, 

21. (a) Shore th.tt v = cos i Iren solnlien o: — ^ = .re — a. 

r\ cj A't 

(b) Bv plotting this solution for sucecssive values of the time i shore that 
y represents an infinite train of pregressivc hartnonie is-aves. The rears 
lcr.{i!h is given h v X = cr, rehore r is the psrtei (the tinte tahen for a eontplcte 
reave to pass a fixed point') and rehcre c is the re’oeitv of the reave, 

22. A string of length 2 and censitv p is under tension T. Its initial 
velooitv and position are given. Find its position at anv time. (See Cnap. 
Mil, Sec. 7. Example S.; In other reerds, solve ere = c* c-p 

c' = T ip. reith p = 0 at g = 0 and at g = 2; v = f (‘y ot = e gl at 
t = 0. 


•j = 2'. 


arft , 'srt . artr . 

e.< — r- > str. str 


— r- ^o.stn — sn ^ 

T-l 


rehcre 


2 f" tivg , 2 C' nrg 

2 >. = 7 I /(g} sin — <ig and 6' = — | cS(g) sin dg, 

2 Jo 2 nrejo 2 

23. Solve Ex. 22 tor the ease reben d.ampinp is haien into account and 
Shj^d!‘ = c- phi .'Be' - 22rcp/3f. 


ttvr 

-dr-s. p = sin — 7 - cos 

• 2 


/nhr'c= ~ . 2 f' . , . nrg , 

U = “ f L • 

, 2 r*^ Srg 

h.! = ^ I <s(gl sin -7- dn. 

If Jo 2 


■ sm if. 


rehere 
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24. (a) Solve Ex. 22 for the case when 3y/dl = 0. Find an expression 
for the kinetic energy. (Hint: K.E. = 5 /’o p2/“ dx.) 

A«,. 

(b) Show that the potential energy of the string is given by 


pc- 

2 




nirCl 


25. Show that for a string of unlimited length with 
y = <p(x) and y = at t =0, 


1 . 


V = — cO + + ct)] + 


J nx+el 

^ojx — ct 




26. Solve Ex. 25 when <p{x) = 0 and tp(x) — 5x. 

27. Show that for a semiinfinitc string, stretching from (0, 0) to ( + “, 0), 
with 7/ = 0 at a: = 0 for all values of t, y — f{ct — x) — fid + x). 

28. (a) Solve d’y/dl- — c- d-y/dx-, by assuming a solution of the form 
y =/(<)■ X(x) as in Secs. 7 and 8. 

(b) Express your solution in the form 


"^1 /„ nvd 
y = C„cos — 


^ . mrct\ 

+ Dn sm — p 1 


sin 


nvx 


(c) Show that if the string starts from rest, all the D„ vanish. 

(d) Show that if the string starts from the equilibrium position with given 
velocities, every Cn vanishes. 

(e) Show that the sum of the potential and kinetic energies is 


(?) 


n»l 


where P = pc^ is the tension. 

(f) Show that the fundamental pitch has frequency c/2? = (l/2?)\/P/p. 

(g) From (f), deduce methods for varjdng the fundamental pitch of a 
string. 

29. Harp Siring. A harp string is set into motion by plucking. Suppose 
its initial position is given by 


HI - x) , 

— -I for o g a: g ?. 

(? - a) 


y =ib/a)x for 0 g a: g a; 


y = 
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(a) Assuming the string is at rest at this initial position, find the position 
of the string at any later instant. Use Ex. 28 (b). 


-■ins. y = 


2bl- 


x=a(l - a) 


2 1 . 

— Sll 
n' 


nro . nn n-zcl . , 

sin — r- sm — 7 - cos ■ > rvherc 0 g a- £ t, 0 g t. 


I 


I 


1 


(b) Show that the harmonic of order n is absent when the string is 
plucked at one of its nodes (if sin n-a/l = 0). 

(c) Prove that all even harmonies disappear when the string is plucked 
at its mid-point. 

(d) Show that the motion of the string is the resultant of two equal waves, 
mo\'ing with velocity c in opposite directions. [Hist: In the answer to (a) 

nrrx riTCl . nv ^ . nv ^ j 

set 2 sm -y- cos -y- = sin — {x — ct) + sin y + ci)- J 

ee 

30. Show that tr = sin ^ ^ sin -f a) is a 

m.n » 1 

5-tr ( 

solution of = c*l i ). Show that ir = 0 wlien x = 0, t/ *= 0, 

ai* \dx- dtf-J f ^ f 

m and n arc positive into 


X = a, and y = b, where m and n are positive integers satisfying 


Here tr is one solution of the equation for a vibrating membrane of fixed 
rectangular boundary. 

31. The equation for a librating membrane with a fixed boundarj" is 

ac 


ir J a-w , 1 3tr\ 
J ~ r ar) 


(a) Show that ir = AJefnr) cos (net -h a) is a solution of this equation. 

(b) Solve the equation for a xibrating membrane, assuming a solution 
of the form tr = T(l^ ■ R(r). 

(c) Show that tr = cos \i at + hi sin Xi at)J cfXjr) is also a solution. 

where Xo, Xi, • • • are the positive roots of Jr(x). 

32. In Ex. 30, suppose the vibrating membrane is started with the shape 
a = S(x, y). Show that 

■i f" , . mnr . ntn/ 

An.n = — I I f(x, y) Ein sm — dy dr. 

abjo Jo a b 


33. Show that S(a„ cos n<t> -h b, sin na>)JjT) is a solution of 
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34. Show that 0)la„,„ cos m4> + h„,„ sin w</>] satisfies 

{d-V/dz-} + (d-V/dtf) + (dW/dz") + y = 0, where P” is given in Chap. 
Ill, Sec. 32, Eq. (23). 

35. Show that Laplace’s equation in polar coordinates has a solution of 
the form 


F = ^ + Bnr-^’'+^'‘)(a„ cos mO + b„ sin mO)Pn{cos <!>)■ 

n =0 tn =*0 


36. A thin bar of uniform section is bent into a circular ring of radius a 
One normal section N of the ring is maintained at constant temperature 
Heat radiates from the ring. Show that the temperature is given by 


(ft, cosh X(x"— to) 

— , 

cosh \va 



ivhere a is the cross-sectional area, k is the conducti\’ity, e is its emissivitj^ 
p the perimeter, x represents arc length from the section N', and tpo is the 
temperature at N. (Hint; d-tf/dx- = tp = po for a; = 0, dp/dx = 0 
for X — ±-^ 0 .) 

37. A steam pipe 20 cm. in diameter is insulated by a layer of asbestos 
of conductivity 0.0008 and 3 cm. thick. If the outer surface is at 20°C. 
and the inner surface is at 250®C., find the heat loss in calories per day for 
1 m. of pipe. 

9. Harmonic Functions. Let ^(a;, y) be a function which 
over a region (R is continuous and has continuous derivatives of 
the first and second orders, except perhaps at certain definite 
points called singxdar ■points. If 


dx2 d7/’= ~ 


( 1 ) 


then # is called a plane harmonic function. A function V(x, y, z), 
which over a region 5) of space is continuous and has continuous 
derivatives of the first and second orders (except at perhaps 
certain definite points, called singular pointe), and which satisfies 


da;= dy- dz^ 


( 2 ) 


is called a space harmonic function. 

Harmonic functions have been studied in various places in this 
book. We shall now state a few of the theorems concerning such 
functions. 
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The above theorems are of great importance in mathematical 
phj’sics. Thus, the problem of finding the potential distribution 
in a body in which a steady flow of electricity exists is the problem 
of sohnng Laplace’s equation; the problem of finding the distribu- 
tion of temperature in a body supporting a steady flow of heat 
involves the solving of Laplace’s equation. Many other examples 
of this tjqre have been mentioned throughout the text. A 
particularly notable case occurs in the study of irrotational 
motion of incompressible fluids. 

As examples of the ph 3 'sical interpretation of the theorems 
given above, Corollarj- 9.23 applied to the stcadj* flow of heat 
states that the temperature witliin a closed region is full}' deter- 
mined by the temperatures on the boundaiy; Corollarj' 9.31 
states that except for an additive constant the temperature 
distribution inside a region is determined by the rate of flow 
of heat across the boundar}'. 

Potential Integrals. Let p(r, y, z) be a function defined over a 
region 30 of space. By the potential of p at ({, y, f) is meant the 
integral 


f) 


= J/X 


p(r, y, z) dx dy dz 


D \/(a- - iY- 
pdV 


iy - v)- -f (2 - 


It is possible to prove 

Theorem 9.4. The potential integral 4> satisfies Laplace’s or 
Poisson’s equation, 


3^ 3^ 3^ 

^ 3^ ' ^ ® 


or 


3 ^‘ ^ 3 ^ 3 ^ 


= -4tp, 


according as the point (|, y. j") lies outside or inside the body of 
density p(r, y, z). 

An extended treatment of the potential integral and its 
application to electricity, magnetism, and other fields of ph}'sic 3 
will not be undertaken here. (See O. D. Kellogg, “Foundations 
of Potential Theon,'.”) 

EXERCISES VI 

1. Complete the proof of Theorem 9.1. 

2. Complete the proof of Theorem 9.2. 
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3. Complete the proof of Corollarj’' 9.21. 

4. Prove Corollary 9.22 for the space case. 

5. Under what conditions are each of the follomng functions harmonic: 

(a) ax + + a: + d. 

(b) ax- + 2hxij + cy-. 

(c) The sum (or difference) of two harmonic functions. 

(d) The product of two harmonic functions. 

(e) sin X cosh y. 

(f) /(ax + fcy + cr). Ans. If + b- + c- = 0. 

(g) (z + tx cos a + iy sin a)". 

6. A space harmonic function Vn which is homogeneous of degree 7i is 
called a solid spherical harmonic of degree n. Show that the following are 
harmonics of degrees —1, 0, 1, 2, n, respectively; r“*, 1, ax + by + cz, 
X- — y- yz, (r + fx)". 

7. A function Un related to Vn in Ex. 6 by Un = P„r“" is called a surface 
spherical harmonic of degree n. 

Show that a necessary and sufficient condition that a function Un{6, <i>), 
in pol&T coordinates, should be a surface spherical harmonic of degree n is 

that Un satisfy n(n + l)Un d — : ( sin B ■ ^ ^ ■ " = 0. 

sin 0 OB \ BB ) sin= B B<f>’ 

8. Show that if Un is a solid spherical harmonic of degree n, then r~-''~^Vn 
is a solid spherical harmonic of degree (— — 1). 

9. Show that r^Un is a solid spherical harmonic if in — 0, or if 
m = — 2n — 1. 

10. Prove that the T^egendre coefficient Pn(cos B) is a surface spherical 
harmonic of degree n. 

11. Show that [cos 0 + f sin B cos (^ — a)]'* is a surface harmonic of 
degree n. 

12. Show that U = fix -f i<P) +P(x ~ i<t>) is a surface spherical har- 
monic of degree zero, where / and F are arbitrary functions and 
X = log tan ie. 

13. Prove Theorem 9.4. (See Kellogg, “Potential Theorj’.”) 
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PART A. CALCULUS OF VARIATIONS 

1. Introduction. It is well known that many physical phe- 
nomena are governed bj- laws which state, in effect, that the 
phenomena occur in such a manner that some physical or 
geometrical quantity has a maximum or minimum value. For 
example: 

(a) VTien a ray of light travels through a substance, the 
velocity of the ray at any point P depends on the index of 
refraction of the substance at P. If the index of refraction 
varies from point to point in the substance, but is the same in all 
directions at any one point, then the raj' follows that particular 
path from point .-1 to point B for which the time required to go 
from .4 to R is a minimum. 

(Ij) If a soap-bubble film is stretched over a 
twisted loop of wire, the film as.sumcs Such a 
shape that it forms a surface of minimum area. 

(c) The distribution of electron charges within an atom in its 
lowest “state” of excitation is such that the internal energy of 
the atom is a minimum. 

(d) If a metallic object A and a needle B arc charged elec- 
tricallj' until a spark jumps between them, the path of the spark 
is such that the “resistance” along it is a minimum. This path 
may not be along the line of shortest distance from B to .4, 
for the conductivity of air is greater in the neighborhood of sharp 
points or corners on A. 

Again, many physical problems arise in which we must design 
something so as to make some physical quantitj' a minimum. 
Thus: 

(e) The longitudinal section of a dirigible or bullet must be 
determined so that the air resistance to it in flight is a minimum. 

Certain purelj’- geometric problems are of interest; in 
particular. 



Fio. 200. 


784 



783 


Sec. 2] CALCULUS OF VARIATIONS. DYNAMICS 

(f) Determine the shortest curve lying on a given warped 
surface S and passing through two given points A and B on S. 

In all the above examples the quantity to be minimized may 
be represented by a line or surface integral, and the minimization 
is to be effected by proper choice of the curve or surface along 
which the integral is evaluated. Thus, in (a) the time t required 

fig 

by the ray to go along the path C from A to B is i = I c ? 

Ja y, z) 

where v is the velocity of the ray at {x, y, z) (as determined by 
the index of refraction) and where ,s denotes arc length along C ; 
the actual path followed by the ray is the one along which this, 
integral takes on its minimum value. Again, in (b) the surface 
area is J/r "v/l + {Zx}' + (zy)' dxdy, and this integral is to be 
minimized by proper choice of the surface z — f(x, y), 2 of course 
being subject to the condition that it represent a surface bounded 
bs”- the given twisted loop. These, and many other physical and 
geometrical, questions lead us to the following fundamental 
■problem of the calculus of variations: 

Given a line or surface integral J. To determine the curve C or 
surface S {subject to given initial or boundary conditions) along 
which J nnist be taken so that the value of J is a maximtm or 
minimum. 

2. Euler’s Equation. We shall first consider the problem of 
determining y as such a function f{x) that 

y = yo at x = a, y = y^ at x = b, (1) 
and such that, of all* functions y meeting (1), 

J = £B{x,y,p)dx ' (2) 

is minimized by y = f{x), where p = y' = dy/dx. [We need 
consider only the case of a minimum, for (2) is maximized by 
minimizing -F{x, y, p) dx.] In geometric language, we are 
to determine the curve y = f{x) joining the given points (a, 7/0) 
and {b, yi) along which the line integral (2) is a minimum. 

* For simplicity, we shall not itemize ob\dous technical conditions, such 
as that y must be differentiable and that y must be such that the point 
{x, y, z) remains in the domain of definition of F; nor shall we try to list the 
less obvious conditions, for the analysis of these conditions is a long and 
highly technical problem. 
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It must be carefully observed in (2) that y is not a parameter 
in the waj' that a is a parameter in the integral / = J1 F(x, a) dx 
(see Part E of Chap. II). Since I has a definite value for each 
value of a, it maj' be po.ssible to compute dl/da, and to minimize 
I by setting dl/da = 0. On the other hand, if i\-e write y = /(x) 
in J, we see that the value of J depends upon the form of the 

function y = /(x) as a whole. Since 
the form of y may varj- in an arbitrarj- 
manner, and since the value of J may 
vaiy' much or little, depending on the 
exact way the form of y changes, J ma 3 ' 
not have a derirative nith respect to y, 
in which case we cannot minimize J bj' 
setting dJ/dy = 0. 

We shall avoid this difficultj' bj' representing y in a specific 
waj' as a variable function of x, so that we maj* minimize J bj' 
the method indicated above for I. To construct this representa- 
tion of y. let us suppose that the integral (2) is minimized by the 
particular function 

y = .m, (3) 

where j/o = /(a), rji = fib), and where we consider the value of J 
onl}’ for functions y ivhich meet condition (1). Moreover, let 
riix) be an arbitrary function such that 

v(o) = v(b) - 0, (4) 

and let a be a real parameter. Then 

y = /(x) -f a • v(x) (5) 

represents a variable function of x such that, for each value of cr, 
the graph of (5) goes through the point (a, go) and (b, j/O (see 
Fig. 201). We speak of the function (5) as a variation of the 
function (3). If we substitute (5) in (2), the value of the result- 
ing integral is a function of a, i.e. 

J (“) = F[x, fix) -f a • vix), fix) + a ■ : 7 '(x)l dx. (6) 

By the definition of fix) in (3), J(a) has a minimum at a = 0. 
Hence 


dJia) 

da 


= 0 , ^^^1 ^ 0 . ( 7 ) 

.<T=o da- J„„o 
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^ = r 

»: Jo 

=/: 


da 


dx 


f{x) + a ■ fix) + a ■ 17 ' (a;)] 

+v'FA(x, m + « • vQc), fix) + a • 7,'(x)]} dx, (8) 


where 

% J 

dJ (a) 


and F, 


x,v 


_ ^ 

~ ^v\x,v 


By (7) and (8), 


da 


a = 0 


= Wvix, y, p) + v'Fpix, y, p)] dx = 0, (9) 


where y = fx) of (3). Integrating the last term of (9) by parts, 
we have : 



y, p) dx = [■qix)Fpix, y, p)]J 



JFpix, y, p) 

^ di 


J dx. 

( 10 ) 


By (4), the first term of the right member of (10) is zero, so that 
(9) becomes 




dx = 0. 


( 11 ) 


Since ij(x) is arbitrary in (11) (except for condition (4)), it follows 
that 


Fyi^, y, p) 


dFpjx, y, p) _ 
dx ' 


( 12 ) 


where y is the function /(x) in (3). To show this, suppose there 
were a point x = cin the interval a ^ x ^ b at which 

Fp — idFp/dx) > 0. 

In view of the continuity of Fy and idFp/dx), Fy — idFp/dx) > 0 
over some interval S about x = c; vix) being arbitrary, we may 
take Tjix) as a function which is positive in 5 and zero elsewhere. 
It is apparent that 
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in contradiction ^nth (11). Hence the point x = c does not 
exist. It may be sho\\-n in the same way that — (dFp/dx) 
is never negative. 

Equation (12) is knorni as Euler's equation, and a solution 
of (12) is called an extremal of (2). Equation (12) may be 
expanded into the form 

Since (13) is of the second order, its solution involves two 
arbitrarj' constants. These constants are just sufficient to 
determine a particular solution satisfjdng (1); in other words. 
there is {in general) exactly one solution of Euler’s equation meeting 
condition (1), and it is this solution which gircs us f{x) in (3). 

So far all we have proved Ls this: If there exists a function 
y = f{x) which minimizes (2), then this function is the solution 
of (13) meeting condition (1). We have reached no conclusion 
in regard to the case where the integral (2) is such that there 
exists no function (3) which minimizes it. Since we do not yet 
know how to tell whether or not a given integral (2) has a 
minimizing function (3), we do not yet know if the solution of 
(13) meeting (1) actuallj' minimizes (2). Now to show that tlus 
solution docs minimize (2) it might be thought sufficient to show 

that > 0 for everj' function n{x) in (6). Unfortu- 

W J 0 ; as 0 

d'J 1 

nately. this is not the case, for pro\ing that 1 > 0 for everj’ 

function rj in (6) would show at best merelj’ that f{x) minimizes 
(2) with respect to variations of the particular tj’pe ( 0 ); since 
it is possible to construct variations of (3) in infinitelj- inanj- other 
waj’s, we would not know that f{x) minimizes (2) with respect 
to everj’ possible kind of variation. To obtain a condition 
which insures that /(x) minimizes (2) is a long and difficult 
problem.* In what follows we must relj’ on geometric or 
phj’sical evidence to decide whether or not /(x) minimizes (2). 

It often happens in the applications of this subject that we 
desire, not a function which minimizes (2), but merelj’ a function 

which makes = 0. Such a function is said to make 

da J„=o 

* B 01 .ZA, “Calculus of Variations.” 
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the integral (2) stationary and is readily obtained as the proper 
solution of (13). 

In many books on mathematics and physics a notation is 
used somewhat different from the one which we have introduced. 
The function a ' ri(z) in (5) is denoted by 5y and a • r]'{x) by 87 /. 
Consequent^, 


a ■ ri(x) ^ 8y, a- ri'(x) s dy', 



SidTj) = d{8y), 



(Fydy + Fy-dij') dx. 


The use of this notation is dropping out since the representation 
of variations by differentials is unsuited to the more exacting 
methods of modern analysis. 


EXERCISES I 

1, Show that the Euler equations for / = /„ F{x, y, z, y', z') dx are 







= 0 . 


(14) 


[Hint: Vary y = /(a) by the function a • 17(1) and vary z = g{x) by the 
function a • ?(x).] Generalize this result. 

2. Show that the Euler equation for / = fS F(.x, y, y', y") dx is 


F, 




= 0 . 


(15) 


[Hint: In addition to (4) require that 77'(a) = - 0.] Generalize tliis 

result. (See Bolza, “Calculus of Variations.”) 

3. If the integrand F in (2) does not contain x explicitly, show that a 
first integral of Euler’s equation (12) is 


F - y'Fp = C. 

[Hint: If F does not contain x explicitly, then 

4. Show that the Euler equation for J = ffiK F(x, y, u, p, q) dx dy i; 

-—A =0, 

dx/v dyjx 


(16) 


(17) 


where p = du/dx, q = du/dy. 
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Hint: Vary u(i, y) by the function a ■ i;(x, y) under the condition that 
v(x, y) = 0 along the boundary of K. Since 




it follows by Green’s theorem that 



■tiz Ep Sx dy 


X 


vFpdy 



dxdy, 


where the line integral is zero bj’ the definition of »)(i, y). 

6. Generalize the result of Ex. 4 to 

(a) The integral J = ///k F{x, ij, z, v, Vx, Ug, u.) dV. 

(b) The integral J = //xEfi, y, u, v, t’;, tv) dA. 

(c) The integral J = //x E(x, y, u, Itxf Wjf* ^vv) dA. 

6. Show that Euler’s equation for the integral 


. . r 

Jt, v(x,y) Ja 


v/r 


+ y' 


v{.x, y) 


dx 


is 


; - vxy' + «» = 0 , 

1 +y' 

and integrate it when i'(i, y) = fcx (see Sec. 1). 

7. Show that Euler’s equation for the integral 

5 = yVl + t/ dx 


is 


Vi + P’ - 


d yp 

Vl + p’ 


= 0 , 


where S represents the area of a surface of revolution, and integrate this 
equation. [Hint: Write d/dx = p(d/dy).] 

8. If P is a particle falling along a curved p.ath in a vertioal plane, then 
the speed of P is r = where y is the vertical distance fallen from rest. 

Hence the total time i of travel along the path is 


I 




1 + r/ 
y 


dx. 


Find the Euler equation for this integral, and solve it. showing that the 
solution represents a cycloid. (Note hint in Ex. 7.) 
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This is called the problem of the brachystochrone, i.e., the problem of 
finding the path of quickest descent from a point ^ to a point B below A, 
but not on the vertical line through A. Compare this problem with Ex. 6 
as to physical significance. 

9. Show that the Euler equation for the integral 




IS 


a-it . dhi 
az^ ^ dy’~ ' 


and for the integral 




ahi a-u aht 

-| 0. 

ax' ay- az- 


10. Show that the Euler equation for the integral 
S = J'J^ -s/ 1 -{■ zl zl ax dy 


(1 + - 2zx2j,Zxi, + (1 + zl)Zyv = 0. 

11. Find the Euler equation for the integral 

for arc length on a surface. Using this result, find the shortest curve between 
two given points on: 

(a) A sphere. (b) A cylinder of revolution. 

(c) A cone of revolution. (d) Any surface of revolution. 

(e) The helicoid x = r cos y = r sin 0. z = ke. 

12. Show that the solution of the Euler equation for the integral 

•^ = y'\y' + 1)“ dx, (18) 

which passes through the points A and B is the straight line 


joining A and B. 


y = mx + n 


(19) 
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Suppose that A aad B are such that — 1 < rr. < 0. so that / > 0 elong 
(19). Then A and B Tnsx be joined by a broken line sezment C ruch that 
each part of C has s'.ope m = 0 or —1; moreorer, C nay be constructed 
so that the na'droum distance from C to the line 
(19; is arbitrarily smalL It is seen that the 
value of J elong C is 0. Hence the line (19) 
docs no! mininaire T. 

The broken line C is called a cuc/yrdir.uoitr 
solution for J sin<'e ;/ along C is discontinuous. 
A coTjinuov-t solution is one along vhich y' is 
continuous at every point. Sho~ that, by 
properly rounding the comer= of C. a path C may 
be obtained along v.-hich y' is continuous and .'uch that J has a value 
as close to zero as vre please. Shotr that there exists no continuous solution 
vrhich gives J its minimum value 0. Denne the specific class of paths from 
A to B viffa respect to tvhich J is Trinimized fay the line (19). 

3. Conditions of Constraint. It Eometimes happens that an 
integral J = Jl F(x, y, p) dx ha.? no minimum when y = /(x) is 
restricted merely by the condition that y = yc v.'hen x = a and 
y = t/i when X = 6. For e.xample. Jl y dx has no minimum, and 
the Euler equation for this integral ha.s no solution. In such a 
case, we are at liberty to impo=e an extra condition, or comirainl. 
OTi y = f(x). This condition mat' assume many form.«, but wc 
shall con.dder only the one in which y = /(x) is required to make 
a second integral 

K = G(x, y, p) dx (1) 

have a .‘■■pecified con.'tant value Kc. 

To obtain the Euler equation for J under the condition that 
K = Ke. suppose 

y = fix) (2) 

minimizes J, where yr = f{a), vi — f{b), and K = Kc for this 
function. Let rjfx) and |(x) be arbitrarv- functions such that 



v{a) = yib) = t{a) = $(&) = 0. (.3) 

and let a and be real parameters. Construct the variation 

y = fiF) -r a • n(a-) -f ^ ' {(x). (4) 

By the condition K = Kc, we must have 


6{a, 0) = Gix, f 


0 X 1 -f Bi, f’0- cal' 0- 80) dx-Kc = 0. (5) 
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By Sec. 20 of Chap. I, (5) determines ;8 as a single- valued function 
of a in the neighborhood of a = 0, /3 = 0 if [cf. (11) of Sec. 2] 


f) + ^'G,(x,f,f)]dx 




( 6 ) 


Unless Gy — (dGp/dx) = Of $ may be determined so that (6) 
is met. Assuming (6) to hold, vc have 

^1 = f[(^ + i3m. + (V + raFJda: (7) 

da Ja = 0 Ja 

= (vFy -b v'Fp) £ (^Fy -f fTp) dx = 0, 


where 


dec 


P^(0. 0) £ (tu, + rCp) dx 

Hence (7) may be vuitten in the form 

£ (nF.y + v'Fp) dx + p£ (vGy + v'Gp) dx = 0, 


( 8 ) 


where 


X' (^Fy + i'Fp) dx 


£ (?c, + rC,) dx 

Since p is a constant, we may write (8) in the form 
X V + ’’{'(Fp -}- pGp)] dx = 0, 

from which we obtain the Euler equation 

{Fy + pGy) — -^{F p -r pGp) = 0, (9) 

where p maj' be regarded a.-? a parameter, since its value depends 
upon the choice of f. 

EXERCISES n 

1. Show that Jo y dx is maximized by a circle when the total arc length 
of the cun'e y = f(x) from x = a to x=bis to have a given value 




+ y’' dx. 



794 HIGHER MATHEMATICS (Chap. VIII 


2. Generalize Ex. I, 4, in the manner suggested by the discussion in Sec. 3 
shoudng that the Euler equation is 

(F. + pC») - ~iF^ -f pG,) - f (F, + pG,) = 0. 
dx dy 

3. Let A and B be two given points (lo, jfo) and (xi, j/i), with yi> > 0, 
j/i > 0. Find the cun.-e C of length I joining A and B such that 

(a) C generates a surface of revolution of ^minimum area through A and B 
when revolved about the i-axis. 

(b) C bounds with the lines >/ = 0, i = xo, x = xi. a region of maximum 
area. 

4. Variable End Points. Lot u.s now minimize 

J = F(x, y, p) dx, (1) 

where y = f{x) is subject to the condition 

y = yo at x = a, t/ = j/i at x = x,, (2) 

and where the point (xj, t/i) is free to 
move along the cuiwe 

y = d>W. (3) 

Suppose (1 ) is minimized hyy =f (x) , 
and that this curve meets the curvf 
(3) at X = b. It is evident that 
y = fix) must satisf}' Euler’s equation 
(12) of Sec. 2, for if z/ = /(x) minimizes (1) under the conditions 
(2), then aforliori, y = f{x) minimizes (1) when the curve (3) is 
replaced bj' the fixed point (6. <^(6)). To determine further the 
nature oi y ~ fix), let us construct the variation 



y = fir) + a ■ vix), (4) 

where 

7)(a) = 0. yib) 7^ 0. (5) 

Then 


J(a) = Fix. fix) -f a • ,(x). fix) + a • ,'(x)) dx, (6) 


where the upper limit xi is a function of a, so that dJia)/da 
involves the factor dxi/da. To avoid this factor, let us change 
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the independent parameter in (6) from a to h as follows: Let 
xi = b + h. Then (2), (3), (4), . 

f{h 4-/0+ a • r}(b + h) = <#>(5 + b). (7) 

Since 17(6) 5=^ 0, v(b + h) 9 ^ 0 for sufficient!}^ small h. By (7), 
o: is determined as a function of h: 


a 


a(h) = 


4»(5 + h) - fib + h) 

v{b + h) 


(S) 


Since xi = b when a = 0, h = 0 when a = 0, i.e., a(0) — 0, 
and by (8) 

m - f(b) = 0. (9) 


Hence 


«'( 0 ) 


<l>(b + h) -f(b + h) - m) - fib)] 
17(5 + h) • h 

<b'(b) -fib) 
nib) 


It follows by (6) and Sec. 33 of Chap. II that 


( 10 ) 


dJjh) 

dh 


= r wio)r,Fy + a'(o)77'n] dx + F[b, fib), rm, 

_h=0 Ja 


= a'i0)r]Fp 


+ 




dx 


+ F[b,fib),r{b)] = o. ( 11 ) 


Since y = fix) satisfies Euler’s equation, the last integral van- 
ishes. By (10), (11) reduces to 


Wib) - fib)] Fp[b, fib), fib)] -f F[b, fib), fib)] = 0. (12) 

Equation (12) is referred to as a transversality condition. It 
serves to determine a particular solution of Euler’s equation in 
the following wa}’-: One of the two constants of integration in the 
general solution of Euler’s equation is determined by the condi- 
tion that /(a) = j/o; the other constant is determined by the 
condition that the equations 


«^>(^) - fix) = 0, i^' - f)Fp + F = 0 


have a common solution a: = 6, so that (9) and (12) hold. 
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It is evident that a condition similar to (12) may be obtained 
for the case where the left end point is variable, and that both 
of these conditions hold when both end points are variable. 

A physical interpretation of this discussion is given by (d) in 
Sec. 1. 

EXERCISES in 

1. Show tliat if the right end point of Ex. 1, 7 is free to move along (3) 
of Sec. 4, then the minimizing solution of Ex. I, 7, is normal to (3). 

2. Extend the disou-ssion of Sec. 3 to the case of a variable end point, 
shoning that the trans\’crsality condition is obtained from (12) by replacing 
F by (F + pG) in (12). 

3. Let Cl and Cj be two nonintersecting curves in the ly-plane or in space. 
Show that the curve C of shortest length from Ci to C- is a straight line 
normal to C, and C-. 

PART B. ANALYTICAL DYNAMICS* 

6. Laws of Classical Mechanics. We shall consider a system 
S of 71 point particles of masses nii, 7?!», ■ • • , m„ with position 
vectors Ti, Ti, • • • , r„, respectively. Suppose 
that the particles of this system are acted on bj' 
impressed forces Pi, Ft, • • • , F^, respectively 
(the superscript i denotes “impressed”), and 
suppose that the particles are given arbitrarj' 
(virlital) displacements Sr,, 6r», • • * , Sr„, 
respectively, subject of course to consistency with 
the constraints of the system. 

The principle of virlital displacements or virtual 
work (first given by John Bernoulli in 1717) states that the condi- 
tion for equilibrium of the system under the action of the forces is 

Pi . 5ri -f P„ • 5r3 -f • - • -j- Fi . 5r„ = 0. (1) 

D’Alembert’s Principle. This principle was first given by 
D’Alembert in his “Traitd de d 3 mamique,” published in 1743. 
It is “a general principle for finding the motions of several bodies 
which react on each other in any fashion.” We shall give Mach’s 
statement of the principle. (See Mach, “Mechanics.”) 

Let § be the system of n particles given above. If the particles 
were perfectly free to move, the forces P,, Pj., • • • , P„, would 
give them accelerations a, = Pi/rwi, • • • , a„ = P„/7?i„. How- 

* See Webster, “Dynamics of Particles”; WraxTAKER, “Analytical 
Dynamics”; Lindset and Morgen'au, "Foundations of Phj’sics.” 
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ever, owing to the constraints of the system, the actual accelera- 
tions are sucii as would be produced in free particles by the 
{effective) forces Ff, FS, • • • , F^. The vector differences 

Fi - F! = Vi, • • • , F* - F' = V„, (2) 

are thought of as the portions of the impressed forces which are 
“not effective.” This system of forces Vi, • • • , V„ must be 
such that the system S of particles must remain in equilibrium. 
(The V’s are sometimes called “lost forces.”) In other words, 

n 

the principle states tliat ^V, - 6r, = 0 where the 5r,- are subject 

j=i 

to the constraints on the system S. The effective forces Ff, 
FS, • • • , F" are considered to be mffi, m^«, ' • • » w,d"’n> 
respectively, (r,- = dtj/di, f/ = dhj/dt-, • • • .) 

D’Alembert’s principle promdes a single fundamental formula 
from which all other laws of classical mechanics may be derived. 
Lagrange in his “M^canique analytique” (1788) used this 
principle as the starting point for the developments of his very 
general and powerful methods. 

6. Hamilton’s Principle. We consider the sj’^stem S of Sec. 5 
acted upon bj'" a system of impressed forces Fi, • • • , F„. We 
shall assume that the classical laws of mechanics are valid. By 
D’Alembert’s principle and the principle of virtual displacements 
(see Sec. 6), the motion of the System S is given by 

n 

(wj,r, - F,) • 5r,- = 0. (1) 

j=i 

where 5r,- is the “virtual displacement” of the jth particle. 
Since 


^(r; • 6r,) = r,- • 6r,- -f ^5(t»?), where r,- • r,- = v?, (2) 

n n n 

• 6 r,) = • 5r,- -h ( 3 ) 

3=1 3=1 3=1 

Integrating (3) with respect to time from t = to tot = U, we have 


I “ X" S’"* ■ +‘X' 

^■=1 3=1 ° y=i 
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and 


n ~ ti 

'^m,Tr or i 

Jl(o 




n 



/-I 


(5) 


"We shall now consider the class of all motions of the sj^stem S 
in which the path of irtj begins at a given fixed point P ,• and ends 
at a given point Q,-, (j = 1, n) in other words, the class of 

motions for which the or,- arc all zero at times io and h. Then 
(5) shows that 


£ + X 

where T = is known ns the kinetic energy of the .sy.=- 

j ”1 

tem. From (1) 

n n 

X = X 

J ”1 } ”1 

If there e.xists a function l’(r„ f;, • • • , r„) of the position 
vectors of the n particles of S which has the property that 

n 

-Sr = 6r„ (8) 

; = l 

then the system § is said to be conservative. In this case (6) maj' 
be written 


5 £ (T - I') dt = 0 (9) 

If no such function V exists, the sj’stem S is said to be non- 
conservative. We have sho\s'n 

Hamilton’s Principle. If toe compare a dynamical* path 
with varied paths which have the .same termini and which arc 
described in the same time, then the time' integral (6), [or (9)], has 
a stationary value for the dynamical path. 

• A dynamical noth may bo thought of as a path actually followed by the 
luoxong system f.. 
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This principle may be taken as a fundamental postulate from 
which all the forms of classical dsmamics may be deduced. 

7, Lagrange’s Equations. We return to the consideration 
of the system S, constrained or not. Suppose that the coordi- 
nates Xj, Hi, Zj of the jth particle are functions of m independent 
real parameters q\, ?2, • • • , 9m, 

Xj — 92, ‘ ‘ , 9m), Vi UiiSh Q-! ' ’ ' , 9m)j (1) 

Zi = Z/(9l, 92, • • • , ffm), 

or in the vector notation, r,- = r,(9i, 92, ‘ ‘ , 9m). 

By Sec. 6, the kinetic energy of the system is 

n mm 

T = + yf -f if) = (2) 

r=ls=l 

where 


n 





The 9* used here are known as generalized coordinates and the 
Qk are called generalized velocities. We have shovm that the 
kinetic energy of S is a homogeneous quadratic form in the generalized 
velocities qk, the coefficients Trs being functions of only the general- 
ized coordinates qk. The t„ are such that for all assignable values 
of 9* and 9fc, T shall be 'positive. 

n 

We define 6T7, the element of work, to be STT = ■ 5r,- 

By means of (1) and (4), we find 

n m n 

i = l 3 = 1 ,1: = 1 

The term Q,- is called the generalized force for the jth particle due 

m 

to the fact that '^QjSqj represents the total work done on S by 
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the actual external forces Fj, • • ■ , Fn incident to the displace- 
ments 6ri, • • • , 5r„. 

We shall now apply Hamilton’s principle to this system S 
in order to deduce the equations of motion in terms of the 
generalized coordinates gi. 

From (6) of Sec. 6, 


£' (8T -f 5TF) dt = 0. 


( 6 ) 


Now 


8T 


, dT,.\ 


and 5q,. = ^ 5qi. (7) 


Substitute (7) in (6) and integrate by parts the second terms in 
each set of 8T. Since each 5g, = 0, s = 1, • • • , rn at t = to 
and at < = ti, the integrated part vanishes, and we have 


m 

X 


4- O l 


Sqi. 


dl = 0. 


( 8 ) 


Now if each Sqi. is arbitrary, k = I, ■ ■ ■ , m, the integral (8) 
vanishes only if the coefficient of every 5gi is equal to zero, so 
that 


I 

dt 




(fc = 1, ■ • • , to) 


( 9 ) 


If the system S is conservative, there exists a function 
■ ■ ■ I <7m), knovm as the potential energy, such that 

dV 

dV = -dW, and Qj. = {k = 1, • • • , m) (10) 

In this case, the equations (9) of motions for S may be written 


dt \dqj dqk dqC 
Equation (11) is sometimes written 


• • , to ) 


( 11 ) 
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where L = T — Vis known as the kinetic ’potential ovLagrangian 
function. 

Equations (9) are known as Lagrange’s equations of motion for 
the system S. Equations (9) are of the second order and hence 
their solution involves 2m arbitrary’- constants. The solution of 
(9) will express each qk as a function of the time and the 2m 
constants which must be fixed by”- the initial conditions of the 
particles in sy^stem S. 

If N of the coordinates qi, ' ' ‘ , q-m are essential' to fix the 
configuration of a system at a given instant, the sy’stem S is said 
to have N degrees of freedom. 

If we multiply each of the equations (9) by the corresponding 
velocity gt, and then add the results for s = 1, • • • , m, we 
obtain 



The right member of (13) is the time rate at which the applied 
forces do work on the system. Equation (13) is called the equa- 
tion of activity in generalized coordinates. 

We shall illustrate the use of Lagrange's equations. 

Example 1. A particle of mass m moves freely in a plane. Show from 
Lagrange’s equations that the equations of motion of the particle are 



where R is the component of the force F impressed on the particle along the 
radius vector, is the component of F normal to the radius vector, and 
where x — r cos <^, y = r sin ^5. 

Solulion. The square of the speed of the particle is 

V- = X'- + y- =f'-+ t'4>'. 

Hence the kinetic energy is 

T = + r=.^5). 

By (9) of Sec. 7, -we obtain (9'). 

Example 2. Suppose a particle P of mass m is moving about a feed 
point 0 in such a manner that the potential energy V of P is a function of r 
alone. It foUo-ws that P is acted on by a force which is always directed 
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toward 0, and such a force is called a central force. We shall find the equa- 
tions of motion of P. 

The Lagrangian function for P is 


L = T - V 

= im(i- -f -f 2 -) — Vfr) = im[r“ -f r'S- -f r*(sin' — ITc). 


Let 91 —r,qi-= 6,q, = Then the Lagrangian equations (12) of Sec. 7 are 

(14) 


■y(mr) — mr(()= + (sin* ^ 0, 

at dr 


dl 


(mr- 6) — mr*(sin e cos 0)4>- = 0, 


— (mr*(sin* fl)i^] = 0. 
dl 


By (16), we have 


mr* sin* D 


(15) 

(16) 

(17) 


where C is a constant. Substitution of (17) in (14) and (15) leads to two 
equations which do not involve <i> in any way. Hence the motion is in a 
plane. Let us choose the coordinntc a.\cs so that tiii-s plane is the plane 
^ = 0. Then C — 0 and (14), (15) reduce to 

d ■ dV d , ^ 

—(inr) - mr6- + — = 0, —(mr-6) «= 0. (18) 

at dr rit 


Integration of this latter equation leads to Kepler’s late of motion: 

mr-6 = const., 

i.c., radial area is swept out at a constant rate. 

Example 3. Find the differential equation for a vibrating string with 
fixed ends I units apart. 

Solution. Wo assume that the string vibrates in a fixed plane, that the 
displacement from its position of equilibrium is always small, that the direc- 
tion of the tangent at any point P varies by only a small amount. More- 
over, we neglect the component of motion parallel to the x-axis. The 
kinetic energy is then given by 



where p is the mass per unit length of the string. We assume p constant. 
If the stretching is uniform and if the potential energy is proportional to 
the square of the amount of stretching, and if <r = f’ — 1, where V is tho 
length of the string at any instant, then 
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By hypothesis, 3tj/dx is small, and V 1 + (.3y/dx)‘‘ is approximately 
1 4- i{dij/ax)-. Hence the potential energy T'' is approximately 




where p is a constant of proportionality. Thus Hamilton's integral takes 
the form 




dx dl. 


By Ex. I, 4, in which x = x, y = i, and u = y, the Euler equation is 

_P^ = 0 
2 ax^- 2 ai- ’ 


or if we n-rite c* = p/p, 


ai- ax’ 


EXERCISES IV 

1. By Hamilton’s principle find the equations of motion of a projectile 
whose trajectory lies in a vertical plane. 

Ans. d’x/di- = 0, {d^y/dC) — g — Q. 

2. By Hamilton’s principle find the equations of motion of a particle 
acted on bj' a force with components X, Y, Z parallel respectively to the 

y-t 2 -axes. 

3. (a) Bj’’ Hamilton’s principle find the equations of motion for a simple 

pendulum. Ans. (d-d/dl-) -f (g/a) sin 6=0. 

(b) Find the tension in the pendulum string. 

Ans. R = m\g cos 6 -f a{d6/dt)-]. 

4. Suppose a particle of mass m is constrained to move on a rough hori- 
zontal circle of radius a by a force R directed toward the center of the path. 
Let the initial velocitj' be vo and let the particle be resisted by the air with 
a force proportional to the square of its velocity. Suppose the resisting 
force due to the roughness of the path is Rp, where p is the coefficient of 
friction. Find the equations of motion. 


[Hint: STT = Rhr — k(r-6-)r50 — pRrSe.] 


Ans. 0 


1 

{ka/m) -{- p 


log 


1 -f 


5. (a) A particle of mass m moves freely in space, 
equations of motion are 


\m J a _ 
Show that the 


7n 


d-r 


dr- 



= R, 



d'^z 


m- 


dt- 


-z, 
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That dL/oot = pi follovrs directh- from Eqs. (12) of Sec. 7 and 
Pi — dL/dqt. The 2n parlinl dioereniial equations (5) are 
knovoi as the Hamilton canonical equations of motion. 

From (4), we find 



Jt-l 2: = 1 

SubstiUiting (5) in (6). we see that 

7/ = 0 or H = const. (7) 

If we assume that the potential energy is not an explicit func- 
tion of Oi. then Vi = ^ - ^ from which (i) 

oOi cqi dot 

gives 



i-i 


Since T is a homogeneous quadratic fonn in the g's. we ’mow by 
Euler's formula fChap. I. Ex. XIX. SS) that 

2T - 

From (S) and (9). we find 

n^2T-L = T-rV. (10) 

This shows that the Hamiltonian function is the total enervy of 
the system S. 

If L, and hence H. are explicit functions of the time it can be 
shown that Hamilton's equations (5) still bold. However, 
H — L rather than H = 0. 

Example 3- For a tree panicle of mass n, L = Jnfr'h p = rur, g = r. 
By (1). H — xA — L — ntr)* — cx H = Tnas 

equations (5) take the form 

? 

? = — 


p = 0. 
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EXERCISES V 

1. Show that Eqs. (5) still hold when L is an e.':plicit function of time. 

2. Derive Hamilton’s equations (5) by appljung Hamilton’s principle to 

n 

L = - H(pt, Qk). 

k = l 

3. Show that, for a simple harmonic oscillator of one degree of freedom, 
H = (p-/27n) + (^5-/2), where k is the stiffness of the system. Also, show 
that p = —kq,q = p/m. 

4. From the Lagrangian function for a simple pendulum, with q the angle 
e made by the pendulum with the vertical, show that p is the angular momen- 
tum ml-6, and hence that H = (p-/2ml-) — mgl cos q. Show that Hamilton’s 
equations (5) reduce in this case to the well-kno\vn forms. * 

5. From the Lagrangian function for planetarj’' motion with potential 
function F(r), verify that Pr = mr, p$ = mr-6, and that H in (1) gives the 
total energy of the mowng body. Rvpress H in terms of pr and p„, and 
show that (5) reduces to 

Pfl ^ ^ Q _ - r — - 6 

wir’ dr di dl’ ni ’ mr- 

Give the physical interpretation of the first two of these equations, noting 
that Pe/mr^ = mv-/r and that —dv/dr is the g^a^^tational force. 

6. Derive Lagrange’s and Hamilton’s equations in spherical coordinates 
(r, B, </)). Develop and interpret physically the formtilas for generalized 
forces and momenta in the directions of r, 0, and <#>. 

9. Holonomic and Nonholonomic Systems. We return to the 
argument in Sec. 7 where we assumed that the dqi are completelj' 
arbitrary in the time interval between <o and t\, the 6qk all vanish- 
ing at to and ti. It sometimes happens that these variations are 
subject to certain constraints ovnng to the fact that (1) the 
9i, • • • ) (?n are dependent, or (2) that the restrictions on the 
Sqi are expressible only between dq’s and not between the q’s.- 
In case (1), the difficulty is due to the fact that too many coor- 
dinates are used and that the number of degrees of freedom is 
less than the number of coordinates used; we accordingly decrease 
the number of coordinates and proceed with the Lagrangian 
method as before. In case (2), when the relations connecting 
the Sq’s are expressible only in terms of the dq’s, the relations are 
nonintegrable, and it is impossible to obtain the appropriate 
relations among the q’s. A system in which the nonintegrable 
case (2) appears is said to be nonholonomic. If such noninteg- 
rable relations do not exist, the system is termed holonomic. 



808 


HIGHER MATHEMATICS 


[Chap. VIII 


Considering the nonholonomic case (with n — m), suppose 
that tliere are /3 (< w) relations connecting the Sq's, of the form 

n n n 

oqu = 0, = 0, • • • , bq^ = 0, (1) 

r»i Ji-i 

when the Or/i are functions of the qi. Referring to (8) of Sec. 7, 
we can be sure only that 


n 



subject to the conditions (1). Assuming the existence of a 
potential function, Qt = — "’c may write (2) in the form 


MidfipJjdng relations (I) by Xj, Xj, • • • , rcspecfiveiy, and 
adding to (3), we have 


2 


dL _ d ( dL\ 
dqi dl\dqi ) 


+ XiOii: + • • • + Xflaj; 


oQl = p. 


( 4 ) 


(See Exs, XXVI, 20 and 27 of Chap. I). In (4) set the coefficients 
of bqi, ' • • , bqp successivclj' eqnal to zero. We obtain 


dL 

dq\ 


5L 

dq» 


f dL\ , 

) + XiOii + ■ 

’ • + Xgasi = 0, 

( _L \ 

IV / + Aiai6 + ■ 

\dqsJ 

• + Xgagg = 0. 


(5) 


Since there are only j3 restrictions upon the bq’s, the remaining 
(n — /3) of these bq’s are arbitrary. So we can write 


dL 



+ XiO 1,6+1 + • • • + Xgap.p+i = 


0 .) 


. . . 


JL 

dq„ 



+ XiOin + • • • 4- Xfia^n = 0. 


I 


( 6 ) 
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The values of Xi, • • • , and the n expressions 


dqk dt\dqk)’ 

jt = 1, • • • , n may be calculated from the equations (1), 
(5) and (6). Thus for a nonholonomic sj-stem, the Lagrangian 
equations are of the form 



dL _ 

w>.~ ^ 

r = l 


XrQrAj Ij 


, n). 


(7) 


For a detailed treatment of further topics in djmamics, such as 
contact transformations, see Whittaker, “.'Vnalytical Djmamics”; 
Webster, “Djniamics”; Kemble, “Quantum ]\Iechanics.” 

10. Theory of Small Oscillations. We shall now study the 
problem of small \*ibrations of any sj-stem S of n particles about 
a configuration of equilibrium. 

As before let the S 5 'stem S be defined by m parameters 
gi, • • • .gr.. Suppose that the potential energy F(gi, • • • , g„,) 
of the sj'stem depends only on the coordinates gi, • • * , Qm, 
and that V is developable bj' Taylor’s theorem into 


n rt m 


?; = 1 r = l ?=1 

where the suffix zero denotes the value at 


gi = g 2 == • = gr, = 0 

of the quantity to which the suflSx is attached. 

Suppose that the motions of the particles are all small enough 
that the terms in V of higher order may be neglected. Since the 
S 5 ’stem S is in equilibrium at gi = • • ■ = §,„ = 0, so that V 
is a minimum (or maximiun), {dYfdq,)o = 0 for each k. Then 
the approximate value of F - Fois 


m 171 

( 2 ) 

r=l 

a quadratic form in the g's. [Here F„ = {dW/dqr dq,)o.] 
Suppose that F = 0 when — q^ = ■ ■ ■ = = Q. Then 
1 0 = 0 . 
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where €*.. is the total impressed force acting on the kth particle . 
This is a system of linear differential equations of the second 
order, which, by means of (6), ma}’- be written in the form 

n 

P (?• = 1, • • • , "J) (8) 

9 = 1 

From here on the theory proceeds as indicated in Chap. Ill, 
Secs. 25 to 28. 



CHAPTER IX 

INTRODUCTION TO REAL VARIABLE THEORY 


1. Introduction. Throughout the earlier chapters of this 
book, frequent reference has been made to theorems demanding 
a greater degree of rigor than it seemed advisaljle to invoke at 
the time. In the present chapter •vve shall prove some of these 
theorems. At the close of the chapter vdll be found a bibliog- 
raphy vhich the student may find useful if he continues the 
studies initiated in the pre.sent work. 

2. Theory of Real Numbers. The structure of analysis rests 
upon the theory of real numbers as a foundation. Hence, any 
rigorous treatment of calculus and related subjects must start 
A\ath real number theorj'. Liebnitz and Newton, the creators of 
infinitesimal calculus, did not realize the necessitj' for this to 
insure the security of the foundations of their work. It was not 
until tlie beginning of the eighteenth century that serious studies 
were undertaken — under the influence of Gauss — to examine the 
fundamental concepts undcrljnng the calculus. Noteworthy 
advances were made during the last century, the work of Weier- 
stra.ss. Cantor, and Dcdckind being of great importance in the 
development of the theory. 

3. The Rational Numbers. It is assumed that the natural 
numbers (the po.sitive integers 1, 2, .3, 4, • • • ) have been 
defined and that the arithmetic of positive integers is known. 
The positive integers arc closed under addition and multiplica- 
tion, for if a and h are any two positive integers, a + b = c and 
a - h = d are positive integers. However, in the domain of 
positive integers, there exist equations, such as a; -f 3 = 1 and 
a: -f 5 = 5, which have no solution, so one is led to adjoin the 
negative integers and zero. Likewise, equations of the tjqae 
ax + h — Q, a and h being integers, lead one to adjoin further 
the set of rational numbers, i.e., numbers which are ratios of 
integers. The set of rational numbers is closed under addition, 
subtraction, multiplication, and division (except by zero). 

But the rationals are not closed under algebraic processes. 
For example, x- — 2 = 0 has no rational solution; likewise, 

812 
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[■\/2 + is not a rational number. E^■idently there are 
still gaps in a number system built in this way on the set of 
rational numbers. 

In 1825, Abel discovered that a solution of 

aox" -f Oi.T"-* + • • • + a„ = 0, oo 0, (1) 

where a,- are rational numbers and 72 is a positive integer, is not 
always possible in terms of radicals. It was this discovery that 
lead to Galois’ theory of equations which, among other things, 
uncovered other t 3 ’’pes of irrationalities. 

In 1844, Lioindlle proved the existence of transcendental num- 
bers, i.e., numbers not roots of an equation of type (1). In 
particular, the number e was shown to be transcendental bj’’ 
Hermite in 1873; and in 1882. Ludermann showed that tt is also 
transcendental. 

Thus, mathematicians came to realize that algebraic processes 
are insufficient to produce all irrational numbers and that some 
other method must be invoked to round out the complete struc- 
ture of real numbers. ^Moreover, this method must not appeal 
to geometric or other tj'pes of intuition. 

Three important theories of real numbers have been developed, 
the theories being named after their founders: (1) Weierstrass 
(1860), (2) Cantor (1871), and (3) Dcdekmd (1872). We shall 
here consider onh’- this last theorj*. 

4. The Dedekind Theory. The Dedeldnd theory of real 
numbers had its origin in a course in calculus given by Dedekind 
in 1858. Dedekind was deeplj-- troubled by the lack of “rigor’’ 
in the development of calculus and he traced the trouble largely 
to the lack of a clear-cut conception of number. The results 
of Ills efforts appeared in 1872 in his Stciigkeit und Irrationale 
Zahlen, a book every serious student of mathematics should read. 

In this section we shall give an introduction to Dedekind’s 
theory, developing it sufficiently far to be able to use it as a tool 
in later work. 

We consider the set of all rational numbers as Icnown. A 
Dedekind cid (Schmii) in the domain of all rational nmnbers is a 
partition of all the rationals into two classes A and B such that: 
(1) everj’' rational a of A is less than every rational h of B', (2) 
the sets A and B must contain elements (rationals) . We denote 
such a partition b\’- [.4, 5]. 
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(a) A DcdcMnd real number is a symbol attached to a cut 
[/I, B] in the domain of all rational numbers. 

(b) A Dedekind rational number (in the new sense) is a symbol 
attached to a cut [A, B] of all rational numbers in which either 
A has a greatest rational or B a least rational. 

(c) A Dedehind irrational number is a sjunbol attached to a cut 
[A, B] in the domain of rational numbers in which neither A has 
a greatest rational nor B a least rational. 

The real continuum is the aggregate of all cuts in the domain of 
all rational numbers. 

Example 1. If A is the set of all rationals a such that a < I, and if B 
is the set of all other rationals, then {A, B] is a Wedekind rational rc.al 
number, B having a least element J. 

If the real number [A, B] is such that A has a greatest element 
r, and if the real number [A', B’\ is such that B' has r for a least 
element, it can be shown that we can regard [A, B] and [A', B'\ 
as the same Dedekind rational number. 

Example 2. If .4 is the set of all rationals a such that a- < 2, and if B 
is the sot of all other rationals, then 1-4, B] is a Dt-dekind irrational real 
number, for A has no greatest clement and B h.as no least element (there 
being no rational r such that r* = 2). The symbol "v/i is usually attached 
to this partition. 

(d) Ordering the Real Ntimbcrs. Let 

Cl = [Ai, Bi], C» = [Ai, Bs] 

denote two real numbers defined by the partitions indicated. 
The number Ci is said to precede C:, i.e., Ci < Ct, if Ai is 
included in As (that is, every oi of Aj is in A;), and if there exist 
at least two distinct elements in As not in A i. Similar definitions 
can be given for Ci = C; and Ci > Ct. 

(e) The sum of two real numbers, 

Cl ^ [Ai, Bi] and Ct ^ [At, Bj 

is the cut C = [A, B] where A is the set of all sums Oi + at, ai 
ranging through Ai, and at through A-, and where B is the set 
of all rationals not in A. That this C is a Dcjdekind cut follows 
from the fact that (1) there exist o’s in A, and h’s in B, (2) if 
a = ai + at and if r is any rational less than a, then r belongs 
to A , for 

r = a - 0 = cj + a' 
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where ai belongs to Ax and oi belongs to A^. Hence every a is 
less than every h. 

Subtraction, multiplication, di\nsion, powers, and roots of 
positive numbers, and other operations may be defined in a 
similar manner. Thus the domain of all real numbers is closed 
under these operations. All the well-knomi properties of real 
numbers maj’- be proved from these definitions. 

If in the definition of a Dedekind cut we replace the word 
“rational’’ by "real,” then this definition defines a cut of real 
numbers. From this definition it is possible to prove 

FuND.\jrBNT.4.ij Theorem 4.1. Let C = [A, B] be a Dcdckind 
cut in the domain of real numbers (i.e., A and B form the class of all 
real numbers). Then either A has a greatest element or B has a 
least element. 

It follows from this theorem that no new numbers are obtained 
bj^ partitioning the set of all real numbers. 

5. Axiom of Continuity. Heretofore, we have carefully 
avoided any reference to geometry. It is occasionally convenient 
to use a geometric language. Accordingly, while we emphasize 
the strictl}’- numerical character of our definitions and treatment 
of real numbers, we shall now set up a correspondence between 
the real numbers and the points on a line by means of the 

Cantor-Dedekind Postulate. There exists a one-to-one corre- 
spondence between the real arithmetic continuum and the points 
on a straight line. (Note, points and lines are undefined.) 

We shall frequently use the terra point (on a line) and real 
number interchangeably, the real line contimium being by defini- 
tion the real arithmetic continuum. 

The fundamental theorem states that “all holes in the line are 
filled up.” This theorem is essential in analytical geometry. 
It is sometimes called the fundamental axiom of continuity. 

6. Linear Sets. A real linear set is an aggregate of real 
numbers (points). The theory of linear sets originated in the 
discussion of questions connected with the theory of Fourier 
series and of functions which can be represented by such a 
series. 

We shall study a few of those elementary properties of linear 
sets as we shall have need. We must bear in mind that the 
entire theory of sets of points is essentially an arithmetical theory, 
the geometrical nomenclature and representation being a con- 
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venience, not a necessity. We shall use the word set to mean 
real linear set unless otherwase specified. 

A set (S is a -proper part of a sot S' if each element of S is an 
element of S’, but some element of S' is not in S. 

A set S is infinite if it can be put into one-to-one corre.spondence 
u’ith a proper part of itself. 

Thus the sot of all positive integers is infinite, for the eorrospondence 


1, 2, 3, 4, 5,--- 

{ i t t t 

2. 2'-, 2», 2*, 2‘, • ' • , 


or the correspondence 


I , 2, 3, 4, 

A A A A 

•i- t V * 

II, 2!, 31, 41, 



or the correspondence \rith the prime numbers 


0 ) 


( 2 ) 


1, 2, 3. 4, 5, 0. 7, S, 9,--- 

t t i t i i i i i (3) 

2, 3, 6, 7, 11, 13, 17. 19, 23. • • • 

establishes a one-to-one mapping of the set of all positive integers upon a 
proper part of this set. .'tgain, the set of all real numbers in the closed 
interval [0, 1] is infinite, for the relation x' = lx map.s this intor\’al upon a 
proper part of itself. On the other hand, the set (a, 6, c, d, e) cannot be 
put into one-to-one corre.spondence with a proper part of it.self. and such a 
set is finite. 

A set S is denumcrably infinite if it can be put into one-to-one 
correspondence with the set of all positive integers. It is evident, 
for example, that the sets in (1), (2), (3) are dcnumerablj- infinite. 

Theorbii 6.1. The set of all rational numbers is denumcrably 
infinite. 

A one-to-one correspondence i>etwcen the rational numbers 
and the positive integers is indicated in the following scheme: 


,1/ \1 1 / \1 2 2 1 / Vl 3 3 1 / 

t t J $ 

8, 9, 10, 11, 

(t ^ 2 1 ^ 

\l’ 2 3 4’ 4 ’ 3 ’ 2 ’ 1 / 


$ $ 
2, 3, 


4. 5, 6, 7, 


A A A A A A A A 

i ♦ V 

\ 9 . 13, 14, 15, 16, 17, 18, 19, 
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Avhere in each parenthesis the sum of numerator and denomioator 
of each fraction is constant, and where repetitions have been 
omitted. 

Theorem 6.2. The set of all real mimbers in the interval 
[0, 1] is nondeniimcrably infinite. 

Let us represent every number in [0, 1] as an ordinary decimal, 
where we write, for example, 0.62500000 ■ • • if the decimal 
is finite, and where we write 0.62500000 • • • instead of 
0.62499999 • • - . Suppose all numbers in [0, 1] could be 
put into a one-to-one correspondence with the positive integers, 
then: 

1 O.oi a: Os at • • • , 

2 0.f»i b2 bz bi • ■ ■ , 

3 O.ci C2 Ci ct ■ ■ ■ , (4) 

4 ** O.di d^ dz dt • ■ ■ , 


where oi, a?, • • • , 6i, • • • are the digits of the respective 
decimals. Let R be anj* number 

R = O.ai fizyz Oi - ■ ' f 

where ai Oi, ^2 .— bz, yz C3, • • • , and where the digits of 
R are not all 9’s after some digit Vn- It is e^^dent that i? is a 
real number in [0, 1] and that R is distinct from each of the num- 
bers in (4). Hence R was not included in the correspondence 
(4). It follows that all real numbers in [0, 1] cannot be put into 
a one-to-one correspondence with the set of positive integers. 

EXERCISES I 

1. Define the following real numbers by means of a Dedekind cut; 
3. 0, e, y/z, sin 3, s. 

2. (a) Prove that r- — 2 =0 has no rational solution and hence that 
is irrationaL 

(b) Prove that -r "v/s is irrationaL 

(c) Can y,/^ be represented by a repeating infinite decimal? THiy not? 

3. Show that the real numbers defined by (a) in Sec. 4 obey the properties 
of simple order. 

4. (a) TVhen is the real number c, said to be greater than the real c-J 

(b) tVhen is the real number ci said to equal the real cj? 

5. Define the difference, product, and quotient of two real numbers in a 
manner suggested by (e) in Sec. 4. 
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6. Show that the two rationals mentioned in the paragraph fol!o«-ing 
Example 1 arc essentially the same. 

7. Prove Theorem 4.1. (Hist: Consider the cut of rationals determined 
by the given cut of reals.) 

7, Properties of Sets. We shall now formulate certain prop- 
erties of point sets which we have frequently used in an intuitive 
manner in the preceding chapters. 

An vpper bound of a linear set 5 is a number v (if it e.vist.«l 
such that tt ^ a for every number a in S, and a lower bound 
of S is a number I (if it exists) such that 7 ^ a for everj* number 
am S. A set S is hounded if it has an upper bound and a lower 
bound. For example, 7, and 2 are upper bounds of the set 
of all numbers le.ss than 2; likewise, 1.5, 1.42, and 1.415 are 
upper bounds of the set of all positive numbers less than 
2, and 1 are upper bounds of the set of all values of the 
function c"'''"’. A function f{x) is bounded (over an internal) if 
the set of all its values (in this interval) is bounded. 

TnnonEM 7.1. Evertj bounded sd S has a least upper bound V 
and a grcalcsi lower bound L. 

Partition all real numbers into two clas.«es A and B, A consisting 
of all numbers x .such that x is less than some element of S. and 
B con.sisting of all numbers x which arc greater than or equal to 
everj- element of S. Since S is bounded, A and B have elements. 
By Theorem 4.1, either A has a greatest element or B a least 
element. Suppose .4 bad a greatest clement X. Bj- definition 
of A, X is less than some element s of S. It is evident that 
X < 1(X -f 4') < s. Hence l(X + s) would be in A and A* 
is not the greatest clement in .4. Thus B has a Ica.'^t element 
L', and U is the least upper bound of S. The existence of L is 
proved in a .similar manner. 

A set Si contains a set if each element of Sz is in Si. 

Let Sj, S;, Sj, • • • be sets (finite or infinite in number). 
The sum of aSi, S», - • • . denoted bj- Si + .S* -p • • • , is the 
set coirsisting of all those elements which are in at least one of 
the sets Si, Sr, • • • . The product of Sj. Sr, • • • , denoted 
by Si - Sr • • • • ,13 the set consisting of all those elements which 
are common to the sets Si, Sr, ■ • • . For e.xample, consider 
the .sets (a, b, c), (a, d), (a, c), (o), and (o, c, d. e), where a, b. c, d, e 
are all distinct. The sum of these sets is the set (a. h. c, d. c) and 
the product is the single element (a). 
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A closed interval is a set of real numbers x such that a ^ x b, 
or a ^ X, or X b. An open interval is a set of real numbers x 
. such that a < X < h, or a < x, or X > b. 

A point P is a lijnit (accumulation) point of a set S if every open 
interval I containing P also contains at least one point of S other 
than P. It is immaterial whether or not P is an element of 5. 
For example, 0 is a limit point of the set of all numbers 1/n, 
where n is a positive integer; again, every real number from 0 
to 1 is a limit point of the set of all proper rational fractions. 

A set S is closed if it contains all its limit points. Thus, every 
closed. interval is a closed set; the set of numbers 1/n is not 
closed, but if 0 is adjoined to the set it is then closed; the set of 
all rational numbers is not closed. 

A set S is open if each point P of S can be inclosed by an open 
, interval which lies entirely in S. Thus, every open interval is 
an open set. The sum of any finite number of open intervals is 
an open set. 

An interior point P of a set <8 is a point which can be inclosed 
by an open interval which lies entirely in S. Thus an open set 
is one such that every point of it is an interior point. 

A neighborhood of a point P is any open set containing P. 
Thus, an open interval containing P is a special kind of neighbor- 
hood of P. 

An element P of a set S which is not an accumulation point of 
S is an isolated point of S. Thus, if P is an isolated point of S, 
there exists a neighborhood of P which contains no element of S 
other than P. 

The closure <8 of a set <8 is the set consisting of <8 together with 
all its limit points. Thus, the closure of a closed set is the set 
itself. The closure of the set of all rational numbers is the set 
of all real numbers. 

The complement of a set S, denoted by C(S), is the set of all 
points not in S. It is seen that the complement of a closed (open) 
set is open (closed). 

A point P is an exterior poiid of a set <8 if it is an interior point 
of C'(j 8). Thus, P is exterior to <8 if P is not an element of iS. 

The boundary B of a set S is the set of points common to the 
closure of S and the closure of C(S). Thus B is given by the 
formula B = S ■ C(S). It may be shown that the boundary 
of a set S consists of all those points which are not interior points 
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of either S or C{S). A closed set contains its boundarj’. and an 
open set contains none of its boundary' points, 

EXERCISES n 

1. Show th.it the isol.'itcti points of a linear set arc alv.ays dcnuraerablc. 

2. Show that ever}' elemetif of the set S of all rational numbers is a bound- 
ary point of S. 

3. Provo; The set of all rational numbers is neither closed nor open. 

4. Provo: Eveiy neighborhood of a boundary point of a set S contains 
points of S and points of C(S). 

6. Extend all the definitions following Theorem 7.1 to sets of points in the 
ry-plane; to sets of points in space. Plustratc with examples. 

C. Prove all the comments made in Sec. 7. 

8. Certain Theorems on Functions of a Real Variable. We 
are now in a position to prove certain theorems quoted in the 
earlier chapters of this book. 

Theorem S.l {Heinc-Borcl Theorem). If every -point of a closed 
interval {a, b) is interior to at least one interval of a given set S of 
intervals, there exists a finite set F of intervals of S, 1 1 , It, . h, 
such that every point of (a, b) is interior to at least one interval of F. 

Ditide all real numbers x into two classes A and B as follows: 
A point X belongs to class A if x £ a, or if we can cover* the points 
of the intcn’al (a, x), where a < x g 6, by a finite set of intervals 
of S; the number x belongs to cla.ss B, if x > b, or if wo cannot 
cover the points of the inten-al (a, x) b\' a finite number of 
inten’als of S. Ex-idcntlj' everj' Xx precedes everj’ xb. Consider 
the Dedekind cut ^ = [A, B], Now ^ must be b, for suppose f 
precedes 6. Then an inteiA'al I ol S covers f is an interior 
point of I, and in I there are numbers of both classes A and B, 
say xx and x/,. There are a finite number of intervals of S 
covering (a, Xx). To these intciwals adjoin I. Then there are 
a finite number of intervals covering (a, Xb). But this is con- 
trarj' to our hypothesis. Thus we conclude that ^ = h. 

THEOREii 8.2. Let (a, b) be a closed interval containing points 
of the domain of definition of a bounded real function f of a real 
variable x. There exists in (a, b) at least one point which has the 
property that in any arbitrarily small neighborhood of that point, 
the least upper hound of f is the same as the least upper bound M 
of f in the whole interval (a, 6). 

* To cotvr a point P is to select an interval I such that P is an interior 
point of I. 
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Divide the real numbers x into two classes A and B as follows : 
The number x is to belong to class A\{ x < a, or if in the interval 
(a, x) the least upper bound of /is less than M; x is to belong to 
class 5 if re > 6, or if in (a, re) the least upper bound of / is M. 
There exist numbers re^ in A and Xb in B, and every rc^ precedes 
every Xb. This partition defines a Dedekind cut ^ = [A, B], 
such that in every neighborhood of there are numbers re^ and Xb 
and thus any arbitrarily small neighborhood of ^ has the same 
least upper bound M as / has in (o, b). ■ 

Proof by the Heine-Borcl Theorem. We shall assume that there 
exists no point p such that, in an arbitrarily small neighborhood 
of p the least upper bound of / is equal to M. Cover every point 
rc of (a, b) by an interval. Denote by S the set of intervals used 
to cover the points x of (a, b). Then, by the Heine-Borel theorem, 
there is a finite number of intervals in the set S such that the 
least upper bound of / in all the intervals is different from M, 
and such that every point x of (a, b) is interior to at least one 
interval of the finite set. We conclude that the least upper 
bound of / is different from M. 

A similar theorem holds with regard to the greatest lower 
bound of /. 

Theorem 8.3. If a function f{x) is continuous on the closed 
interval (a, b), the least upper bound M and the greatest lower bound 
m of f in {a, b) are both finite, and these bounds are actually attained 
in each case at least once within the interval {a, b). 

Pick a positive number e. Since/ is continuous on (a, b), we 
can cover each x in (a, b) by an interval Ix such that 

\f{x) -/(xi)| < e 

when Xi is in Ix. By the Heine-Borel theorem, there is a finite 
set F of these intervals Ix such that every point in (a, b) is 
interior to at least one of the intervals of F. If the number of 
P’s is p, then the greatest variation of / in {a, b) cannot exceed 
the finite number 2pt. 

Let I be the point discussed in the first proof of Theorem 8.2, 
and consider the interval (^ - e, ? -f e) in which / has a least 
upper bound equal to M. Then points can be found in this 
interval. for which the function / differs from M by an amount 
less than e. Since the interval (^ - 5, ^ + d) can be taken 
arbitrarily small, and since /is continuous at f, /(^) = M. 
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A similar argument may be given in the case of the greatest 
lower bound. 

Theorem 8.4. If fix) be conthuioits on the closed interval 
{a, b) and if f{a) and f(b) have opposite signs, then there exists at 
least one value of x in {a, b) for which f{x) vanishes. 

Assume there exists no number a: such that/(x) = 0. Since/is 
continuous at every point x in (a, b), there exists a neighborhood 
of X such that / is either negative (or positive) in that neighbor- 
hood. For each x of (a, b) select such an intenml, in which /has 
the same sign for all points interior to it. By the Heine-Borel 
theorem, there exists a finite set F of these intciwals such that 
every x of (a, b) is in the interior of at least one of the intervals 
of the set F and having the property that in any one of these 
interA'als, / has the same sign throughout. Let the intcnmls of F 
be ordered according to the positions of their left end points. 
It is evident that successive intervals of F must overlap. 

Since, bj' hypothesis, /(a) and fib) have opposite .signs, we 
know that there exists at least one inten’al over which / is alwa 3 '.s 
positive and at least one interval over which / is alwaj’S negative. 
Hence, there is one pair of succe.ssive overlapping inter\'als over 
one of which / is positive and over the other of which / is negative. 
Then the points q common to both intcr\-als are such that fiq) i.s 
both positive and negative. This is impossible since / is single- 
valued. Thus fiq) = 0, contrary to h>^5othcsis. 

Theorem 8.5. If fix) is continuous on the closed interval (n, b) 
and if C is any real number between fia) and fib), there exists on 
(a, b) at least one vahtc of xfor which fix) is equal to C. 

Let ^(x) = fix) — C. Then 

Vj(a) = fia) - C and <pib) = fib) - C 

have opposite signs. From Theorem 8.4, we know that there 
e.xists some value of x in (a, b), say f, for which v’(f) = 0, that 
is, for which 0 = /(f) — C = <pi(). Hence /(f) = C. 

Theorexi 8.6 iRollc’s Theorem). If fix) is continuous on the 
closed interval (a, b), if fia) = fib) = 0, and if fix) exists every- 
where in the open vitcrval (a, b), then there exists a point f, 

a < f < 6, 

such that /'(f) = 0. 

Since fix) is continuous, it follows bj’- Theorem 8.3 that fix) 
ip.tually attgi’" j its maximum and its minimum somewhere 
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mthin [a, 6]. Suppose that f(x) has a maximum point at ^ 
somewhere within [a, 6]. Then if ^ > 0, 

+ 

is negative or zero; and if h < 0, (p(h) is positive or zero. Since 
fix) exists at each point of (a, h), lim <pih) exists at in the first 

case this limit is less than or equal to zero, and in the second case 
this limit is greater than or equal to zero. Since the derivative is 
assumed to exist, the two limits must be equal. Hence 

lim ^(A) = m = 0. 

A ->0 

A function f{x) is said to be uniformly continuous on (a, b) if, 
for every positive number e, there exists a positive number S such 
that l/Cxi) — f(x 2 )\ < € for every pair of numbers Xi, xz, on 
(a,- b) closed for which jii — Xz\ < 5. 

Theorem 8.7. If f{x) is continuous on the closed interval 
(a, b), it is uniformly continuous 07i {a, b). 

Let e be an arbitraiy positive number. Since / is continuous 
for every point p in (a, b) a neighborhood of p can be determined, 
such that the oscillation of / in this neighborhood is less than e/2. 
Determine such a neighborhood for every point in (a, b). By 
the Heine-Borel theorem, a finite number of intervals can be 
chosen such that every point in (a, b) is interior to one (at least) 
of the intervals. The end points of these intervals form a fini te 
set of points in (a, b). Let 5 be the smallest distance between 
consecutive points of this finite set. Any interval whatever in 
(a, b) of length less than or equal to d is vdthin at most two of this 
finite set of nonoverlapping intervals formed by the consecutive 
points. Hence, in such intervals, the oscillation is at most e. 

Let f(x) be a function of x defined over the interval (a, b) 
closed. Suppose this interval be subdmded by the points 
a = zo < xi < • ■ • < a:„_i < x„ — b. The total variation of 
f{x) over (a, 5) is the least upper bound of the quantity 

1 

^ = 2 l/(*i+l) - f(Xi)\ (1) 

for all choices of the points x,- and for all finite values of n. If 



BIBLIOGRAPHY 


The student who pursues further the various topics initiated in this book 
may wish to refer to textbooks and original papers. The following selection 
of references (which is by no means comprehensive and which does not 
include many excellent treatises) may be found helpful. 

Analysis and Function Theory 

Bieberbach, L.: “Differential- und Integralrechnung,” 3. Aufl., 1928. 
Burkhardt, H.: “Einfuhrimg in die Theorie der analytischen Funktionen 
einer komplexen Veranderlichen, 5. Aufl., 1921. 

Courant, R.: “Differential and Integral Calculus,” Vols. I, II, 1936. 
Goursat, E.: “Cours d’analyse mathdmatiquc,” Vols. I, II, III, 1923. 
Greenhill, a. G.: “The Applications of Elliptic Functions,” 1892. 
Hobson, E. W.: “Theorj^ of Functions of a Real Variable,” 3d ed., 1927. 
Hurwitz, a., und R. Courant: “Vorlesungen iiber allgemeine Funk- 
tionentheorie und clliptische Funktionen,” 3. Aufl., 1929. 

Jordan, C.: “Cours d’analyse,” 3d ed., 1915. 

Kellogg, 0. D.: “Foundations of Potential Theory,” 1929. 

Knopp, K.: “Funktionen theorie,” Sammlung Gosohen Nr. 668 und 703, 

1931. 

MacRobert, T. M.: “Spherical Harmonics,” 1927. 

Osgood, W. F.: “Advanced Calculus,” 1925. 

Osgood, W. F.; “Lehrbuch der Funktionentheorie,” 5. Aufl., 1928. 
Pascal, E.: “Repertorium der hoheren Mathematik,” Bd. I, 2. Aufl., 
1910-1929. 

Rothe-Ollendorff-Pohlhausen: “Funktionentheorie und ihre Anwen- 
dung in der Technik,” 1931, 

Strutt, M. J. 0.: Lamdsche, Mathieusche und verwandte Funktionen in 
Physik und Technik, Erg. Math., Bd. I, H. 3, 1932. 

Titchmarsh, E. C.: “The Theory of Functions,” 1932. 

Townsend, E. J.: “Functions of a Complex Variable,” 1915. 

Townsend, E. J.: “Functions of Real Variables,” 1928. 

Vall^ie Poussin, C. J. de la: “Cours d’analyse,” 6th ed., 1928. 

Watson, G. N.: “A Treatise on the Theory of Bessel Functions,” 1922. 
Whittaker and Watson: “Modern Analysis,” 4th ed., 1927. 

Wilson, E. B.: "Advanced Calculus,” 1912. 

Woods, F. S.: “Advanced Calculus,” 1926. 

Ordinary and Partial Differential Equations 
Bateman, H.: “Differential Equations,” 1918. 

Bateman, H.: “Partial Differential Equations of Mathematical Phvsics ” 

1932. ’ 

Bieberbach, L.: “Differential Equations.” 

Forsyth, A. R.: “Treatise on Differential Equations,” 4th ed., 1914 

.. 827 



828 


HIGHER MATHEMATICS 


FnANKUK, P.: “DifTercntial Equations for Electrical Engineers,” 1933. 
HonN, J.; ‘‘Difi'ercntiiilgleiclmngcn,” 2. Aufl., 1927. 

Ince, E. L.; “Ordinary Dillcrcntial Equations,” 1927. 

PiAOGio, H. T. H.: “Differential Equations,” 192S. 

Webster, A. G.: “Partial Differential Equations of Mathematical 
Physics,” 1927. 


Numeuicae An'aeysis 

Bennett, Miene, and Bateman; Numerical Integration of Differential 
Equations, Bull. Nat. Res. Council, 1933. 

ScAJiBOnocGn, J. B.: “Numerical Mathematical Analj’sis,” 1930. 
Steffensen, j. F.; “Interpolation,” 1927. 

Whittaker and lloniNsoN, “Calculus of Observations,” 1924. 

Infinite Series. Fourier Series 

Bociiner, S.; “Fouricrsche Intcgrale,” 1932. 

Byerly, W. E.; “Fourier Series and Spherical Harmonics,” 1893. 
Carseaiv, H. S.; “Fourier Scries and Integrals,” 3d cd., 1930. 

Hobson, E. W.; “Theory of Functions of a Real Variable and the Theory 
of Fourier’s Series,” Vol. II, 192G. 

Knopp, K.: “Thcorj' and .Application of Infinite Series,” 1928. 

Wiener, N.; “The Fourier Integral," 1933. 

Algebra, Deter.mi.nants, Matrices 

BOciier, M.: “Introduction to Higher Algebra,” 1907. 

Dickson, L. E.; “Elementary Theory of Equations,” 1914. 

Dickson, L. E.: “Modern Algebraic Theories," 192G. 

Kowaeewski, G.: “ Eiiiftlhrung in die Detcrminantentheoric," 1909. 
MacDuffee, C. C.; “Theory of Matrices,” 1933. 

Muir, T. : “Thcor)’ of Determinants,” 1930. 

WABRnEN', B. L. VAN DER: “Modcmc .Algcbni,” 1931. 

Wedderbur-v, j. H. IM.: “Lectures on Matrices,” .American Mathematical 
Society Colloquium Publications, 1934. 

WiNTNER, A.: “Spektraltheoric dcr uncndlichen Mntrizen,” 1929. 

Vector and Tensor Analysis. Differential Geometry 

Eisenii.art, L. P.: "Differential Geometry of Cun’cs and Surfaces,” 1909. 
Eisenh.art, L. P.: “Ricmannian Geometrj’," 192G. 

Gans, R.; “Vector Analysis,” 1932. 

Gibbs-Wilson: “Vector An.alysis," 1913. 

Graustein, W. C.; “Differential Geometrj-,” 1935. 

McConnell, A. J.: “Absolute Differential Calculus,” 1931, 

Phillips, H. B.: “Vector Analysis,” 1933. 

ScHOUTEN, J. A.: “Der Ricci- Kalkul,” 1924. 

Weatherburn, C. E.: “Elementarj'’ and Advanced Vector Analysis.” 
1926. 

Weatherburn, C. E.: “Differential Geometry,” 1930. 



BIBLIOGRAPHY 


829 


CALCULtis OF Variations 

Bliss, G. A.: “Calculus of Variations,” 1925. 

Bolza, 0.: “Lectures on the Calculus of Variations,’’ 1904:. 

Applied Mathematics. 

Mathematical .vnd Theoretical Physics 

Abraham and Becker: “Classical Electricit}' and Magnetism,” 1932. 
Ames and Mtjrnagh.ant; “Theoretical Mechanics,” 1929. 

Bush, V.: “Operational Circuit Analysis,” 1929. 

Byerly, W. E.: “Generalized Coordinates,” 1916. 

Carslaw, H. S.: “Mathematical Theory of Heat Conduction,” 1921. 
Carson, J. B..: “Electric Circuit Theory and Operational Calculus,” 1926. 
CoHRANT, R., und D. Hilbert: “Methoden der mathematischen Physik,” 
1931. 

Glauert, H.: “The Elements of Aerofoil and Airscrew Theory.” 

Frank, Ph., und R. von Mises: “Die Differential und Integralgleich- 
ungen der Mechanik und Phj'sik” (zuglcich 7. Aufl. von Riemann-Webers 
“Partiellen Differentialgleichungen der mathematischen Physik”), Bd. I, 
1931. 

Haas, A.: "Introduction to Theoretical Physics,” Vols. I, II, 1925. 
Hohstohn, R. a.: “Introduction to Mathematical Physics,” 1912. 
Ingersoll and Zobel: “Mathematical Theory of Heat Conduction,” 
1913. 

Jeans, J. H.: “Electricity and Magnetism,” 3d ed., 1915. 

Lasib, H.: “The Dynamical Theory of Sound.” 

Lamb, H.: “ Hydrodjmainics,” 5th ed., 1924. 

Lindsay and Margenau: “Foundations of Physics,” 1936. 

Love, A. E. H.: “Mathematical Theorj' of Elasticitj',” 1893. 

Mason and Weaver: “The Electromagnetic Field,” 1929. 

Nielsen, J.: “Vorlesungen fiber elementare Mechanik,” 1935. 

Page, L.: “Introduction to Theoretical Physics,” 1928. 

Pierce, G. W.; “Electric Oscillations and Electrical Waves.” 

Planck, M.: “Introduction to Theoretical Physics.” 

Prandtl, L., und O. Tietjens: “Hydro- und Aeromechanik,” Bd. 2, 
1929-1931. 

Rayleigh, J. W. S.: "Theory of Sound,” 1878. 

Schaefer, C.: “Einfiihrung in die Maxwellsche Theorie der Elektrizitat 
und des Magnetismus,” 1929. 

Slater and Frank: “Introduction to Theoretical Physics,” 1933. 
Webster, A. G.: “The Dynamics of Particles and of Rigid, Elastic, and 
Fluid Bodies,” 1904. 

Whittaker, E. T.: “Analytical Dynamics of Particles and Rigid Bodies, 
3d. ed., 1927, 

Tables and Handbooks 

Adams, E. P.: “Smithsonian Mathematical Formulae and Tables of 
Elliptic Functions,” 1922. 



830 


HIGHER MATHEIHATJCS 


“Handbuch dor Exporimentnlphysik” (Akademische Vcrlagsgescllschaft). 
“Handbuch dcr Physik” (Springer). 

IlAnx, Bieren-s de: “Tables des integrales Ddfinies.” 

Jaiinkb, E., und F. Emde: “Fiinktionentafcln init Formeln und Kursen,” 

2. Aufl., 1933. 

Mabelun'g, E.: “Dio mathemalisclien Hilfsmittel dc.s Physikcrs,” 

3. Aufl., 1930. 

Peirce, B. O.: “A Short Table of Integral.*;,” 1929. 



INDEX 


A 

Abel’s limit theorem, 494 
Absolute convergence, of integrals, 
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of products, 504 
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Acceleration vector, 58, 710 
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Addition theorem, for Bessel func- 
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for trigonometric functions, 582 

for vectors, 683 

Algebra, fundamental theorem of, 
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Algebraic function, 569 
Alternating function, 651 
Alternating series, 473 
am, 630 

Amplitude, of complex numbers, 562 
of elliptic functions, 630 
of mbrations, 355 
Analj’tic continuation, 615-616 
Analytical djmamics, 796-811 
Analytic function, 573-577, 595, 597, 
602, 604, 611, 618 
poles of, 607-608 
residues of, 611-612 
singularities of, 607-610 
zeros of, 603-604 

Angle, between cur\'e and radius 
vector, 51 

of complex numbers, 562 
phase, 355 

between tangents, 129, 134 


Angle, between two curves on 
surface, 714, 735 
Angular acceleration, 58 
Angular momentum, 705 
Angular velocity, 58 
Approach, 9 

Approximation, of definite integrals, 
314-321 

of functions, by polynomials, 
74-83, 160, 548, 599 
b 3 ’- trigonometric polimoraials, 
537 

Arc length, 217-2.18, 222, 791 
differential of, 714, 733, 740, 744 
of ellipse, 222, 641 
of hyperbola, 641 
in parametric coordinates, 221 , 222 
in polar coordinates, 221 
Area, 208, 212, 220, 238-239, 262 
in polar coordinates, 214, 263 
of surface, 248, 715 
of surface of revolution, 252, 716 
Areal velocitj’, 704 
Arraj', 644 

Associated Legendre poljmomials, 
429 

Associated tensors, 736 
Asj-mptotic expansion (sec Develop- 
ment) 

Asj’mptotically equal (proportional), 
447 

Attraction, force of, 222, 224, 269- 
270 

Average value, of function, 224 
of harmonic functions, 780 
Axial region, 195 
Axiom of continuity, 815 

B 

Beam, flexure of, 376-378 
Bernoulli equation, 339 
831 
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Bernoulli numbers, 310, 49S 
Bernoulli poljnomials, 317 
Bessel equation, 425, 430-442, 771 
Bessel function', 432-442 
first kind, 432-435 
representation of, 43S-440 
second kind, 435-438 
zero' of, 440-442 
Bessel’s inequality, 530n., 555 
Beta function, 311-312 
Bibliography, S27-S30 
Bilinear forms, C70-G71 
Binomial cc>ofncicnts, 495, C-lSn. 
Binomial series, S5, 001 
Biirormal, 711 

Bolzano-IVeicrstrass theorem, 824 
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upper, 274n., SIS 
lon-cr and upper, SIS 
Boundary, 819 

Boundary conditions, 32S, 767-7G9 
Bounded function, 572, SIS 
Bounded sequence, 446 
Bounded set, 572 
Bmchystochrone, 791 

C 

e-diseriminant, 399 
Cable, suspended, 37S 
Calculus of variations, 7S4-790 
Cardioid, 221 

Cauchy-Ricmaim condition', 575 
Cauchy’s inequality, 600 
Cauchy’s integral formula, 590 
Cauchy’s product, 4S2 
Cauch 3 ’’s theorem, for integrals, 591 
on mean value, OS 
for sequences, 451 
Center of grai-ity, 252, 253, 706 
Central force, motion under, 392, 
704, S01-S02, S07 
Cesaro means, 507 
Change of a-ariable, for derivatives, 
41, 48, 101, 103 

for integrals, 167, 16S, 194, I9S, 
199, 262, 265 


Characteristic equation, 349, 350, 
676 

Characteristic strip, 758 
Characteristic', 752, 758 
method of, 760-705 
Chiistoffel symbols, 742 
Circle, of convergence, 595 
of cun'aturc, 62 
Circulation, 236, 273, 70S 
Clairaut’s equation, 345 
Closed curve, area l)oundcd by free 
Area) 

integral around, 254, 256, 271, 
591, 596 
simple, 572, 590 
Closed inter^'al, 819 
Closed set, SI 9 
Closure, of a set. SI 9 
cn, 630 
Cofactor, 049 

Comparison test, for integrals, 28$ 
for series, 463 
Complement, of a set, SI 9 
Complementary function, 348, 352, 
368-309 

Complete solution General 

solution 1 

Complax function, 568-572 
Complex numbers, 55S-50G 
absolute value, 502, 506 
algebra of, 558-561 
amplitude, 502 
conjugate, 500 
DeMoivro’s theorem, 564 
parallelogram law of addition, 503 
representation of, 501-564 
roots of, 564-560 
Complex variable, 568 
Component', of acceleration. 58-59, 
710 

of a tensor, 726, 727, 731 
of a vector, 682 
of velocity, 57 

Conditional convergence, 477-479 
Conformal mapping, 616-621, 723- 
725 

at infinity, 621 

Conjugate complex numbers, 560 
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Conjugate harmonic functions, 577 
Conservative force, 273, 70S 
Conservative system, 79S 
Constant of integration, 166, 329- 
330 

Continued fractions, 461 
Continnity, axiom of, S15 
of derivatives, 125, 131, 132 
equation of, 268, 707 
of functions represented by series, 
491, 514 
of integrak, 2S5 
uniform, 572, 823 

Continuous functions, 22-26, 29, 38, 
91, 123, 130, 132, 491, 514, 
571-572, 821-823 
Contour, 89, 590 

Contour integration, 613-614, 635- 
638 

Contraction (of tensors), 733 
Contravariant tensor, 726 
Convergence, absolute (see Absolute 
convergence) 
circle of, 595 
conditional, 477-479 
of Fourier series, 528, 532-539 
of integrals, 286-296, 301-305 
interval of, 484-486, 508 
of power series, 483-486 
of products, 503-505 
radius of, 484 
region of, 483, 595 
of sequences, 446-450, 456, 508- 
509 

of series, 460, 463-473, 508-509 
'mconditional, 477—479, 505 
uniform {see Uniform conver- 
gence) 

Coordinates, curvilinear, 713 
cylindrical, 216, 740 
generalized, 799 
orthogonal, 740, 744 
parabolic, 107, 263, 731, 740 
parametric, 107, 136, 713 
of plane, 730 
polar, 107, 135, 740 
transformation of, 133, 675 
Coriolis’ force, 706 


Coriolis’ theorem, 705 
cosh, 176 

Cosine amplitude (see cn) 

Covariant derivative, 743, 746 
Covenant tensor, 727 
Cramer’s rule, 662 
Cross ratio, 578 
Curl, 271-272, 698, 743-744 
Curvature, circle of, 62 
of a curve, 62, 710 
first (mean), 720 
line of, 719 
normal, 718, 722 
radius of, 62, 377, 709 
second (Gauss, specific, total), 720 
of a surface, 720 

Curve, area bounded by (see Area) 
intrinsic equations of, 713 
length of, 217-218, 221-222, 791 
parametric, 134, 713 
simple closed, 572, 590 
Curv"ilinear coordinates, 713 
Cusp locus, 399 
Cycloid, 61, 220, 222 
Cylinder fvinctions {see Bessel func- 
tions) 

Cj'Undrical coordinates, 216, 740 
D 

D, 37, 366 

D’Alembert’s principle, 796 
Damped motion, 357-35S 
Darboux’s theorem, 276 
Dedekind cut, 813 
Definite integral, applications of, 
214-226, 233-240, 248-253, 

265-270, 273, 621-628, 640, 
704-708, 782, 796-811 
conditions for existence, 208, 278- 
280 

containing parameter, 298-305, 
611 

convergence of, 286-296, 301-305 
definition of, 207, 227, 240, 252, 
277, 587-588, 703 
derivative of, 285, 298-300, 61 1 
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Definite integral, double (surface), 
198, 240-252, 254, 271, 704 
evaluation of, 209, 213, 229-232, 
242, 2-44-24S, 251, 252, 254, 
264-265, 271 

ns a function of its upper limit, 
25S, 284-285, 29S-301, 593 
geometric representation of, 208, 
228, 241 

improper, 213-214, 286-296, 301- 
305 

integral of, 300-301 
line, 226-239, 254, 271, 587-593, 
635-638, 703 

numerical approximation of, 314- 
321 

properties of, 212, 281-283, 588 
theorem of the mean for, 214, 283, 
285 

transformation of, 260-263 
triple (volume), 252, 264-265 
Degree (of differential equation), 323 
Delta amplitude (sre dn) 

DeMoivre’s theorem, 564 
Denumcrably infinite set, 280n., 816 
Dependence, of constants, 327 
functional, 140-142 
linear, 000-668, 092 
Derivative, applications of, 49-02, 
104-113, 147-152, 355-300, 

376-380, 392-393, 403-410, 

704-708, 760-779, 796-811 
change of variable, 41, 48, 101, 103 
computation of, 37-45, 93 
covariant, 743, 746 
definition of, 30, 93, 154, 573-574, 
702-703 

directional, 144, 260, 695 
invariance of, 155, 150 
in polar coordinates, 150 
higher, 45, 95-98 
implicit, see Implicit functions 
normal. 111, 112, 143-152, 150, 
260, 095 

partial, 92-98, 103 
second, 45, 95-98 
table of, 37, 176, 177 
theorem of the mean for, 65, 113 


Derivative, total, 98-104, 106-108 
second, 110-111 
Determinants, 044-650 
cofactor of, 049 
definition of, 045 
functional (sec Jacobian) 

Laplace expansion of, 648 
minor of, 048 

Development (of a function), 005 
Differences (first, second, etc,), 421, 
501 

Differential, 03-64, 150-158, 726 
of arc length, 714, 733, 740, 744 
exact, 200-205 
higher, 158 

Differential equations, ordinary, 
322-145 

applications of, 325, 335, 340- 
341, 355-300, 370-380, 392- 
393, 403-110 
Bernoulli equation, 339 
characterLstic equation, 349, 350 
Clair.aut equation, 345 
complementary function for, 
348, 352, 368-369 
degree of, 323 
exact, 333 

first order, first degree, 332-343 
nth degree, 344-346 
general solution of, 328, 348, 350 
homogeneous, 335-337, 343, 374 
initial conditions for, 328 
integrating factors for, 341-343 
linear (sec Linear differential 
equations) 

methods for sohdrig, operator, 
366-375 

reducing to exact, 332-343 
series, 365, 425—127 
undetermined coefficients, 
351-353 

variation of constants, 360- 
362 

numerical solution of, 417—123 
order of, 323 

particular integral of, 328, 348, 
351-354, 370-374 
primitive of, 326-328 
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Differential equations, ordinarj’, 
second order, 363-364; 
series solution, 365, 425—427 
solutions of, 323-326, 347 
fundamental set of, 348 
singular, 328, 398—401 
steady state, 359, 405 
transient, 359, 407 
variables separable, 334 
partial, 323, 747-779 
applications of, 773-779 
Euler’s equation, 747-749 
first order, general, 756-765 
linear, 750-753 
of physics, 76fr-779 
systems of, 387-396 
total, 380-386, 393-396 
integrable, 381-384 
nonintegrable, 384r-3S6 
systems of, 393-896 
Differential operator, first, 694 
second, 697 

Differentiation, elementary rules for, 
37-48 

graphical, 50 
of power series, 491—492 
of series of functions, 517 
Dini’s rule, 534, 537 
Direction cosines, 112, 678, 689 
Directional derivative, 144, 260, 695 
invariance of, 155, 156 
in polar coordinates, 150 
Dirichlet integral, 313, 525-529 
Dirichlet’s conditions, 539 
Dirichlet’s rule, 533, 536 
Discontinuous function, 26, 571 
Divergence, 265-269, 696, 744, 

746 

of integrals, 286, 294 
of sequences, 446, 507-508 
of series, 460, 507-508 
dn, 630 

Domain of definition, 2, 86 
Double integral, 198, 240-252, 254, 
271, 704 

transformation of, 260-263 
Doublet, 626 

Dynamics, analytical, 796-811 


E 

e, 31-34, 813 
Elastic cunm, 377 
Electrical networks, 403—416 
energy relations, 410 
equivalent networks, 412 
steady state solution, 405 
transient solution, 407 
Ellipse, arc of, 222, 641 
area of, 213 

Elliptic functions, 630-635 
addition formulas for, 632 
derivatives of, 631 
periods of, 632-634 
Weierstrass, 638-639 
Elliptic integrals, 628-630, 635-641 
amplitude, 630 
associated, 630 
modulus, 630 
normal forms, 629, 638 
Entropy', 238 
Envelope, 398 

Equation of continuity', 268, 707 
Equation of motion, 358, 392, 803- 
804, 806 

Essential singularity', 608 
Euler-Maclaurui formula, 319 
Euler’s constant, 310, 311 
Euler’s equation, 747, 785-789 
Euler’s formula, for Fourier coeffi- 
cients, 522 

for Gamma function, 310 
for normal curvature, 722 
Euler’s numbers, 499 
Euler’s theorem, on homogeneous 
functions, 113 

Euler’s transformation, of series, 
500-502 

Even fimction, 496, 539 
Evolute, 401 

Exact differential, 200-205, 256-259, 
272 

Exact differential equation, 333 
Exponential function, 34, 580-581, 
584 

Exterior point, 819 
Extremal, 788 
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F 

Factor theorem, ISl 
Factorial function (tcc Gamma func- 
tion) 

Fcjcr’s theorem, 545 
Field, G53 

of force, 270, 273, 70S 
conscirativc, 273, 70S 
Eolenoidal, 270 
of vectors, 250, C93-701 
First curvature, 720 
First differential operator, 694 
First fundamental mapnitudcs, 714 
Fluid fion-, 235-236, 249, 265-269 
circulation, 236, 273, 70S 
equation of continuity, 2GS, 707 
irrotational, 273, 707 
stream function, 622 
stream lines, 622, 707 
velocity potential, 273, 621, 707 
vorticity, 627 
Fluid force, 219 
Forms, bilinear, 670-671 
indeterminate, 30, 67-72 
linear, 6GO-60S 
quadratic, 671 
quadratic differential, 714 
Fourier coefficients, 524 
Fourier integral formula, 54S-550 
Fourier series, 521-54S 
Bessel's inequality, oSOn., 555 
convergence of, 52S, 532-543 
Dini's rule, 534, 537 
Dirichlet's conditions, 539 
Dirichlet’s integral, 525-529 
Dirichlet’s rule, 533, 536 
Euler’s formula, 522 
Fejeris theorem, 545 
Fourier coefficients, 524 
Gibbs phenomenon, 552-553 
Jordan’s test. 53S 
Lipschita’s rule, 535, 537 
Parseval’s equation, 530n, 
summable, 545-547 
Fractions (see Rational functions) 
Friction, coefficient of, 379 
Fubini’s theorem, 245 


Function, abstract, lion, 
algebraic, 569 
alternating, 651 

analytic (tee Anahdic function) 
average value of, 224 
Bessel (tec Bessel functions) 

Beta, 311-312 
biunique, 610 
bounded, 572, SIS 
of bounded variation, S24 
complex, 5GS-.572 
continuous, 22-26, 29. 3S, 91, 123. 
130, 132, 491. 514, 57I-.572. 
S21-S23 
decreasing, 51 

derivative of (tee Derivative) 
differential of (ter Differential! 
discontinuous. 26, 571 
elliptic, 630-635 
even, 496, 539 

exponential. 34, .5SO-5S1, 5S4 
Gamma, 307-313 
harmonic, 576, 779-7S3 
homogeneous. 113, 335 
hj'perbolic, 175-lSO, 5S4-5S5 
implicit, 4, 47-4S. 113-132 
increasing, 51 

integral of (ry-e Definite integral; 

Indefinite integral; Integral' 
inverse, 34, 44, 133. 616 
irrational, 50S 

limit of, 8, 12, 16, 20. 26, 2S, 29. 

35, 91, 570-572 
logarithmic. 25, 43, 5S2-5S3 
maxima and minima of, 52-54, 
161-162, 601 
monotone, 279n. 
multiple valued, 4, 56S 
odd, 496, 540 
orthogonal, 553-557 
oscillation of, 279 
point, 152-155 
rational, IS3, 56S, 610 
real variable, S12-S26 
root-mean-square value of, 224- 
225 

of several variables, S5-91 
single valued, 2, SO, 56S 
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Function, total variation of, 823 
transcendental, 669 
trigonometric, 25, 42, 44, 46, 178, 
582 

unbounded, 214 
uniformly continuous, 572, 823 
Functional dependence, 140-142 
Functional determinant (see Jacob- 
ian) 

Functional notation, 2-4, 86-87 
Fundamental magnitudes, first, 714 
second, 716 

Fundamental metric tensor, 734 
Fundamental set of solutions, 348 
Fundamental theorem, of algebra, 
182, 603 

of integral calculus, 209 
G 

Gamma function, 307-313 
Gauss’s equation, 425 
Gauss’s law, 270, 704 
General potential function, 622 
General solution, 328, 348, 350, 752 
Generalized coordinates, 799 
Generalized momentum, 805 
Geodesic, 721, 722, 791 
Geometric series, 464 
Gibbs phenomenon, 552-553 
Gradient, 147, 151, 269, 694, 728, 
745 

in polar coordinates, 111, 150, 702 
temperature, 150 
Graph of function, 5, 87 
Graphical differentiation, 50 
Graphical integration, 211 
Greatest lower bound, 274u., 818 
Green’s theorem, 254, 260 
corollaries of, 256-259 
. in space, 265 
Gudennannian, 180 

H 

Hamiltonian function, 805-806 
Hamilton’s equations, 805-806 
Hamilton’s principle, 797-798 


Harmonic analysis, 550-552 
Harmonic conjugate, 577 
Harmonic functions, 576, 779-782 
solid, 783 
surface, 783 
Harmonic series, 465 
Heat equation, 269, 768-772 
Heine-Borcl theorem, 820 
HelLx, 712 

Herraite equation, 425 
Hermite polynomials, 430, 557 
Higher derivatives, 45, 95-98 
Higher differentials, 158 
Holonomic systems, 807-809 
Homogeneous differential equations. 

335-337, 343, 374 
Homogeneous functions, 113, 335 
Hyperbolic functions, 175-180, 684- 
585 

geometric interpretation, 179 
inverse, 177 
Hypocycloid, 220, 221 

I 

I, Ir, 164, 193 
Imaginary, 558 
Implicit functions, 4, 113-132 
derivative of, 47-48, 118-120, 125, 
131, 132 

Improper integrals, 213-214, 286- 
296, 301-305 

absolutel}^ convergent, 289, 294 
convergent, 286, 294 
integrand infinite, 293-296 
interval infinite, 286-292 
parametric, 301-305 
Indefinite integral, 164, 194-198, 
586, 593, 706 

properties of, 166-170, 586 
Independence, linear, 348, 666-668, 
692 

of path, 256, 272, 592 
Indeterminate forms, 30, 67-72 
Induction, mathematical, 46 
Inertia, coefficient of, 810 
moment of, 248 
Inferior limit, 468 



838 


HIGHER MATHEMATICS 


Infinite continued fractions, 461 
Infinite integrals (see Improper 
integrals) 

Infinite products, 460, 502-505 
Infinite sequences (see Sequences) 
Infinite series (see Fourier series; 

Power series; Series) 

Infinite sets, SI 6-81 7 
Infinitesimal, 73 
Inflection point, 55 
Initial conditions, 32S 
Inner product, 553, 733 
Integrability, condition of, 278- 
280, 3^ 

Integral, 163, 194, 586 

containing a parameter, 298-305, 
Oil 

definite (see Definite integral) 
double (surface), 198, 240-252, 
254, 260-203, 271 
elliptic (see Elliptic integral) 
improper (infinite) (see Improper 
integral) 

indefinite (see Indefinite integral) 
line, 220-239, 254, 271, 587-593, 
035-038 

particular, 328, 348, 351-354, 
370-374 
Stieltjcs, 231 
table of, 172 

theorem of the mean for, 214, 
283, 285 

triple (volume), 252, 204-205 
Integrand, 100 

Integrating factor, 341-343, 381 
Integration, constant of, 106, 329- 
330 

contour, 013-014, 635-038 
elementarj', 170-171, 173 
graphical, 211 
numerical, 314-321 
by partial fractions, 184-190 
b 3 ' parts, 169, ISO 
of power series, 493 
of rational fractions, 181-190 
of series of functions, 516 
by substitution, 167-169, 190-192 
by tables, 193 


Interior point, 819 
Interval (closed, open), 819 
of convergence, 484—486, 508 
Intrinsic equations of a curve, 713 
Invariant, 155, 082, 694, 728 
Invariant point, 578 
Inverse function, 34, 44, 133, 616 
hyperbolic, 177 
Inversion (sec Reversion) 

Involute, 402 
Irrational function, 508 
Irrational number, 814 
Irrotalional flow, 273, 707 
Isogonal map, 018 
Isolated point, 819 
Isoperimctric problem, 793 

.1 

Jacobian, 129, 133, 138-142, 202, 
265, 260, 617 

geometric interpretation, 134-135 
Jordan’s test, 538 
Joukowsky aerofoil thcorj-, 028 

K 

Kepler’s law, 802 
Kinetic energj', 705, 798 
Kirchhofl’s laws, 403 
Kroncckcr delta, 653, 728, 732 

L 

Lagrange’s equations, 799-801 
Lagrange’s multipliers, 102 
Lagrangian function, 801 
Laguerre equation, 425 
Laguerre pohmomials, 430, 557 
Lam6’s equation, 424 
Laplace expansion (of a determi- 
nant), 648 

Laplace's equation, 576, 766, 770, 
782, 791 

Laplacian, 260, 697, 746 

in polar coordinates, 111-112 
Laurent’s series, 604-006 
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Least upper boxind, 274n., SIS 
Legendre equation, 424-429, 772 
Legendre poh*nomials, 427-42S, 557, 
772 

associated, 429 
Leibnitz's tbeorem, 47 
Length of arc (see Arc length) 
L'Hdpital's rule, 6S, 70, 72 
Limit, lower (inferior), 45S 
of a fraction, 30, 67-72 
of a function, S, 12, 16, 26, 2S, 29, 
35, 91, 570-571 
properties of, 20 
of a sequence, 206, 446 
upper (superior), 458 
Limit point, 35. S19 
Limiting point, 457 
Line integral, 226-239, 254, 271, 
5S7-593, 635-63S 
Line of cur\-ature, 719 
Linear differential equations, 338- 
339, 347-3S0 

characteristic equation, of, 349, 
350 

complementarj' function for, 34S, 
352, 368-369 

with constant coefficients, 348- 
359, 366-374 

fundamental set of solutions of, 
348 

with general coefficients, 338-339, 
360-364, 374 

gener.al solution of, 348, 350 
particular integral of, 351-354, 
370-374 

Linear forms, 660-668 
Linear independence, 348, 666-668, 
692 

Linear transformations, 578, 620- 
621, 660-668 
product of, 663 
Liouville’s theorem, 602 
Lipschitz’s rule, 535, 537 
Logarithmic function, 25, 43, 582- 
583 

Lower bound, 818 
Lower limit, 458 


Maclaurin’s series, 601-602 
Maclaurin's theorem, 78, 160 
Magnification, 618, 723 
Magnitude, of tensors, 734 
of vectors, 682 
Maps, 616-621, 722-725 
conformal, 618, 621, 723 
isogonal, 618 

Mathematical induction, 46 
Mathieu’s equation, 424 
Matrix, adjoint, 657 
algebra of, 652-657 
characteristic equation of, 676 
congruent, 671-674 
definition of, 652 
diagonal, 653 

in electrical networks, 403—416 

elementary, 658 

equivalent, 659, 670 

inverse, 656 

law of inertia, 673 

order of, 644, 652 

rank of, 656 

scalar, 653 

signature of, 674 

similar, 675 

sj-mmetric, 671 

Maxima and minima, of a function, 
52-54, 161-162, 601 
Mean curv’ature, 720 
hlean value theorem, for derivatives, 
05, 113 

for harmonic functions, 780 
for integrals, 214, 283, 285 
Mechanical quadrature, 314—321 
Membrane, xffbratmg, 778, 804 
Mercator’s projection, 725 
Mertens’ theorem, 483 
Metric tensor, 734 
Meusnieris theorem, 718 
Minor, 648 
Modulus, 562, 630 
Moebius strip, 250 
Moment, 248, 377 
of inertia, 248 
of momentum, 705 
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Momentum, angular, 703 
generalized, 805 
Monotone function, 270n. 

Monotone sequence, 450 
Morera’s theorem, 598 

N 

^^e^gtl^or/lOoc^, 90, SfO 
Network matrix, 401 
Neumann’s addition formula, 443 
Nodal locus, 399 
Nonholonomic Bystems, 807-809 
Normal, equation of, 754 
length of, 340 
principal, 709 
surface, 249, 250, 716 
Normal acceleration, 59, 710 
Normal cun’nture, 718, 722 
Normal derivative, 143-152, 150, 
200, 095 

definition of, 145, 095 
interpretation of, 149 
invariance of, 112, 150 
in polar coordinates, 111, 150 
Normal Bcction, 718 
Null sequence, 440 
Number, complex, 558-500 
irrational, 814 
rational, 812, 814 
real, 814 

Numerical integration, 314-321 
Numerical solution of differential 
equations, 41T-AZ3 
Numerical value, 14 

O 

O, o, 450 

Odd function, 490, 540 
Open interval, 819 
Open Bct, 819 

Operator methods, 300-375 
Order, of differential equation, 323 
of matrix, 644, 052 
Order of, 450 
Orientable surface, 250 
Orthogonal coordinates, 740, 744 


Orthogonal functions, 553-557 
complete sj-stem of, 555 
normalized, .553 
Schwarz’s inequality, 550 
weight function for, 557 
Orthogonal trajectories, 397 
Oscillation (of a function), 279n. 
O'cillations, theory' of, 355-359, 
S09-SII 

Osculating plane, 710 
Outer product, 732 

P 

p-discriminant, 401 
p-funetion (WcicrstraBsl, 038-039 
Pappus, theorema of, 253 
Parabolic coordinates, 107, 203, 731, 
740 

Parametric coordinates, 107, 130, 
713 

Parametric curves, 134, 713, 710 
Parametric equations, 107, ISO, 713 
Parseval’s equation, 530n, 

Partial dcnvative, 92-98, 103, 111 
Partial differential equation 
Differential equations, partial ; 
Partial fractions, 184-190 
Particular integral, 328, 348, 351- 
354, 370-374 
Partition, 274 , 813 
Pendulum, 040-041 
Period, 355 
F/iasc angle, 355 
Plane, coordinates of, 730 
equation of, 754 
normal, 712 
osculating, 710 
rectifying, 712 
Point functions, 152-155 
Poisson’s equation, 700, 782 
Polar coordinates, 107, 135 
arc length in, 221, 740 
area in, 214 
Pole, 007-008 

Polynomials, 25, 181-183, 568 
Bernoulli, 317 
Hermite, 430, 557 
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Folj^nomials, Laguerre, 430, 557 
Legendre, 427-428, 557, 772 
Potential, 273, 708 
Potential energy, 800 
Potential function (for fluids), 622 
Potential integral, 782 
Power factor, 226 
Power series, 483-499, 595, 602 
algebra of, 496-497 
convergence of, 483-486, 519 
differentiation of, 491-492 
functions represented by, 488-495 
integration of, 493 
interval of convergence, 484-486 
radius of convergence, 484 
region of convergence, 483, 595 
reversion of, 499 
Taylor’s series, 493, 601-602 
Primitive, 326-328 
Principal direction, 719 
Principal normal, 709 
Product (of sets), 818 
Product, inner, 553, 733 
outer, 732 

scalar, 234, 685-686 
vector, 687-688, 691 
Products (infinite), 460, 502-505 

Q 

Quadratic forms, 671 
Quadrature formulas, 319-320 

R 

Radius, of convergence, 484 
of curvature, 62, 377, 709 
Rank, 656 

Rate, 5, 46, 60-61, 88, 92, 93, 99, 
102, 143-145, 149, 154, 266 
Ratio test, 465 

Rational function, 183, 568, 610 
continuity of, 25 
integration of, 184-190 
limit of, 30, 67-72 
Rational number, 812, 814 
Real continuum, 814 


Real number, 814r-S15 
Region of convergence, 483, 595 
Regular function {see Analytic func- 
tion) 

Relative tensor, 738 
Remainder (in Taylor’s theorem), 
77, 599 

Cauchy’s form, 85 
Lagrange’s form, 85 
Schlomilch’s form, 84 
Remainder (of series), 471 
Residue, 611-612 
Resistance, coefficient of, 356, 810 
Reversion (of series), 499 
Riemann sum (integral), 207, 277 
Riemann-Lebesgue theorem, 530 
Riemann’s theorem, for Fourier 
series, 531 

reordering of series, 480 
Rodrigues’s formula, 720 
Rolle’s theorem, 65, 822 
Root-mean-square value, 224-225 
Root test, 465 

Roots of complex numbers, 564-566 
Rot (rotation), 698 
Rotating vector, 579 

S 

S, 8, 274 
Scalar, 682, 728 
Scalar product, 234, 685-686 
Scalar triple product, 690 
Scale of magnification, 617, 618, 723 
Schwarz’s inequality, 556 
Second curvature, 720 
Second derivative, 45, 95, 110-111 
Second differential operator, 697 
Second fundamental magnitudes, 
716 

Separation of variables, 334, 767, 
770-772 

Sequences, 446-458, 508-518 
accumulation points of, 457 
asymptotically equal (propor- 
tional), 447 
bounded, 446 
complex, 594 
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Sequences, convergent, 440,448-450, 
450, 508-509 

criteria for convergence, 450 
divergent, 440, 507-508 
of functions, 508-518 
limit of, 440 

limiting points of, 457-458 
fott'or (inferior) limit of, 45S 
monotone, 450 
null, 440 
order of, 450 
rearrangement of, 449 
subsequence of, 448 
upper (superior) limit of, 458 
{See also Series) 

Series, 459—182, 50S-5IS 
absolutely convergent, 470-480, 
595 

algebra of, 47-4-482 
alternating, 473 
arbitrao' terms, 471-473 
complex, 594-590 
conditionally convergent, 477-479 
convergent, 400, 508-509 
criteria for convergence, 403-465, 
408, 469 

definition of, 459, 50S 
dilTcrentiation of, 517 
divergent, 400, 507-50S 
of functions, 508-518 
geometric, 404 
harmonic, 405 
integration of, 5IC 
positive terms, 403—409 
region of convergenee, 483, 595 
sum of, 400 
Bummablc, 507-508 
trigonometric, 521 
unconditionally convergent, 477- 
479 

uniformly convergent, 510-518 
(See also Fourier scries; Power 
series) 

Series solution of differential equa- 
tions, 305, 425-427 
Serret-Frenet formulas, 712 
Sets, properties of, 815-820 
Signature, 074 


Simple closed curve, 572, 590 
Simple harmonic motion, 355-359 
Simply connected region, 258 
Simpson's rule, 320 
Sine amplitude (see sn) 

Singular points, 007-610 
essential, 008 
at inlinity, COO 
isolated, 007 

Singular solution, 328, 398-401 

sinh, 176 

Sink, 023 

Slope, 5, 49 

sn, 030 

Solenoidal force field, 270 
Solution, general, 328, 34S, 350, 752 
of a differential equation, 323-320, 
347, 348 

of an equation, 181 
particular, 328, 348, 351-354, 370- 
374 

singular, 328, 398-401 
steady state, 359, 405 
transient, 359, 407 
Sound waves, 775, 804 
Source, 023 
Speed, 50 

Stagnation point, 024 
Steady state solution, 359, 405 
Steam chart, 137 
Stcreographic projection, 725 
Sticltjes integral, 231 
Stiffness, coefficient of, 810 
Stokes’s equation, 425 
Stokes’s theorem, 271 
Stream function, 022 
Streamlines, 022, 707 
String, vibrating, 749, 770-778, 802, 
804 

Subnormal, 346 
Subtangent, 340 
Sum (of sets), 818 
Sums, upper and lower, 274 
Summable series, 507-508, 545-547 
Superior limit, 458 
Superposition principle, 400 
Surface integral (sec Double integral) 
Surface normal, 249, 250, 716 
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Surface of revolution, 717 
area of, 252, 716 

Surfaces, area of, 248, 252, 715-716 
fundamental magnitudes for, 714, 
716 

orientable, 250 

parametric representation of, 713 
tangent plane to, 754 
Suspended cable, 378 
Symmetric components, method of, 
676-677 

Systems of differential equations, 
387-396 

Systems of linear equations, 660-668 
T 

Table, of derivatives, 37, 176, 177 
of integrals, 172 
Taolocus, 401 

Tangent, equation of, 50, 128, 138, 
709 

length of, 346 
slope of, 49 
Tangent plane, 754 
Tangential acceleration, 59, 710 
tanh, 176 

Taylor’s series, 493, 601-602 
Taylor’s theorem, 74-83, 160, 599 
Telegraph equation, 766 
Temperature gradient, 150 
Tensor, absolute, 739 
associated, 736 
components of, 726, 727, 731 
contraction of, 733 
contravariant, 726 
covariant, 727 

covariant derivative of, 743, 746 
of higher order, 731 
inner product, 733 
magnitude of, 734 
mixed, 731, 732 
of order zero, 728 
outer product, 732 
relative, 738 

representation of, 727, 730, 734- 
735 

skew symmetric, 733 


Tensor, symmetric, 733 
unit, 734 

Tetrahedron, volume of, 692 
Theorem of the mean, for deriva- 
tives, 65, 113 

for harmonic functions, 780 
for integrals, 214, 283, 285 
Thermodynamic magnitudes, 121 
ThermodjTiamics, 237-238 
Toeplitz theorems, 452-454 
Torsion, 711 
Total curv'ature, 720 
Total derivative, 98-104, 106-108 
second, 110-111 
Total differential, 156-158 
Total differential equations, 380- 
386, 393-396 
integrable, 381-384 
nonintegrable, 384-386 
Total variation, 823 
Tractrix, 379 

Trajectories, orthogonal, 397 
Transformation, conformal, 616- 
621, 723-725 
of coordinates, 133, 675 
Euler’s, 500-502 
of integrals, 194, 260-263, 265 
linear, 578, 620-621, 660-668 
Transient solution, 359, 407 
TransversaVity condition, 795 
Trapezoidal rule, 319 
Trigonometric functions, 25, 42, 44, 
46, 178, 582 

Trigonometric series, 521 
Triple integral, 252, 264-265 
Tube of force, 270 

U 

Unbounded function, 214 
Unconditional convergence, 477- 
479, 505 

Undetermined coefficients, method 
of, 351-353 

Uniform continuity, 572, 823 
Uniform convergence, of integrals. 
301-305 
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Uniform convergence, of power 
series, 519 

of scries of functions, S10-51S 
Upper bound, SIS 
Upper limit, 458 

V 

Variable, change of, for derivatives, 
41, 48, 101, 103 

for integrals, 107, 168, 194, 198, 
199, 202, 205 
complex, 508 
real, 1, 80 

real independent, 1, SO 
Variables separable, 334, 707, 770- 
772 

Variation, 780 

Variation of constants, method of, 
300-362 

Vectors, algebra of, 083-091 
components of, 082 
curl of, 271-272, 098, 743-744 
definition of, 082 
derivative of, 702-703 
divergence of, 205-207, 090, 744, 
746 

geometric representation of, 078- 
081, 084, 085 

gradient. 111, 147, 150-151, 209, 
094, 702, 728, 745 
integral of, 703, 700 
magnitude of, 082 
product of, scalar, 234, 085-680 
scalar triple, 090 
vector, 687-088, 091 
unit, 085 

Vector acceleration, 58, 710 


Vector field, 250, 693-701 
Vector product, 087-088, 091 
Velocity, 56-58, 585 
angular, 58 
areal, 701 

Velocity potential, 273, 021, 707 
Velocity vector, 57 
Vibrating membrane, 778, 804 
Vibrating string, 749, 770-778, 802, 
SOI 

Vibrations, 355-359, 809-811 
Virtual work, 790 
Viscositj', coefficient of, 810 
Volume, 215-217, 221, 251, 202 
of tetrahedron, 092 
Volume integral, 252, 204-205 
Vortex, 025, 707 
Vorticity, 027 

W 

Wave equation, 420, 770 
Weber’s equation, 425 
Weierstrass formula for Gamma 
function, 310 

Weierstrass p-function, 038-639 
Weierstrass test, 513 
Weierstrass theorem, 537, 609 
for pob’nomial approximation, 548 
Work, 218, 223, 233-235, 269 
virtual, 790 
Wronskian, 348 

7 . 

Zero, of a function, 181, 003-604 
Zonal harmonics (see Legendre poly- 
nomials) 



